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ABSTRACT. In this paper we have developed C, -class function
and introduced (®-C.)-contractions of Hardy-Rogers type on C*-
algebra valued metric spaces.We have also established some unique
common fixed point results for six maps in C*-algebra valued metric
spaces using this type contractions. Some basic definitions, proper-
ties and lemmas are also discussed in the introduction and prelim-
inaries parts. Some corollaries and examples are also given on the
basis of the results.
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1. INTRODUCTION

Fixed point theorem is the most important and indispensable part
in the theory of metric space for solving different problems in topol-
ogy, analysis, operator theory, non-linear analysis, differential equations
etc. and others fields also. In 1972, the famous Stefan Banach founded
The Banach Contraction Principle[3], which is the most valuable and
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powerful tools in the field of Fixed Point Theory. Since then many dis-
tinguished authors have been generalizing and developing various type
of contractions on different type of metric spaces and establishing fixed
point results. C*-algebra valued metric space is such type of generaliza-
tion of various metric spaces.

In 2014, Ma et al.[15] introduced and established some fixed point re-
sults on C*- algebra valued metric spaces and then in 2016, Xin et al.[31]
established some common fixed point results on C*- algebra valued met-
ric spaces. In 2016, Piri et al.[21] established fixed point theorems con-
cerning F-contraction in complete metric spaces and in 2016, Shehwar
et al.[27] established Caristi’s fixed point theorem on C*-algebra val-
ued metric spaces; in 2017, Radenovic et al.[23] established some cou-
pled fixed point results in the framework of C*-algebra-valued b-metric
spaces and in 2018, Moeini et al.[19] established Zamfirescu type con-
tractions on C*-algebra valued metric spaces. Later in 2020, Derouche,
D. and Ramoul, H. [8] introduced the notions of Extended F-contraction
of Hardy-Rogers type, extended F-contraction of Suzuki-Hardy-Rogers
type and established fixed point results on complete b-metric spaces
with these contractions. Also in 2020, Yang et al.[33] introduced the
notion of an orthogonal (F,)-contraction of Hardy-Rogers-type map-
ping and prove some fixed point theorems on such contraction map-
pings in orthogonally metric spaces. In 2021, Zhiqun Xue and Guiwen
Lv [32] established fixed point theorem for generalized (v, ¢)-weak con-
tractions in Branciari type generalized metric spaces, Kumar et al.[13]
established some unique common fixed point results on C*-algebra val-
ued metric spaces using Ci-class function and Hafida Massit and Mo-
hamed Rossafi[10] established fixed point results for (¢, F)-contraction
on C*-algebra valued metric spaces. Recently, in 2022, Rossafi et al.[25]
introduced (¢, M F)-contraction on C*-algebra valued metric spaces and
established some fixed point results and its uniqueness.

One important result of Xin et al.[31] is given below:

Theorem 1.1. ([31], Theorem 2.3). Let (X,A,d) be a complete C*-
algebra valued metric space. Suppose that two mappings T,S : X — X
satisfying the following:

d(Tz,Ty) < ad(Tz, Sz) + ad(Ty, Sy), ¥V z,y € X;

where a € Aly with |lal| < 1. If R(T) is contained in R(S) and R(S) is
complete in X, then T and S have a unique point of coincidence in X.
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Furthermore, if T and S are weakly compatible, T and S have a unique
common fixed point in X.

Discussing, analyzing and Motivating from the results of the article
given in the ref. ([1], (3], [0], [7, (3, (10 [16], [20], [21], [22], [19),
[26], [30], [32], [33]), we have introduced (®-C.)-contractions of Hardy-
Rogers type and established some unique common fixed point results
for six mappings on C*-algebra valued metric spaces, which are the
generalizations of the results given in [13] and [31]. .

2. PRELIMINARIES

Discussing the articles given in the ref. ([5],[13],[14],[18],[23],[24]) we
are introducing some basic definitions, notations and results which are
the following:

A complex algebra A with linear involution * : A — A satisfying

(uv)* = v*u* and u** = u, for all u,v € A is said to Banach x-algebra
if it is complete with respect to sub-multiplicative norm ||.|| such that
for all u € A, ||u*|| = |Ju||. A Banach - algebra satisfying ||u*u|| = |lu||?
is called C*-algebra. In this paper, we denote A by an unital( unity
element I4) C*-algebra with linear involution x.
An element u € A is called a positive element and denote it by 64 < u,
(where 04 is the zero element in A) if v = v* and p(u) C [0,+00),
where p(u) is the spectrum of u. A norm on A is defined by ||u|| =
(u*u)%, Yu € A. Set Ay = {u € A : u = u*} and we define a partial
ordering < on Ay by v < v if and only if 64 < v — u. Here A, and
A’ are defined by Ay = {u € A:04 Su}and A’ ={ue Ad:uw =
vu,Yv € A}. As A is a unital C*-algebra, then for all u € A, we have
u=Ig<|ul| <1and |14 =1.

Definition 2.1. [13]. Let X be a non-empty set and d : X x X — A
be a mapping such that for x,y,z € X , where z is different from x and
y, satisfying the followings:

(c1) d(z,y) = 04 if and only if x = y; and 04 < d(x,y), for all z,y € X;
(c2) d(x,y) = d(y,x) for all distinct points z,y € X;

(c3) d(z,2z) < d(z,y) + d(y, z), for all z,y,z € X.

Then (X, A, d) is called a C*-algebra valued metric space.

