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Abstract. The aim of the present paper is to study the Lagrange spaces due to
changed (a, 3)— metric with Z. Shen square- Randers metric L = (a+3)?/a+f3
and obtained fundamental tensor fields for these space. Further, we studied
about the variational problem with fixed endpoints for the Lagrange spaces
due to above change.

Keywords: Lagrange space, Z. Shen square metric, Randers metric, Euler
- Lagrange equation, metric tensor.

1. Introduction

The notion of («, 3)- metric was introduced by Matsumoto [7] as general-
ization of Randers metric L = a + § where o = y/a;;(z)y'y’ was a regular
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Riemannian metric and 8 = b;(x)y’ is one - form metric. Rather than Ran-
ders metric, there are several important (a, 3)- metric such as Kropina met-
ric L = o?/B, Matsumoto metric L = o?/a — 3, generalized Kropina metric
L = a1 /B" Shen’s square metric L = (a + 3)?/a etc. Z. Shen square metric
[11],[15] was also very interesting because it was constructed from the Berwald
metric by using suitable a and 3, and it was projectively flat on unit ball with
constant flag curvature and Randers metric was also introduced by Berwald in
connection with a two dimensional Finsler space with rectilinear extremal and
was investigated by Randers.

Matsumoto [6] also introduced the transformations of Finsler metric which
was given by,

L'(z,y) = a(z,y) + Bz, y)

L"?(2,y) = a®(z,y) + B*(z,y)

where, 3 = b;(z)y’, b;(x) are components of covariant vector which was a func-
tion of position alone. Further he had obtained the relationship between the
imbedding class numbers of (M™ L"), (M", L") and (M",L). Generalizing
above transformations, Shibata [3] had studied the properties of Finsler space

(M™, L) whose fundamental metric function L(z,y) was obtained from L by

L(l‘,y) = f(a7ﬁ)

where f = f(«, 3) is a positively homogeneous function of degree one in L and
5.

Now the geometry of a Lagrange space over a real, finite - dimensional man-
ifold M had been introduced and studied as a sub - geometry of the geometry
of the tangent bundle TM by R. Miron [10]. This geometry was developed
together with his collaborators in [8], [9], [10]. Compared to Finsler geometry,
when the assumption of homogeneity was relaxed then a new geometry arose
which was known as Lagrange geometry, i.e. the Finsler geometry is a particu-
lar case of Lagrange geometry where the fundamental function is homogeneous.

Now we state some examples of Lagrange spaces which are reducible to
Finsler spaces.

Example 1.1. Every Riemannian space (M, g;;(z)) determines a Finsler space
F" = (M, F(x,y)) and consequently a Lagrange space L™ = (M, F?(x,y)),

where
F(x,y) =1/ gij(x)y'yd.

The fundamental tensor of this Finsler space coincides to the metric tensor
gij(x) of the Riemannian manifold (M, g;;(z)).
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Example 1.2. Let us consider the function

V) + )+ e+ (7)1,
defined in a preferential local system of coordinates on TM. The pair F™ =
(M, F(z,y)), with F defined in above is a Finsler space. The fundamental

tensor field g;; can be easily calculated. This was the first example of Finsler
space which was given from the lecturer of Riemann in 1854.

Now we give some example of Lagrange spaces, which are not reducible to
Finsler spaces

Example 1.3. The following Lagrangian from electrodynamics
i i 2e .
L(z,y) = meyij(x)y'y’ + —Ai(2)y" + U(),

where 7y;;(x) is a pseudo - Riemannian metric, A;(x) a covector field and U(x) a
smooth function , m,c, e are the well - known constants from physics, determine
a Lagrange space L™.

Example 1.4. Consider the Lagrangian function
L(w,y) = F*(z,y) + Ai(2)y" + U(2),

where F(x,y) is the fundamental function of a Finsler space, A;(x) are the
component of a covector field and U(x) a smooth function gives rise to a Te-
markable Lagrange space, called the Almost Finsler- Lagrange space (shortly
AFL- space).

Geometric Problems derived from the variational problem of a Lagrangian
were studied by J Kern [1] in detail. He said that the variational problem can
be formulated for differentiable Lagrangians and can be solved in cases when
we consider the parameterized curves, even if the integral of action depends on
the parameterization of considered the curve.

In the year 2001, B. Nicolaescu [2] studied the Lagranges spaces with («, 5)—
metric and variational problem with fixed endpoints in the year 2004 [1], and
in 2011, Pandey and Chaubey [13] considered this problem for the (v, 5)—
metric, where 73 = a;;,(2)y'y?y* was a cubic metric and 8 = b;(z)y’ is a one
form metric on 7M. Further, in 2023 Tripathi, Chandak and Chaubey [14]
considered the problem of Lagrange space with Z. Shen change in TM.

