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Abstract. In this paper, we study the class of quintic (a, 3)-metrics. We
show that every weakly Landsberg 5-th root (e, /3)-metrics has vanishing S-
curvature. Using it, we prove that a quintic («, 8)-metric is a weakly Lands-
berg metric if and only if it is a Berwald metric. Then, we show that a quintic
(a, B)-metric satisfies = = 0 if and only if S = 0.
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1. Introduction

Let F = F(z,y) be a Finsler metric on tangent bundle 7'M defined as
F = YA, where A := a;, ;. (2)y"y”..y'm and a;, 4,
its indices. Then, F is called an m-th root Finsler metric on the manifold M.
The class of m-th root Finsler metrics has been developed by Shimada in [10],
and applied to biology as an ecological metric by Antonelli in [1]. The fifth
root metrics F = /a;jr1,(2)y'y7yFylyP are called the quintic metrics.

In order to understand the structure of quintic root metrics, one can study
the non-Riemannian curvatures of these metrics [11][12][13]. Among these
quantities, the mean Landsberg curvature J and the S-curvature S have im-
portant and deep relation with each other. Let us give a brief explanation of
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their relations. The distortion 7 = 7(z,y) is a non-Riemannian quantity that
is determined by the Busemann-Hausdorff volume form. The vertical and hor-
izontal derivations of distortion 7 on each tangent space give rise to the mean
Cartan torsion I := 7,-dz® and S-curvature S = T‘tyt. The horizontal derivative
of I along geodesics is called the mean Landsberg curvature J := I},y°. Finsler
metrics with J = 0 are called weakly Landsberg metrics. The mean Landsberg
curvature J, is the rate of change of I, along geodesics for any y € T.My.
It has been shown that on a weakly Landsberg manifold, the volume function
V = Vol(z) is a constant [3]. The constancy of the volume function is re-
quired to establish a Gauss-Bonnet theorem for Finsler manifolds [2]. In [7],
Shen showed that if J = 0, then all the slit tangent spaces T, M, are mini-
mal in T'My. Some rigidity problems also lead to weakly Landsberg manifolds.
For example, for a closed Finsler manifold with non-positive flag curvature, if
the S-curvature is a constant, then it is weakly Landsbergian [8]. We remark
that, S-curvature is constructed by Shen for the given comparison theorems on
Finsler manifolds. Apparently, the S-curvature and mean Landsberg curvature
deserve further investigation.

There is a relation between an m-th root metric and an (o, 8)-metric. In
[4], Matsumoto-Numata studied the class of cubic (o, 8)-metrics and found a
complete form of these Finsler metrics on a manifold of dimension n > 3. In-
spired by their results, we characterize 5-th root (o, 8)-metrics and investigate
the explicit form of these metrics (Lemma 3.1). Then, we show that every
weakly Landsberg 5-th root (a, 8)-metric has vanishing S-curvature (Theorem
3.3). Using it, we prove that weakly Landsberg 5-th root («, /3)-metrics are
Berwaldian.

Theorem 1.1. Let F = i/cloﬂﬁ + 20283 4 ¢38% be a 5-th root (o, B)-metric
on a manifold M. Then, F is a weakly Landsberg metric if and only if it is a
Berwald metric.

A Finsler metric F' on a manifold M is called relatively isotropic mean
Landsberg metric if J = ¢F1I, where ¢ = ¢(x) is a scalar function on M. From
Theorem 1.1, we obtain the following.

Corollary 1.2. FEvery 5-th root («,)-metric has relatively isotropic mean
Landsberg curvature if and only if it is a Berwald metric.

The E-curvature E = Z;dz7 on the tangent bundle TM is defined by Z; :=
S jimy™ — Sj;, where “.” and “I” denote the vertical and horizontal covariant
derivatives with respect to the Berwald connection of F, respectively [9]. It is
obvious that S = 0 implies = = 0. We show that for quintic («, 8)-metrics, the

converse is true.

Theorem 1.3. Let F = i/clo/lﬂ + c2a2B3 4 ¢38° be a 5-th root (o, B)-metric
on a manifold M. Then Z =0 if and only if S =0.
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2. Preliminaries

Let M be a n-dimensional C'*° manifold and TM = |J.c,; TeM be the
tangent bundle. Let (M, F') be a Finsler manifold. The following quadratic
form g, on Te M is called the fundamental tensor

2
&) = 5 51
Let e € M and F := F|r, . To measure the non-Euclidean feature of F., one

can define C, : Te.M x T, M x T,M — R by

1d 1 03
C = —— —0=-—[F?*(y+ +tv + g
y(w,v,u) 5 S[gy Su(w,v)]s,O 1901 s[ (y + rw + tv Su)}T,t,S,O,

[F2(y + tv + su)||i=s=0, u,v € TeM.

where w,v,u € T,M. By definition, C,, is a symmetric trilinear form on T, M.
The family C := {C,},ernm, is called the Cartan torsion.

