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ABSTRACT. The main aim of this research paper is to introduce
concept of quasi-partial Branciari b-metric space. Such spaces are
an extension of quasi-partial metric spaces, quasi-partial b-metric
spaces and quasi-partial Branciari metric spaces. In this article,
firstly, Conditions for the existence and uniqueness of fixed points
in underlying spaces are discussed and related theorems are proved.
After that various consequences of these theorems are given and
specific examples are presented. Final
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1. INTRODUCTION

In the year 1993, Czerwik [9] introduced the concept of a b-metric
space as a generalization of the concept of metric space. Several re-
searchers have determined on fixed point results for a metric space, a
partial-metric space, a quasi-partial metric space and a partial b-metric
space see e.g.[2-5], [8], [13], [16-17]. Karapnar et al. presented the con-
cept of a quasi-partial-metric space [11].

In this sequel, S. Shukla [15] defined partial-b metric space, A. Gupta
and P. Gautam [12] introduced the concept of quasi partial b-metric
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space and K. Sarkar established partial Branciari b-metric space [14]
and they presented some fixed point theorems in these spaces.

Motivated by the concepts presented in [1], [7], [10], [18], we exhibit
an innovative notion, called quasi-partial Branciari b-metric spaces. The
fixed point results are proved in setting of such spaces and some innova-
tive examples are given to verify the effectiveness of the main theorems.
At the end, an application to the solutions of linear equations.

2. PRELIMINARIES

In this section we give some basic definitions and related examples.

Definition 2.1. [13]. Let X be a non-empty set. A distance function
By : X x X — RT is called Branciari b-metric if the following conditions
are satisfied :

(Bbmy) Bp(z,y) =0« xz=yforall z,y € X;

(Bbmg) By(z,y) = Bp(y,z) for all z,y € X;

(Bbms) By(z,2) <s [Bb(ac, u)+ By (u, v)+ By(v, z)] for some fixed s > 1
and for all distinct points z, z,u,v € X.

In this case (X, Bp) is called a Branciari b-metric space and s > 1 is
called coefficient of (X, By) .

This definition turns in to b-metric space [7] if (Bbms) is re-
placed by By(z, z) < s|By(z,u)+ By(u, z)} for some fixed s > 1 and

for all distinct points z, z,u € X and Branciari metric space [13]
if we set s =1.

Definition 2.2. [1]. Let X be a non-empty set and s > 1 given real
number. A distance function d : X x X — RT is said to be a quasi
Branciari b-metric if following conditions hold :

(¢Bv,) qBp(z,y) =0 x=y;
(gBb,) qBy(z,y) < s[gBy(z, 2) + ¢By(z,w) + ¢By(w,y)].

In this case, the pair (X, ¢By) is called a quasi Branciari b-metric
space. The number s > 1 is called the coefficient of (X, ¢By).

Definition 2.3. [14]. Let X be a non-empty set and s > 1 given real
number. A distance function d : X x X — RT is said to be a partial
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Branciari b-metric if following conditions hold :

(pBy,) = =y < pBy(z,r) = pBy(z,y) = pBy(y, y);

(pBy,) pBy(z, ) < pBy(,y);
(pBbs) pBy(z,y) = pBy(y, v);
(pBp,) pBy(z,y) < s[pBb(:c, z) + pBy(z,w) + pBy(w,y) — pBy(z, z)]

— pBy(w, w) + ?[pBb(:v, z) 4+ pBy(y,y)].

In this case, the pair (X, pBy) is called a partial Branciari b-metric space.
The number s > 1 is called the coefficient of (X, pBy).

Note that every partial Branciari metric space is a partial Branciari
b-metric space with coefficient s = 1 and every Branciari b-metric space
is a partial Branciari b-metric space with the same coefficient and zero
self-distance. However, the converse of this fact may not hold.

3. QUASI-PARTIAL BRANCIARI b-METRIC SPACE
We start by introducing the notion of a quasi-partial Branciari b-

metric space as follows:

Definition 3.1. Let X be a non-empty set and s > 1 given real number.
A distance function d : X x X — RT is said to be a quasi-partial
Branciari b-metric if following conditions hold :

(qubl) d(:z,x) < d(.CU, y);
(apBy,) d(z,y) < sld(z,z) + d(z,w) + d(w,y) — d(z,2) — d(w,w)]

LS ld(w, @) + d(y, ).