In the present paper, we transform the Z. Shen square Randers metric as

2
L

and studied Lagrange space due to this transformation. The above generaliza-
tion is very interesting because it enhances our understanding and geometric

L=

meaning of non - Riemannian quantities. we obtained fundamental tensor fields
for these space and also studied about the variational problem with fixed end-
points of Lagrange spaces due to this change.
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2. Lagrange metrics

In this section we give the definitions of regular, differentiable Lagrangian
over the tangent manifolds TM and f]\\/L where M is a differentiable, real
manifold of dimension n. Let (T'M, 7, M) be the tangent bundle of a C°-
differentiable real n- dimensional manifold M. If (U, ¢) is a local chart on M,
then the coordinates of a point u = (z,y) € 77 1(U) C TM will be denoted by
(z,y). R. Miron [10] given following definitions :

Definition 2.1. A differentiable Lagrangian on TM is a mapping L : (x,y) €
TM — L(z,y) € R,Yu = (x,y) € TM, which is of class C* onTM = TM\(0)
and is continuous on the null section of the projection T : TM — M, such that
_ 10%L(z,y)
9ij = §W7
is a (0,2)- type symmetric d- tensor field on TM.

(2.1)

Definition 2.2. A differential Lagrangian L on TM is said to be regular if
rank || gij(z.y) lI=n,  V(x,y) € TM.

For the Lagrange space L™ = (M, L(x,y)) we say that L(x,y) is the funda-
mental function and g;;(x,y) is the fundamental (or metric) tensor. We will
denote by g% the inverse matriz of gij- This means that

9% gj1 = 8.
Now the definition of a Lagrange space was given by

Definition 2.3. A Lagrange space is a pair L™ = (M, L) formed by a smooth,
real n- dimensional manifold M and a regular differentiable Lagrangian L on
M, for which the d- tensor field g;; from (2.1) has a constant signature on TM.

Now, Let L : TM — R be a differentiable Lagrangian on the manifold M,
which was not necessarily regular. A curve ¢ : t € [0,1] — (2'(t)) e U C M
having the image in a domain of a chart U of M, has the extension to ™
given by

dt
The integral of action of the Lagrangian L on the curve c is given by the

¢t itel0,1] — <xi(t), dﬂ(t)) e Y(U).

functional

I(c) = /0 L(x(t), %)dt. (2.2)
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Consider the curve c. : t € [0,1] — (2%(t) + ev’(t)) € M, which have the same
endpoints z%(0), z°(1) as the curve ¢, v*(0) = v*(1) = 0 and € is a real number,
sufficiently small in absolute value, such that I'mc. € U. The extension of the
curve ¢, to T'M is

dxt dv’

critel0,1] — (xi(t) + ev'(t), - Tu

> e HU)

The integral of action of the Lagrangian L on the curve c. is,

1
I(CE):/O L<x+ev,cj;+ef;> dt.

A necessary condition for I(c) to be an extremal value I(c.) is
dI(ce)
de
In order that the functional I(c) be an extremal value of I(c.) , it is necessary
that ¢ be the solution of the Euler- Lagrange equations,
0L i(aL)_ ;  dat
Ozt dt oyt Y=

|e:0 =0.

E;(L)

3. The fundamental tensor of a Lagrange space with changed Z. Shen
square Randers metric

In general, we know that the component b; is the electromagnetic potential
of L™ and the tensor F;; = 0;b; — 0;b; is the electromagnetic tensor field in
Lagrange spaces. Now we define the changed Z. Shen square Randers metrics
as follows :

Definition 3.1. A Lagrange space L™ = (M, L(x,y)) is known as Z. Shen
square Randers metric if L, depends only on o(x,y) and B(z,y),

(a+8)?

I_’{a(x’y)aﬁ(may>} = T + ﬂ

Here, we shall use the following notations throughout the paper,

. oo . 0B .. 92 B o? — 2
82' = =y a’b = ) 828 = a3 A a =
“ oy’ g oy’ i Oyioyd a?
_ 3a+28 . 28 28
Lﬂ:T, Laa:§7 Laﬁ:*E, Lgpg = —

Now we have

Proposition 3.2. For the Lagrange space L™, the following relations hold good:
8i()é = Oéilyi7 &ﬂ = bl(ZL'), 3i3ja = 28]3/2 - of3yiyj, aﬁ%ﬂ = 0,(31)

where y; = gijyj.
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Now, we introduce the moments of the Lagrangian L{a(z,y), B8(z,y)} =
(a+,@)2 +ﬁ

190 1

P = 3oy = gaz {0~ At alBa+29)di8).

Thus we have

Proposition 3.3. The moments of the Lagrangian L(x,y) with changed Z.Shen
square Randers metric is given by

pi = pyi + p1bs, (3.2)

where
1(a? - ?%) (3o +2P)
p=s——m—" p1=p
2 o 2a
The two scalar functions defined in (3.2) are called the principal invariants
of the Lagrange space L™.