For y € T My, define I, : T.M — R by
Iu(w) = ngt<y)cy(wvam7at)7
i=1

where g™ = (gm¢) ' The family I := {I,},er. p, is called the mean Cartan
torsion.

For a Finsler manifold (M, F') of dimension n, F' induced spray G on
TMy :=TM — {0}, in local coordinates in T'My,it is given by
0 0
G=y"— —2G"'—
Y ozt oyt’
where G = G(z,y) are local functions on T M, expressed by

7 1 15 aQ[FQ] t a[FQ]
o= 17 {axtaysy - z° }’ y € TM.

G is called the associated spray to (M, F).

For a Finsler manifold (M, F'), the Busemann-Hausdorf volume form
dVe = op(z)dxt...dz" is defined as follows:

. Vol(B™(1))
- Vol{(y") e R*F(yt i) < 1}
Then, for y = y™9/0x™|. € T.M, the S-curvature is defined by

S(y) :== 8837: — ymaxim [lnap(a:)]. (2.1)

op(x)

The S-curvature has been introduced by Shen for the formulation of a compar-
ison theorem on Finsler manifolds .
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Let (M, F) be an n-dimensional Finsler manifold. The non-Riemannian
quantity Z-curvature 2 = Ejd:cj on the tangent bundle T'M is defined by

= e X m _ .
Ej =S jimy Si5,

where “.” and “|” denote the vertical and horizontal covariant derivatives with
respect to the Berwald connection of F, respectively. F is said to be of almost

vanishing Z-curvature if

- 0

where 6 := t,(x)y® is a 1-form on M

For a non-zero vector y € Te M, define By : TeM x T.M x T.M — T.M by
By (v,u,w) = B{?lviujwl%h, where
m aSGm
5 Gy
B is called the Berwald curvature, and F represents a Berwald metric if B = 0.
The mean of Berwald curvature is defined by E, : T.M x T.M — R, were

Ey(’U, ’LU) = Z gij (y)gyBy(Uv w, €;, ej)'
=1

The family E = {Ey } 7, M, is called the mean Berwald curvature or
E-curvature. In local coordinates, E, (u,v) := Eq(z,y)viu!, were

1
sl — 5
If E = 0, then F' is a weakly Berwald metric. By (?7?), one can get the following
equation

1
Sysyl (QT,y) = §Bija

E

L= [G™]

Syeyt

Thus S = 0 implies that E = 0.

Ey.

ysyl ym -

To measure the changes of the Cartan torsion C along geodesics, we define
Ly:TeM@T.M @T.M — R by

Ly (u,0,1) 1= [ et (U(5), VI(3), W(s))] |y

where ¢(s) is a geodesic and U (s), V (s), W (s) are parallel vector fields along ¢(s)
with ¢(0) =y, U(0) = u, V(0) = v, W(0) = w. The family L := {Ly},cran {0}
is called the Landsberg curvature. A Finsler metric is called a Landsberg metric
it L=0.

For y € T.M define J, : T.M — R by J,(u) := Jy(y)u’, where Jy := I ,y°.
J is called the mean Landsberg curvature or J-curvature. A Finsler metric F'
is called a weakly Landsberg metric if J, = 0.
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3. Proof of the Theorem 1.1

In this section, we are going to prove the Theorem 1.1. In order to prove
it, we need to note some necessary facts. In [5], Matsumoto-Numata studied
the class of cubic metrics and found the explicit form of a cubic («, 5)-metric.
Here, we prove the following results.

Lemma 3.1. Let F = /A be a 5-th Finsler metric on a manifold M. Then,
we have:

(1): Let dim(M) = 2. In this case, by choosing a suitable quadratic form
a = \/aj(x)ylyt and one form B = bj(z)y’, F is always written in

the form
F = {/cia4B + caa?33,
where ¢, and co are real constants and o may be degenerate.
(2): If dim(M) > 3 and F is a function of a non-degenerate quadratic

form o = \/aji(x)yiyt and a 1-form B = Bj(x)y?, then it is written in
the following form

F = 3/cia’B + c20283 + 38,
where c1, co and c3 are real constants.