In this case, the pair (X,d) is called a quasi-partial Branciari b-metric
space. The number s > 1 is called the coefficient of (X, d).

This definition turns in to quasi-partial Branciari metric space for
s=1.

Note that every quasi-partial Branciari metric space is a quasi-partial
Branciari b-metric space with coefficient s = 1. However, the converse
of this fact need not hold.
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Quasi-Partial Quasi-Partial
Metric Space b-Metric Space

Quasi-Partial Quasi-Partial
Branciari Metric Space Branciari b-Metric Space

FIGURE 1. Ilustration of different Metric Spaces

Definition 3.2. Let (X,d) be a quasi-partial Branciari b-metric space
with coefficient s > 1. Let {z,,} be any sequence in X and z € X. Then

(a) The sequence {z,} is said to be convergent and converges to x, if
lim, 00 d(zp, ) = d(z,x) i.e. limit exists and is finite.

(b) The sequence {z,} is said to be Cauchy sequence in (X,d) if
limy, 1 —s00 d(Zp, Tmy) exists and finite.

(¢) (X,d) is said to be complete quasi-partial Branciari b-metric space
if for every Cauchy sequence {x,} in X there exists z € X such that

n}ribrgood(:):n,xm) = 7};1{.10 d(xn,x) =d(z,x).

The following example highlight the importance of quasi-partial Bran-
ciari b-metric space.

Example 3.3 Let X = {1,2,3,4} and d : X x X — R be defined by

|z — y|? + max{x,y}, if x#y
d(w,y) =1 =, if o=y
0, if z=y=1.
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Then (X,d) is a complete quasi-partial Branciari b-metric space with
coefficient s > 1.
Therefore by given definition, we get

d(1,4) =32 +4=94+4=13.
d(1,3) =22 +3=4+3=7
d(1,2) =1 4+2=1+2=3
d2,4)=2"+4=4+4=38
d2,3)=1*+3=1+3=4
d(3,4) =12 4+4=1+4=5
d(1,1) = 0.
d(2,2) = 2.
d(3,3) = 3.
d(4,4) = 4.

We have the following observations:

(@) d(1,4) <d(1,2) +d(2,4) — d(2,2).
13<34+8-2
=9,

which is a contradiction. Thus (X, d) is not a complete quasi-partial
metric space.

(b) d(1,4) < d(1,2) +d(2,3) + d(3,4) — d(2,2) — d(3,3).
13<3+4+5—-2-3
=7,

which is a contradiction. Thus (X, d) is not a complete quasi-partial
Branciari metric space.
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(¢) d(1,4) < s{d(1,2) + d(2,3) + d(3,4) — d(2,2) — d(3,3)}

]__
+ {d(1,1) + d(4,4)}.
1_
1333(3+4+5—2—3)+T‘9(0+4)
1—

= Ts+—"(4)

=7s+2—2s.
11 < 5s.

Therefore quasi-partial Branciari b-inequality (¢pBs,) holds for s = 2.2.
Hence (X, d) is a complete quasi-partial Branciari b-metric space with
coefficient s > 1.

4. MAIN RESULTS
In this section, first, we prove unique fixed point result in quasi-partial

Branciari b-metric space.

Theorem 4.1. Let (X, d) be a complete quasi-partial Branciari b-metric
space. Let T be a self maps on X and satisfying for any z,y € X such
that

(4.1) d(Tz,Ty) < amax{d(x,Tx),d(y,Ty),d(x,y)}

where a > 0 such that as < 1 and s > 1. Then T has a unique fixed
point v € X and d(u,u) = 0.

Proof: Let us first show that if fixed point of T exists, then it is unique.