Proposition 3.4. The derivatives of principal invariants of the Lagrange space
L™ due to changed Z. Shen square Randers metric are given by

Dip = p—2yi + p-1bi, dip1 = p—19i + pobi, (3.3)
where ) 8 )
p2=50"B38—a®), pa=-—  po=—

Now, the Energy of a Lagrangian is given by
oL -
Ef =y'— — L.

L=Y ay

Thus we have

Proposition 3.5. The Energy of a Lagrangian L with Z. Shen square Randers
metric is given by
(@ = B*)(1 - a)

E_ =
L a2

(3.4)

Now we can determine the fundamental tensor g;; of the Lagrange space L
with changed Z. Shen square Randers metric as follows:

Proposition 3.6. The fundamental tensor g;; of the Lagrange space L with
Z. Shen square Randers metric is given as

(0® — 5%

_ _ B 362 — o
Gij = 3 gi + " bibj = —(bay; + bjys) + (3F —of)

205 YilYj- (35)
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The above equation can be rewritten as

B (a2 _ 62)
Gij = Tgij + d;d;
where
(382 — a?) 1 1 6L
di =\ ——— vy + —=b;, i = T A AT
vi+ Va Yig 2 Oyt dyJ

200

Proposition 3.7. The reciprocal tensor ¥ of the fundamental tensor Jij n
L™ is given by

g = o? i1 did? (3.6)
e T ot '
where,
i o’ ij
d = 7(a2 — 62)9 dj

and d'd; = d? and g% is reciprocal of the Gij-
4. Euler - Lagrange equations in Lagrange spaces with changed Z.
Shen square Randers metric

The Euler - Lagrange equations of the Lagrange spaces with changed Z.
Shen square Randers metric are,

- oL d, 0L ,  dat
Considering the relations
oL 1.,0%—p52% 0o ap
@_EK « )3xi+(3a+25)8xi]’
oL 1. 0% - B2 O« ap
9y~ ol a gy T Bat2855l
and
iaiii{a2752}8a (a2762)£(8a)+i{(3a+25)}65
dt oyt dt a? oy’ o2 dt oyt dt a Oy’
Ba+2p) d 9B
+ a dt(ﬁyi )

By direct calculations , we have

a2

7

@ Oyl dt
!
dt’

i

y:
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It’s give
- a? — B2 (Ba+25) Oa 2B%da 2B dB
Ei(L) ={ o2 YEi(a) + TEi(ﬁ) - 8741’(?% - ?E)
05 2da 24,
Oyita2dt adt’
As well have
dx”
Ei(B) = Fir—,
(6) = F,
where,
04, 0A4;
= T
! Ozt Oz’

is the electromagnetic tensor field. Finally we have the following relation :

(Ba+2B) , dz" Oa ,2B8%da 2BdB

B == )+ = e~ i Ca w ~wa)
03 28da_ 245
oyt a2 dt adt’

Proposition 4.1. The Euler - Lagrange equation in the Lagrange space L™
with changed Z. Shen square Randers metric L are,

B0 =5 { U g} y=4 (@)

For every smooth curve ¢ on the base manifold M, the energy function of
the Lagrangian L(x,y) can be written as

dEIj 8i d 0L i i dxt
dt _[% - %(ayl )]y - 0? where Yy = E?
dE; _ dai
or W = _EZ(L) dt .

Thus using proposition (4.1) we have

Theorem 4.2. In a differentiable Lagrangian L(x,y), the energy function Ef
is conserved along the solution curves ¢ of the Euler - Lagrange equations for
changed Z. Shen square Randers metric.

If we have the natural parametrization of the curve € [0,1] — (2%(t) € M),
then

L(x,—)=1.
(. 5)

Thus we get:
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Proposition 4.3. In the canonical parametrization the Euler - Lagrange equa-
tions for changed Z. Shen square Randers metric in Lagrange space L™ are

- 2 —p? 3o+ 2 dz”

(D) = (B + B2, 4
98 2Bda  2dB (4.2)

oo di adt)

Proposition 4.4. If the 1- form B is constant on the integral curve c of the
Euler - Lagrange equations for Z. shen square Randers metric , then (4.2)
rewrite as the Lorentz equations of the L™

Ei(L) = {0‘—5} Ei(a)+ 8020 4 (43)

o? « o dt

5. Conclusion

In this paper, we have continued the investigations on the new introduced
changed Z. Shen square Randers metric which is defined as L = %—l—ﬁ . The
above generalization is very interesting because it enhance our understanding
and geometric meaning of non - Riemannian quantities. Further, we obtained
fundamental tensor fields for these spaces and the variational problem with
fixed endpoints for the Lagrange spaces.
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