Proof. By the same argument used by Matsumoto-Numata to obtain the ex-
plicit form of a cubic («, 5)-metric in [5], we get the proof. O

Let F = a¢(s), s = f/a, be an («, B)-metric, where ¢ = ¢(s) is a C
on (—bg,by) with certain regularity, o = /a;i()y7y* is a Riemannian metric
and B = b;(z)y’ is a 1-form over the manifold M. For an («, 8)-metric, let us
define bj.;, by b;.x0% = db; — bkﬁf, where 67 := dz and 9;“ = F?des denote
the Levi-Civita connection form of «. Let

1 1
rit = = (bigt + bssi), it := = (bizr — bssi), Tio == Tuy’,

2 2
it i - ¢ Y
T00 1= TitY'Y’ s re = b'ry, 840 1= 83l , s¢ 1= b'sy,
i is i it ot "
s'y = a'sg, sy = sy, ro i= 1y, 50 := sy’

where a® = (a;;)~! and b’ := a’*h;. Put

__ ¢
Q s
o 08— s(89 + 60"
20((¢ — s¢) + (b7 — s%)¢""
U= ¢ (3.1)

2((¢ — s¢) + (b = s%)¢"]’
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where B := [|8]|2. Let G = G'(x,y) and Gt, = G (x,y) denote the coefficients
of F' and «, respectively, in the same coordinate system. By definition, we have

G' = Gt + aQs'y + (100 — 2Qasg) (™ Oy’ + Ub'). (3.2)
where
P = [— 2Qasg + o0 |Oat, Q=T [7“00 - 2aQso} b+ aQstO.

Clearly, if 3 is parallel with respect to «, that is r;; = 0 and s;; = 0, then
P =0and Q° = 0. In this case, G = G¢, are quadratic in y. In this case, F is
a Berwald metric. Put

®:=(sQ — Q){nA+sQ+1} — (B —5*)(sQ +1)Q".

By direct computation, we can obtain a formula for the mean Cartan torsion
of (a, B)- metrics as follows

EPRY
5= =100 s — sy (33)

Thus I = 0 if and only if & = 0.

Let F' = a¢(s), s = B/a, be an («, B)-metric on an n-dimensional manifold
M. Then the S-curvature of F' is given by

S = {2\1’ _ S0 ] (so+10) — (T00 — 2Qaso),

2
2A2q
where

Josin" 7t T(beost)dt
)= foﬂ sin® 2 tdt
T(s): = (¢ — 5¢")" 2 [(¢ — s¢) + (b — 5°)¢"].

7

Here, we calculate the S-curvature of 5-th root («, )-metric and obtain the
following.
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Lemma 3.2. The S-curvature of 5-th root («, 8)-metric is given by

1 7'(b)

s = {3 252 4 13¢pe35% + 10628 + 3 10¢1c382 — }
232@# 38" + 15cocgs™ + 10c3s™ 4+ 3c1co + 10cic3s bf(b) (50
+r0) - 42723{80202512 — 3c3b?s* — 20c30%s'% — 60nc; c3cas°

ap?u?s

—112nczclc§ss + 36n6103b286 + 120n01020§b2812 + 640nclc§b2314
+348ncye3b? 510 4 120ncycab? st 4 2456nb cacas' + 2240nb% cocystt

—56ncicacss® — 128nc%02(:§sm — 304nciciezst? — 94nclc§c§s12

—120nclcgc§sl4 — 66356 — 20718%026354 — 5801031)20%84 — 13601030236
—42nc3e3s® — 104ncsc3s'? — 108ncacis™® — 64nciers' — 34b*cieacss?
+24c2caczst + 800nchb?s'® — 24nc?csS + 36nb3chs® + deicdst
—800ncgs20 +4cicis® — 8ncic3s® — 10nc3ey st — 2456nc§c§516
—36nc1c3sS — 96nc3c3s'? — 640nc cas'® — 348ncicss'? — 62cac3b? s
—224071026%518 + 2801030356 + 8001020§88 + 80303310 — 9010§b232
—21c3e3b?s5 — 60b%3c2s® — 80cicib?s® — 60c2c2b? st — 40chst
—130ncicis™ — 36¢55'0 + 48¢ 3510 + 48¢3c35% 4 56b 3 ciezs”
+128ncicacib®s® — Ancicis? + 8nb*cic3st 4 944nb’eicicast0

+304nb201c30358 + 96ncfc§b2810} (7“00 + (1 + 3cas? + 56334)30),

where

p:r= —98° — 0354 + 2c1c9b%8% + 46103b254 + 6031)254 + 22¢9c5b%55 + 2Oc§b258
— 2616284 — 4010336 — 60%86 — 22026358 — 206%510,

n:=co+ 20352,

T:=(as+cs + 0385)(013 +eas® + 357 — s(er + 3eas® + 50384))n_2{018

+ c25% + c35° — s(c1 + 3cas® + begs?) + (b2 — 52)(6cas + 200333)}.