On the contrary suppose u,v € X be two distinct fixed point of T', then
we have

Tu=wu and Tv = v.
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It follows from inequality (4.1) that
d(u,v) = d(Tu, Tv)
< amax {d(u, Tu),d(v,Tv),d(u, v)}

< amax {d(u,u),d(v,v), d(u,v)}
=ad(u,v).
d(u,v) < d(u,v) for a <1,

which is a contradiction. Therefore, we must have d(u,v) = 0, that is,
u = v. Thus if fixed point of T" exists then it is unique.

Further, if u is a fixed point of 7" and d(u,u) > 0 then from inequality
(4.1)

d(Tu,Tu) < amax {d(u,Tu), d(u, Tu),d(u, u)}

= amax {d(u, w), d(u,u),d(u, u)}
= ad(u,u).

d(u,u) < d(u,u), a contradiction.
Therefore, d(u,u) = 0.

For the existence of fixed point, let zp € X and {x,}5°; be a sequence
in x. Define the recursion

(4.2) xp=Trn1 =T zy, n=1,2,3,...
From inequality (4.1) and (4.2), we obtain
A(Tp, 2ns1) = d(Tan 1, T)
< amax {d(@n1, Twn-1), d(wn, Tn), d(wn-1,7) }
= amax {d(zn1,20), d(wn, Tt1), A1, 0) }

< amax {d(mn_l, xn),d(xn, xn+1) }

Now two cases arises:
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Case-(i): If max {d(mn,l,azn),d(azn, 1:n+1)} = d(xn,a:n+1).
Then we get

d(:rn,an)

Letting n — oo, we obtain that d(mn, an) — 0.

Case-(ii): If max {d(mn_l,xn),d(:cn,a:n+1)} = d(mn_l, xn)
Then we have

d(l‘na $n+1) <a d(xnfla :En)
Continuing the above process, we get
(4.3) d(mn,an) < a”d(wo,xl).

Letting n — 0o, we obtain that d(a:n, xn+1) — 0.

Now we show that {z, }7°, is a Cauchy sequence in X.
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Let m,n € N such that m > n, then by definition 3.1, we have

$na xm S{d T, xn—l—l + d(mn—i-la xn+2) + d($n+27 xm)

1 _
— d(Tn41, Tng1) — d(l’n+2,$n+2)} + ?S{d(xn, Tn)

d(@m; 2m) }

8{ Tps Tnt1) + d(Tnt1, Tnt2) +d(:cn+2,fr:m)}

\/\—i—

| A

sd(2p, Tny1) + 5 d(Tni1, Tny2) + 8 {d($n+2, Tn+3)

+ d(Tn+3 Tnta) + d(Tngas ) — d(Tns3, Tnts)
1 _

— d(zn4, $n+4)} +s 8{ d(Znt2, Tny2) + d(Tnt2, Tni2) }

< sd(2n, Tns1) + s d(Tng1, Tng2) + SQ{d($n+27 Tny3)

+ d(Tnss, Tnya) + d(Tpia, ivm)}

< {sa™ + sa™ 4§22 4+ $2a" 3 4 BT 4 3T + . }d(z0, 1)
< {sa™(1+ sa® + s%a* + ...) + sa" (1 + sa® + s*a* + ...) }d(z0, 1)
< (sa™ + sa" M) (1 + sa® + s%a* + ...)d(zo, 71)

sa™

= (1 — sa?)

(14 a)d(zo,z1).

Letting n, m — oo, we get lim, d(:vn, xm) =0, since a < 1.

Hence {x,}5°; is a Cauchy sequence in X. By completeness of X there
exists u € X such that

(4.4) lim d(zp,u) = lim  d(zn,2m) = d(u,u) = 0.

n—oo n,mMm—00
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Now we show that u is a fixed point of T

d(u,Tu) < S{d(U, Tnt1) + d(Tns1, Tng2) + d(zns2, Tu)
1—s
2

—d(zn41, Tng1) — d(Tnyo, $n+2)} + {d(znt1, Tns1)
+ d(l’n+2, mn+2)
<s d(u, an) + sa”Hd(ajo, xl) + s d(Tﬂ:nH, Tu)

<s d(u, xn+1) + sa"“d(:vo, xl) + samax {d(xm_l, Trp1),
d(u, Tu), d(xn+1,u)}.