Now, we study weakly Landsberg 5-th root («, )-metrics and prove the
following.

Theorem 3.3. Fvery weakly Landsberg 5-th root («, 8)-metric has vanishing
S-curvature.
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Proof. For an (o, 8)-metric F' = a¢(s), the mean Landsberg curvature is given
by

1 202 1@ ,
Jp=— AL [M [K +m+1)(Q—sQ )} (1o + s0) Iy
o ® , 9
te 2 (U1 + SZ)(TOO — 2aQs0)ht + 04[— aQ'soht + aQ(a”sy — yso)

(3.4)

(0]
+a?Asio + a?(rig — 2aQs;) — (roo — 204Q50)yt} NE

where
b27 2(1) /
S \/m[\/?} AY hym b alsy, B =P
2

contracting (3.4) with b¢ and simplifying it, we have J = btJ; = 0. It is equal
to following

d7047 + d5a5 + d4044 + d3043 + d20[2 +dia+do =0, (35)
where
do : ( 785023 ey + 336%b1 3¢5 4+ 46%nct el + 5285 cies + 15085056365
— 12835b* cleacs + T86°%cicaesb® — 483508 ¢l ey — 2B%b?ncich
—966%b ctes + 328%*ncics + 3488500 clc3es — 126 B33 cy — 4B%¢ics
28,(36b2n016203) ((2ﬂ563 + B3ca®)ro0 — (@Ccq + 3a’tcy 8% + 5(126354)80),
dy = 8b4c%55( — 15b2c§ — 56b%c1c5 + 1deieo + 21b4clc§ — 2nclcg) ((25503
+ B3ca®) o0 — (@cq + 3atey 8% + 5oz263,84)80),
do : = (162056b4c cacs + 14248% cleact — 3864°%cicaesb® + 1086°0?ncich
— 140cic3e3 % 4+ 1126* 353 c5 — 1358%b%cicy + 1986°%b e e — 128%ncich
+ 180cic3 8% + 2008°b*nccies + 128%¢ e — 458%05¢1ch + 3428°b%c1c§
— 1208%05c5¢3 4 16835053 + 4968°05ncc3es — 27285 e cach
—486%®ncich — 23526%00c3cac: — 908%b nci el + 16883508 ¢] cicl
— 1448%*ncicy — 7148505 ¢3¢ — 6008%0°cics — 5048%b nclcies
+24363°b* ciches + 312ncic5 8% — 8738%00 i ches — 4488°b0ci s
- 1655nc?c‘21b4> (b2500102 + 3b*rocicy — dnsoctcab® — 46btsocicacs

+ 27b%s0c) ey — 9b4soclc2)ﬁ4,
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ds : = 396b° Bsocicies — 1320°BYsoctcs + 186 Brsocicy — 6248 soc3cies
— 24b*roBieicy — 4202 B soctcs — 1006 n Bt soctcaes + 4805n 3% socich
— 520c]caciBrsg + 198c3 5 BYsg 4 4360 4 socicacs + 24nBrsocicab?
—486%0c3cirga? — 483305 ¢] casoa’ — 1443505 c3 ey spat
- 24()04257660 636350 — 54b nﬂ4500162 81b6,6’4010230 9658b6c§’cgr003,
dy = —6b*ct cgﬁQSO,

ds : = 3b4010352(12b4clc§ —4ncieo — 21b2c§ — 54b%cicq + 160102)50,

d7 : = —18b5ctcdsg. (3.6)

(3.5) implies that
d70[6 + d5Oé4 + ngéz +d; =0, (37)
d40é4 + d2042 +do = 0. (38)

By (3.7), we find that there exists a non-zero function v = v(x, y) such that

6 4432 234
c1a® + 3coa* B2 + Segat B 9
= . 3.9
00 9355 + e300 S0+« (3.9)
Similarly, (3.8) implies that there exists a non-zero function 6 = é(z,y) such

that

6 442 204

c1a® + 3caa* B2 + begat B 9
= oa”. 3.10
00 96305 + ca BP0 50 + o (3.10)

Since v # § and also « is not a multiple of §, then by (3.9) and (3.10) we get

6 4, 32 2. ;34
roo = (cla + 3a%ce 8% + ba“csf )80~ (3.11)

2035¢c3 + B3cr0?

Taking a vertical derivation of (3.11) give us the following

6cratyi+12caa’y; B2 +6c2a* Bbi+10c3 8% y;+20c50> 8%b;
2B3%c3+p3caa?

. (alci+3acaf24+5a2c38%)(10c3 8 +3c2 2 a%b;+2¢28%y;)
(2B%c3+B3c20?)? 50

+<a c1+3a’cs 82450 03,34) s;. (3.12)

Ti0 =

2B%c3+B3cra®

Contracting (3.12) with b’ yields

ro = 601a4,6’+1202a263+6020¢45b2+1003ﬂ5+2003a263b2
0= 2B5cstB3caa®

_ ((XGCI+3a4czﬂz+5a20354)(1ocgﬁ4b2+3cgl32a2b2+20254) }80 (3 13)

(28°c3+B3caa?)?

By putting (3.11) and (3.13) into (3.6) and simplifying the result, we have

n(z,y)so = 0. (3.14)
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where
n(z,y) :=(15c2b* + 5ezey — 66c3c0b® + 42¢3)a 4 (—15c26%0% + 22¢33%¢o) o’
+ 5384
By (3.14), it is obvious that n = 0 or s; = 0. Let n(x,y) = 0. One can rewrite
1n =0 as follows
fat + ya? % +ept =0, (3.15)

where 6 = 6(z,y), v = v(z,y) and € = ¢(z,y) are functions on TM. (3.15)
implies that

_ 2 _
ot = (2 Vg’; 400, 52 (3.16)

This contradicts with the positive-definiteness of . Thus n # 0 and s; = 0.
Putting it into (3.11) gives r;; = 0. By putting these relations in (3.4), we
obtain S = 0. (]

Proof of Theorem 1.1: In [6] Najafi-Tayebi showed that every weakly Lands-
berg («, 8)-metric with vanishing S-curvature on a manifold M of dimension
n > 3 is a Berwald metric. By Theorem 1.1, every weakly Landsberg 5-th root
metric on M of dimension n > 3 is a Berwald metric. We consider the class
5-th (a, 5)-metrics of dimension n = 2. We know that Every 2-dimensional
Finsler manifold is C-reducible

1
Cijt = g{hijft o+ hjli + bl | (3.17)
Taking a horizontal derivation of (3.17) along Finslerian geodesic yields
1
Lijt = g{hlj‘]t +hjtJi+htiJj}. (318)

By putting J = 0 in (3.18) implies that L = 0. On the other hand, the Berwald
curvature Finsler manifold of dimensional n = 2 can be written as follows

i 2 i, 2 i i i
By = == Lol + 5 { Ejuhi + Buhl + Eyh, }. (3.19)
By Putting L = 0 and E = 0 in (3.19), we conclude that F is a Berwald metric.
The proof is complete. O

Proof of Corollary 1.2: Let F' = v/A 5-th root metric on manifold M, where
A= aijklm(x)yiyjykylym, with aijkim symmetric in all its indices. Put

0A 0?A 0A
i = @7 gt = W7 Apr = ozt Ay = Aztyt7 Aoj = Axtyjyt'
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Assuming that (A7) is the inverse of the definite positive tensor (A4;;). In this
case we have

1 8 . 2 1, -
= -—A"5A It = AT5 AT i = -A7 A;
g]t 25 9 g ) Y 5 )
where
Ajt = 5AAjt - 3AjAt
and
AJt .= 5447 + Zyjyt.
The Cartan tensor of F' is given by
1 1
Cijs = gA 3 (Cijm (3.20)
where
9 24 3
(Cijs = A Aijs -+ %AlA]AS — EA{AlAjS —+ AjAsi —+ ASAZJ}
Thus the mean Cartan torsion is as follows
g 1 . ..
Is = g”C’ijs = gAisA”(Cijs. (321)
In [14], Yu and You found that the spray coefficients of F are given by
1 -
G'= i(AOS — Ay ) A% (3.22)
It is easy to see that G are rational functions in y. Since
Lijs =
then we have

1 s
Lijs = — 1547 A"

yiydys:

Therefore, we have

ij L1
Js =g JLijs = _TOA 1A ]Athyiyjys' (323)
Since F' has relatively isotropic mean Landsberg curvature J = ¢F1, then by
(3.23), (3.21) and F = v/A, we have
A2AG e = =20V ATy, (3.24)
The left hand side of (3.24) is a rational function in y, while the other side is
an irrational function in y. So ¢ = 0 and F' reduces to a weakly Landsberg

metric. By Theorem 1.1, we get the proof. (I
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4. Proof of Theorem 1.3

In these section, we will prove a generalized version of Theorem 1.3. Indeed
we study 5-th root («,)-metrics with almost vanishing =-curvature. More
precisely, we prove the following.