Case-(i):
If max {d(l‘n+1, Trpt1),d(u, Tu), d(xn41, u)} =d(xps1, TTnt1).
Then we get
d(u,Tu) < sd(u,zn41) + sa”*ld(:ro, 21) + sa d(@pi1, TTny1)
< sd(u, Tpt1) + sa”“d(mo, 21) + sa d(Tpi1, Tnta)
< sd(u, wpq1) + sa"d(zo, 21) + sa™ T2 d(zo, 71).
Letting n — oo, we get

lim d(u,Tu) =0= u = Tu.

n—oo

Therefore u is a fixed point of T.

Case-(ii):
If max {d(xn+1, Txpi1),d(u, Tu),d(zp41, u)} = d(u, Tu).
Then we get
d(u, Tu) < s d(u,znt1) + sa™d(zo,21) + sa d(u, Tu).
sd

(1 —sa)d(u, Tu) < sd(u,zny1) + sa™d(zo, z1).

n+1
Sad(aco,xl).

d(u, xn+1) + o4

1- Tu) <
(1 = sa)d(u, Tu) < —— -

Letting n — oo, we get
lim d(u,Tu) = 0.
n—oo

= u="Tu.
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Therefore u is a fixed point of T'.

Case-(iii):
If max {d(an, Txpt1),d(u, Tu), d(zp41, u)} =d(zpy1,u).
Then we get
d(u,Tu) < sd(u,zn41) + sa”“d(mo, 21) + sa d(xpi1,w)
<s(l1+a) d(u,a:n+1) + sa"“d(mo, xl).
Letting n — 0o, we get

lim d(u,Tu) =0= u = Tu.
n—oo

Therefore u is the fixed point of T

Corollary 4.2. Let (X, d) be a complete quasi-partial Braciari b-metric
space, 1" be a self map on X and satisfying for any x,y € X such that

(4.4) d(Tz,Ty) < ad(z,y)
where a € [0,1/s] and s > 1. Then T has a unique fixed point u € X
and d(u,u) = 0.

Now, we present common fixed point theorem for two distance func-
tions in quasi-partial Branciari b-metric space.

Theorem 4.3. Let (X, d) be a complete quasi-partial Branciari b-metric
space. Let fand g be two maps define onto X itself and satisfying follow
inequality for any =,y € X

(4.5) d(fr, gy) < a{d(z, gz) + d(y, fy)}

where a € |0, %) with s > 1 Then fand g have a common unique fixed
point.

Proof Firstly we prove the existence of common fixed point of fand g.

Let g be an arbitrary point in X. Define the sequence {z,} in X as
Tpt1 = frn and Tpi2 = grpi Vn > 1.

Ifz, =xp41 Vn2>1. Then gz, = xpy1 = 2 = frp, . Thus fand g
have a unique common fixed point x,,.
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Now, suppose that x, # xp41 ¥V n > 1.
Therefore from (4.5)

d(Tp, Tny1) = d(frp—1, gTn)
< a{d(rp_1, gTn—1) + d(xn, fra)}
= o{d(xp—1,2pn) + d(n, Tpi1)}-
(1 —a)d(xn, xpi1) < ad(xp—1,2n).

(6
d(SUn, xn—i—l) < md(fpn—la xn)

a
<nd(zp_1,n)(n = o < 1).

Thus, we arrive at

d(.%n, xn—i—l) < n d(mn—la xn)
<0 d(Tp-2,Tn-1) < ... <0"d(z0,71).
(4.6) d(Zp, Tny1) < 0" d(zg, z1).

Letting n — oo, we obtain that d(mn, xn+1) — 0.
Now,
d(ﬂjna l‘n+2) = d(fmnfla ganrl)

Oé{d(.Tn,l, gxnfl) + d(fEnJrlvfanrl)}
= Oé{d(.Tn,l, 5571) + d(fEnJrla xn+2)}-

IN

Therefore , we get
(4.7) d(@n, Tnya) < on"d(zo, 21) + 0" d(x0, 1)}

Letting n — 0o, we obtain that d(a:n, xn+2) — 0.

Now we show that {z, }°°; is a Cauchy sequence in X.