Theorem 4.1. Let F = f/clo/lﬂ + c2a2B3 4 ¢38% be a 5-th root (o, B)-metric
on a manifold M. Then F has almost vanishing Z-curvature if and only if
S=0.

for proving Theorem 4.1, we calculate the Z-curvature of 5-th root («, 3)-
metrics. For any («, 8)-metric, the E-curvature is given by

)= Hjuy' — Hj —2H ;,H", (4.1)

K

where “;” denotes the horizontal covariant derivative with respect to a. By
calculating the right side of the (4.1) and gaining the following

. 700;j Tj0—3850 2 2
where

A =Too — 20[@50,
c1 = (n+1)(¥ + 0),

! 2 1 / A li /
oy = {(n +1)0 + (B — s2)¥" — 250 }E + 20 rO{Z(sQ Q)

+- Q"= 5Q = 2(n+ 1)Q'O — (@ +2Q'V +2(B — ) ¥Q") o,
c3:=Q —250Q —2(n +1)QO — 2(B — s3)(Q'V + V'Q),
Cq = \Il’é —2Q"Ws.
«
Also, we have
H .yt = P52 + pesj0 + 2p7i(ro + s0) + 2¥rj0
+A<(Tjo +550) 5 — T%“) + Ay (aby — sy;j) oz

where
ps; =20+ {Q" — (B-s)Q" + Q- sQ') }s,
+ {(n+ 1)0" —2¥'s + V(B — 52)}(2%0 - Too% - QQsj),

pe =Q — (B —s)Q - 5Q,

2rjo Yy
Vg ZZ(TJ - Too;é - 2Q5j>\11/ + Q/Sj,
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:é{Q\I/’rO +(n+1)0' +¥"(B—s%) —20's} + {Q” —2Q7
a
2Q'V — QU')s — 2(n + 1)Q'O — 2(2@’@’ _ \I/Q”) (B — 32)}50,

1
Ay’ :=p11roo0 + (apm —2p11Q"s0)r00 + (Q" — 2(n + 1)Q'O — 2aQp11) s0;0
I

A LG
+ 2\11// (T‘o + 80) + 2\11 7’0 0 — 25* (Too 0 — 2@ SoToo — 20[QSO 0)
+p21? + p2250;0 + 2p23(r0 + So0) +p31; + p32so0 — 4Q" ¥ (ro + so),
1
P11 ::E{(n +1)0" + (B — 52)\11”},
A
D12 ::E{(n +1)0" — 250" + (B — 32)\11/”} — {Z(n +1)(O'Q +Q"0) - Q"’}so,
A
pa1 :=20"ro — 2{3W'Q’'s + (¥ + ¥"5)Q}so — 2—(¥' + V"),
o
paz = —2V'Qs — 4(B — 32)‘1’/62/’
pa3 = —4Q'¥'s,
P31 ::{Z(Q"IJ’ — QU +3Q"¥)s —2(B — s*)(Q"¥ + Q”'\I/)}so,
p32 =2{sQ' — Q — (B —s*)Q"} ¥,
instead of H ;H" in (4.1) is given by

H_]'.th = Q{CljSO + Cojx + ngCYQ + A( — %yj — G«Zo) + A,msm O(bj — %)
AR 2= 7325 - By - 2250 + Awb™ (2 - H) |,

j

where

400 Q/
A.tStO 212(04711 — 2\11/8) (; — Qto - —50)

1
+ a(pm + po1 + p31)so + (pa1 + paz + p32)to + 29 qo,

At = — oy (2——@_23_ /iO)
40" ==(apn 5) 2 )Q 5
B —s?
+ g(pm + po1 + p31) + 2¥'r,

pa1 :=Q" —2(n+1)Q'O,
1y =20 + [(n+ 1O + (B - )0 — 250'| (222 — 20 905, )
2@ ((n+ Do+ (B-)¥) — Q"+ (Q+5Q +Q"(B - 5*) —2Q's) }s;.

L 2\1,/ q50 qooY; T00Y;
e .—[(B—s ) +(n+1)6} (23—2 o sjo),

c3 ::[(B — )V + (n+ 1)@} (23 — M0 4 3"’03‘% — ol Toogj).
« O{ « «
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Lemma 4.2. Let F = F(xz,y) be a 5-th root («, 8)-metric on a manifold M of
dimension n > 3. Suppose that F' is of almost vanishing Z-curvature. Then F
has vanishing Z-curvature.

Proof. Let F = {’/aijklmyiyjykylym be a 5-th root metric with almost vanish-
ing =-curvature on an n-dimensional manifold M. Then its Z-curvature can be
expressed as

2 =—(n+ 1)F2(%)yj. (4.2)

where 6 = t;(x)y’ is a 1-form on M. By Lemma 2.1 in [14], the spray coefficients
of an m-th root metric is rational function in y. By definition, the S-curvature
and then the Z-curvature of F' are rational functions in y. It follows that the

left side of (4.2) is a rational function in y. while the right side of (4.2) is an
irrational function in y. Thus we get = = 0. (]

Proof of Theorem 4.1: Let F = {/cia*3 + c2a233 + ¢35 be a 5-th root
(a, B)-metric on a manifold M. Suppose that F' has almost vanishing =-
curvature. Then, by Lemma 4.2, we have =; = 0. Let us define = := Ejbj. So
multiplying (4.1) with &7 yields

fra” + feab + fs0® + faa* + fza® + faa® + fra+ fo = 0. (4.3)
where
fo := —12960c3 3572,
f1:= —5400¢38%r2,,

f2 1= 1290¢3 8%r0.0 — 8568caciBHra, + 1260c3 B°ro0.0 + 5610c3 312,
— 16208 c3rooso + 63703 842, + 100(n 4 1)c3B*ra,,

f3 1= 38880¢33%s2 — 1003 812, — 270¢3 870050 + 120¢3 85700 + 420063 3412,
+ 200¢3 BB, + 38880c3 37roso + 15552¢3 300 — 35640cac3 B2,

fa 1= —90208%c3s0.0 + 405008 c3s2 4 108083 caros> + 31104c3 %50 + 3110485 c3rg

4 64800(n + 1)8*c350.0 + 129608* c3ro0 + 205233 c3r0050
+ 1420¢3 B*roroo + 41003 c3 Broo.o — 1080(n + 1)c3 8372, — 808¢3 8% r00.0¢2
— 9708%c3 B2, — 38032 cara ey + 4184 % card ca — 254 % cardyca
+ 5400(n + 1)c3 830050 — 34560(n + 1) BB roo.0 — 475203 83roroo+
— 1080¢38°ro0soc2 — 55980cs BA*ra, + 97452(n + 1)c3 82 rgyca
+ 371088¢3 B%rgyca — 130c3 3% Br, + 7008%¢3 Brogso812163°c3roo.0c2,

f5 = 360032c3 Bra, — 266976533 c3sica + 8583 cargoca + 1203c3 Brooso
— 560c3 3% Broo + 32483 c3roreo + 26697633 c3rosoca + 150823 Brayca
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—430c3 8% B*rg, + 103083 carooca — 3308% casa — 64033 c3 Brog

+240c3 %13, co — 183%c3 Brosg — 18090033 cargsoca + 18144033 c3 Bs?
+23400¢3 337050 — 9200823 Bré, — 16252 carysicr — 1054265%c3ro,2ca
— 63B%c3ro ca — 945083 caronso,

= 451673, c3 + 840c3 B3 rd, + 64033 c3q0 — 639720c3 B3y ca + 12082 c3ro0
+20970¢3 B2, 4 191160c3r3,c1 + 1288c3r3,c5 — 4536083 casg — 2208 c3ro
+ 1134008%c3to — 9261032 c3sa + 5184082 car 106350(n + 1)c3 Brg,

+ 1684803 Braycr — 879912¢3 Bragca 4+ 11720(n + 1)cargycr + 279¢3r8qca
— 219024c372c1¢5 + 1099152¢3 Bryc — 32400(n 4 1)8%clqo — 818%c3to
+32400(n + 1)B3c3s0 + 4208%c3roso — 1755008%c3 Bsi + 100587 ¢ Bgoo
+ 42032 c3rroo + 2108%c3roroo + 48087 c3ro0sg + 3391203%¢3 Bso.o

+ 60739252 50;0C2 + 69480coc3Bra, — 12083¢3 Bro + 42768ﬁ20550;002

— 4320822 qooca + 27675082353 co — 1440083 Bra, — 370808¢3 B2rog.0
— 3808c3700.0c1 — 2608c3r00.0c5 — 316(n + 1)c3 Brigca — 12960053%c3 Bsg
+ 20736083 c3s0ca + 207603 c3roc — 226¢3 3% Bso.o — 818%c3ro0so
—1510(n + 1)3%c3roso — 210823 B(n 4 1)qo0 — 4305%¢3 Brog

+ 8640(n + 1) 823 qooca + 84672323 (n + 1)rogca — 1215008¢5 Brgoso

— 62892008¢3 Brogso + 90008¢3 Bré, — 3408¢3 Brorog — 518408¢2r0050¢1
+ 140284860§r005002 + 16066%7"00;001 + 264ﬁc§B7‘00;002 — 62056%7“(2)002