313
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Let m,n € N such that m > n, then by definition 3.1, we have

d(zn, zm) < S{d(xn,xnﬂ) + d(Tn41, Tnt2) + d(Tnt2, T

1—s
- {d(n, )

— (1,0 11) = A2, 012) |+
+ d(zm, zm) }

< s{d(@n, wni1) + d(@n11,2012) + d(@ni2,m) }

< 5 d(wn 1) + 5 d(wnin, wne) + 52{ (004, 70ss)
+ d(2ni8 Tnsa) + A(Tnia Tm) — d(Tn s, Tnys)

1 _
5 8{ d(Znt2, Tny2) + d(Tnt2, Tni2) }

— d(Tn4, $n+4)} +s
< sd(2n, Tns1) + s d(Tng1, Tng2) + SZ{d($n+27 Tny3)

+ d(:nn+3, :L'n+4) + d($n+4, mm)}

< {sa" + sa" + $2a"? 4+ 20" 4+ SBan T 4 $Ban T+ .. }d(z0,21)
< {sa™(1+ sa® + s%a* + ...) + sa" (1 + sa® + s*a* + ...) }d(x0, 1)
< (sa™ + sa" M) (1 + sa® + s%a* + ...)d(zo, 71)

< ﬁ(l + a)d(zo, 1)
> (1 — saz) 0,41)-
Letting n, m — oo, we get lim,,_ d(xn, xm) =0, since a < 1.

Hence {x,}5°; is a Cauchy sequence in X. By completeness of X there
exists u € X such that

lim d(xn,u) = lim d(xn,:cm) = d(u,u) = 0.

n—oo n,Mm—00

Since (X, d) is a complete quasi-partial Branciari b-metric space then
there exists r € X such that

(4.8) lim z, =r.

n—o0

Now, we find out fr = r.
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In quasi-partial Branciari b-metric space, we have
d(ﬁ“, T) < S{d(ﬂa :En) + d(IEn, :L‘nJrl) + d(:L‘nJrla T) - d(:Env J"n)
1—s
- d($n+1axn+l)} + T{d(fraﬂ) + d(’I",T‘)}
< S{d(ﬁ", xn) + d(.%'n, xn-i—l) + d(xn-i-la T)}
< S[d(ﬁ7 xn) + nnd(x(]v 1131) + d('rn-‘rlv 7’)]
Letting n — oo and using inequality (4.7), we find for s > 1
d(fr,m) = 0.
Therefore
fr=r.

Hence, r is a fixed point of f.

Now, we show that r is a fixed point of ¢. i.e. gr =1 .
Suppose gr # r. Then by inequality (4.1)

d(r, gr) = d(fr, gr)
< ofd(r, gr) +d(r, fr)}
= o{d(r,gr) +d(r,r)}
ad(r, gr).

IN

Thus
(1 —a)d(r, gr) <0.

but 1 — a # 0, therefore d(r, gr) = 0. i.e. gr = .
Hence,
fr=gr=r.
Therefore fand g have a unique common fixed point of X .

Uniqueness of Fixed Point
On the contrary suppose p and ¢ are two common fixed points of f
and ¢g. Then clearly p = fp = gp and q = fqg = ¢q.

< od{d(p, gp) + d(q, fa)}

< o{d(p,p) +d(q,q)}
<0.
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Thus
d(p,q) =0=p=gq.

Hence our result is proved.

Corollary 4.4. Let (X,d) be a complete quasi-partial Branciari b-
metric space. Let fand g be two maps define onto X itself and satisfying
follow inequality for any z,y € X

(4.9) d(fr, gy) < ad(z,y)
where o € [0, 1) with s > 1 Then fand g have a common unique fixed

point.

Now, we demonstrate an example to verify our first fixed point result
(4.1).

Example 4.5. Let X ={1,2,3,4} and d : X x X — R be defined by

|x—y|2+max{a:,y}, if x#vy
d,y) = =, it ooy £1
0, if r=9y=1

Then (X,d) is a complete quasi-partial Branciari b-metric space with

coefficient s > 1.

Define T: X - X by Ty =2,1T,=21T3=1,T) = 1.
Then T satisfies all the conditions of theorem 4.1 with a € [0,1/s] and
has a unique fixed point 2 € X is the unique fixed point of 7.

Now,
d(4,2) < s{d(4,3) +d(3,1) +d(1,4) — d(3,3) — d(1,1)}

+ ?{d(4,4) +d(2,2)}

1_
8§s(5+7+13—3—0)+TS(4+2)

1_
:223+75(6)
= 9225 +3 — 3s

5 < 19s.
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Therefore quasi-partial Branciari b-inequality holds for s > 1. Thus the-
orems 4.1 is applicable here.

Let z =1,y =2

d(T1, Ty) < amax{d(l,TI),d(2,T2),d(1,2)}.

d(2,2) < amax{d(1,2),d(2,2),d(1,2)}.

2 < amax{3,2,3}.
2 < 3a.

2
(4.10) Therefore 3 <a<l1l

Now take z =1 and y = 3

d(T1, T) < amax {d(l, T1),d(3,T3),d(1, 3)}.

d(2,1) < amax{d(l,Z),d(3, 1),d(1,3)}.

3 < amax{3,7,7}.
3 < Ta.

(4.11) Therefore % <a<l1

Now take x =1 and y =4

d(T1,Ty) < amax{d(1,T1),d(4,T4),d(1,4)}.

d(2,1) < amax{d(l,z),d(3, 1),d(1,4)}.

3 < amax{3,7,13}.
3 < 13a.

(4.12) Therefore 13—3 <a<l1
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Now take x =2 and y = 3
d(T3, Ty) < amax {d(2, To), d(3,T5),d(2,3) }.
d(2,1) < amax{d(Z, 2),d(3. 1),d(2,3)}.
3 <amax{2,7,4}
< Ta.
3
(4.13) Therefore - <a<l1
Now take x =2 and y = 4
d(To, Ty) < amax{d(2,T2),d(4,T4),d(2,4)}.

d(2,1) < amax {d(2,2),d(4, 1),d(2,4)}.
3 < amax{2,13,8}.
3 < 13a.
(4.14) Therefore % <a<l1
Now take x =3 and y =4
d(T3,Ty) < amax{d(3,T3),d(4,T4),d(3,4)}.

d(1,1) < amax{d(3, 1), d(4, 1),d(3,4)}.
0 < amax{4,13,7}.
0 < 13a.
(4.15) Therefore 0 <a <1

Hence the condition (4.1) of theorem 4.1, is satisfied for as < 1.

5. AN APPLICATION TO LINEAR EQUATION

In this section, we give an application to unique solution of linear
equations using corollary 4.2.

Theorem 4.1. Let X = R” be complete quasi-partial Branciari b-
metric space define by

(4.16) d(z,y) = ax. |z; — yil
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where z,y € X. If 7% |a;j| <a < 1foralli=1,2,..n, then the linear
system

a11x1 + ajare + - + a1pxy = by
a2171 + a2%2 + - - - + G2y = by

Ap1T1 + Ap2T2 + -+ AppTp = by

of n linear equations in n unknowns has a unique solution.

Proof. we need to prove that the mapping T : X — X defined by
(4.17) T(x)=Ax+b

where x = (21,22, ...,zn) € R™ : b= (b1,ba,...,b,) € R" and

ailp ai2 -+ Gl

a a .« e . a/
A= 21 22 2n

apl1 QAnp2 -+ Gpp

is a contraction.
Since

1<i<n

d(Tz,Ty) = max Zaij(q:]
j=1

IN

Q%Z\auu 5)|

< max Z\aﬂ( max |(z; yj)’)

1<i<n 1<5<n

= max Z\aw\d z,y)

1<i<n
<a d(wvy)-

We conclude that T is a contraction mapping. This result obviously
proves.

4.2. Conclusion
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In this article, we proposed some fixed point theorems in quasi-partial
Branciari b-metric space which generalize results of Gupta and Gau-
tam [12]. We have introduced some very interesting contractions in
such spaces and obtained results are validated by appropriate examples.
Applications to the solutions of linear equations are also entrusted to
manifest the viability of the obtained results.
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