— 32168c3r0050¢5 + 1035008¢5 Brogse + 820(n + 1) Bcs Bro

+ 15840(n + l)cgﬁrooso@ —297072(n + ].)BC%TOT(]OCQ — 210803537‘00;002
+ 21608¢3 B?roo.0 + 9448¢3r00c2 + 220B¢3700.0¢5 + 4708c3 Broosoca,

= 184916¢373, + 39125¢3 B3r3, + 25800c3 Br3, + 12960c; ¢33,

+ 31725082 c3 8% + 477c3 B%(n + 1)12, — 2860c3 B3 co + 729¢2 Bri e,
+324(n + 1)c3rdser — 9208cs(n + 1)rdycs — 90Tcaraycica + 4Tcs Briyca
—160(n + 1)8%c3s3 + 1556%c3 Bsg — 22087 c3s5c2 + 908¢3 B?roo

+ 380,8637“0001 — 1685635001 + 2744ﬂ03rooc§ — 8285635062 900337’0062
— 21808¢3 B?rogso + 351 8¢ B*rgso — 4908¢s Brooso + 1083¢3 B2rog

+ 124323¢3 Bsico + 46656 3carooc + 13688cargsoct — 3788c3 Broocs

+ 2208c3rorooce + 17120Bc3rg0s0c2 + 8248Bcsrosocs + 3176Bczro0ch
+24950(n + 1)B%c3s3 + 1750(n + 1) B3 Brogse — 12424328¢3 Brosoca

+ 811800¢3 Brogsoca — 6003008¢3(n + 1)ropsoca — 42408¢3 Brogcs

+ 807864c3csrd, — 6260c3 Braycs + 813%c3rosy — 356cs B2s?

— 80ﬁc§r008001 — 54305037’00806% — 82056§B7"()7‘007
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By (4.3), we get
fra® + fsat + fsa® + f1 =0, (4.4)
fea® + faat + foa® + fo = 0.
4.4) implies that there exists a non-zero function p = pu(x,y) such that
I
Bocirog’ = pa’. (4.6)

Similarly, (4.5) implies that there exists a non-zero function v = v(z,y) such
that the following holds

Bciryy = va’. (4.7)

Since p # v and also u is not a multiplication of v, then by (4.6) and (4.7) we
get

Bec3ryst = 0. (4.8)

Since 3%c} # 0, then r;; = 0 which implies that 7; = 0. Putting these relations
in (4.3) yields

gaa* + g3a® + goa® + g1+ go = 0. (4.9)
where

go : = +1440¢3s3,
g1+ = 150c353 8% — 152c3508* — 240(n + 1)c3 5% s0.0 + 360¢3 3% s0.0,
g+ = 1203535 8% — 670c3 3% 535 4 988cac3 3283,
g3 : = 300(n + 1)c3 3%ty — 1200(n + 1)c38%sg — 7680cac3 3 s + 2496¢2¢3850.0
—9250(n + 1)c3 855 — 4200¢3 3%t + 1680c3 3% so + 34303 3]
+8400(n + 1)c3 BBso.0 — 1260c3 Bs0.0 + 480c2 BA%sg — 1050c2c3353
+ 650c3 BBs3 — 140(n + 1)c3Bs0.0C2,
ga : = 6250(n + 1)c3Bs% — 460coc3 BsE — 5625¢2 BBs3 + 8500coc3 353
— 11750¢3 852 + 130c3 B?s3 + 514cycas3 + 3024c3s3,

By (4.9), we get

g3a® + g1 =0, (4.10)
gaa* + ga0® + go = 0. (4.11)

(4.11) implies that

n(a,y)ss = 0, (4.12)
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where
n(z,y) = {620(n +1)c2B — 4606¢oc3 B — 5625¢2 B 4 800czc33 — 1150¢3 3
£ 13002 B2 + 5184¢; ¢35 + 30424c§}a4 + {125Oc§ﬂ3 — 67202 B3
+988c2¢38° fa® + 14036,

By (4.12), one can find that n = 0 or s; = 0. Let n(z,y) = 0. We rewrite 7 as
follows

Ot +~va?B% +ept =0, (4.13)

where 6 = 0(x,y), v = v(z,y) and € = (x,y) are scalar functions on TM.
(4.13) give us

_ 2 _
o? = (1 E VQZ 409 2. (4.14)

This contradicts with the positive-definiteness of a. Thus

n # 0.

Hence, we get
S; = 0.

Putting r;; = 0 and s; = 0 in (3.4) imply that S = 0. The converse is trivial. O
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