Note: If A =R, then, C*-algebra valued metric space becomes equiv-
alent to the definition to the real metric space.
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Example 2.1. Let X = [0,2], A = R?. Then A is C*-algebra with
norm on A is defined by

lz,yll =[] + [yl; ¥ (z,y) € R?.
Also define C*-algebra valued metric on X by
d(.’lﬁ,y) = (2|$ - y|,3’$ - y’)? v T,y € Xa
with the ordering on A by (e, f) < (g,h) if and only if e < g and f < h.
Definition 2.2. [13]. Let (X, A, d) be a C*-algebra valued metric space.
A sequence {z,} C X is said to be convergent to x in X with respect

to A if for any € > 0, there exists N € N such that for all n,m >
N, [|d(zy, 2)|| <e.

Definition 2.3. [16]. Let (X,A,d) be a C*-algebra valued metric
space.A sequence {x,} C X is said to be Cauchy in X with respect
to A if for any € > 0, there exists N € N such that for all n,m >
N, |ld(zp, zm)|| < €.

The space (X, A,d) is complete C*-algebra valued metric space if
every Cauchy sequence in X with respect to A is convergent to a point
in X.

Definition 2.4. ([11],[28]). Let f and g be two maps on a metric space
(X,d). If w= f(z) = g(x) for some z € X, then x is called a coincidence
point of f and g; and w is called a point of coincidence of f and g.

Definition 2.5. ([11],[28]). A pair of maps f and g on a metric space
(X, d) is called weakly compatible if they commute at coincidence points.

Example 2.2. Let X = [0,3] and define two functions f,g on X as

flx) =22% 0<ax<1; g(x) =73, 0<z<1;
=x+1, 1<x<2; and =3, 1<z <2
=6—2, 2<x<3. =12—-22, 2<z<3.

Here, f(0) = g(0) = 0;f(2) = g(2) = 3 and f(3) = g(3) = 3. So,

fg(0) =gf(0)=0;fg(2) = gf(2) =3 and fg(3) = gf(3) = 3. Then the
pair {f, g} is weakly compatible.

Lemma 2.1. [34]If (E, 7) is a topological vector space ordered by a closed
cone K and if C is a compact subset of (E,T), the supremum(imfimum)
of each increasing(decreasing) net in C' exists and the net converges to
it with respect to T.
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Lemma 2.2. [31]. Let (X, A,d) be a C*-algebra valued metric space.

Then following are hold:

(L) If{Un}se; C A and li_)m Up = 04, then for anyV € A, li_>m V*U,V =
04.

(Io) If U,V € Ay and W € AL, then U <V deduces WU < WV, where

Al =A.nA

(I3) Limit of a convergent sequence in a C*- algebra valued metric space
18 unique.

Definition 2.6. [21]. A function F' : (0,00) — R is said to be F-

contraction if it satisfies the following conditions:
(i) F is strictly increasing; (ii) For every sequence {t,,} C (0,00), lim ¢, =
n—oo
0 < lim F(t,) = —oo; (iii) There exists a constant [ € (0, 1) such that
n—oo
' F(t) = 0, when t — 0%,
Definition 2.7. [16]. Let (X, d) be a metric space such that the map-
pings F': (0,00) — R and ¢ : (0,00) — (0,00) are satisfying the follow-
ing:
(i) F is strictly increasing, i.e., x < y implies F(z) < F(y), for all
x,y € (0,00); (ii) lim+ ¢(a) > 0, for all s > 0.
a—0

A mapping 7' : X — X is called an (¢, F')-contraction on (X, d) if
o(d(z,y)) + F(d(Tx,Ty)) < F(d(z,y)), VYz,y € X for which Tx # Ty.

3. MAIN RESULTS

To established our results first we define the following:

Definition 3.1. A function ¢ : AL — A, is said to be monotonic
non-decreasing with respect to =< if

U<V =) 2e(V), VU,V € Ay

Definition 3.2. A function J, : Ay x A, — A, is called a non-
decreasing function with respect to =< if

UCW,VCZ= J,(UV)=J.(W,2Z2).

Definition 3.3. A sequence {W,,} C A, is said to be bounded below
with respect to < if there exists L € A4 such that L < W, with ||L| <
[Wall,¥n € N.
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Definition 3.4. ( C, -class function). Let A be a unit C*-algebra. Then
a continuous function J, : Ay x Ay — A, is called a C,-class function
if for any U,V € A, the following conditions hold:

(i) Ji« is non-decreasing; (ii) J.(U,V) = U; (iii) J.(U,V) = U implies
either U = 04, or, V. =04; (iv) J«(04,04) = 0 4.

Note: Here C, will denote the class of all Ci-class function.

Definition 3.5. ® be the set of all functions ¢ : AL — A4 such that the
following conditions hold: (i) ¢ is monotonic non-decreasing; (ii) )}imU oY)

—
exists, for all U € A, ; (iii) ¢ is continuous at 04 and ¢(U) =04 < U =
04.

Definition 3.6. ((®-C.)-contraction of Hardy-Rogers type). Let (X, A, d)
be a complete C*-algebra valued metric space. A function T on X is
said to be (®-C,)-contraction of Hardy-Rogers type if for all z,y € X,
the following conditions hold:

W{d(Tz, Ty)} = J{P{P(2,y}), o{P(z,9y)}}; ¥, ¢ € ® and J, € C;
where, P(z,y) =Wid(x,y) + Wad(x, Ty) + Wad(y, Tx) + Wad(z, Tx)+
Wsd(y, Ty); Wy e A, Vi=1,2,3,4,5.
With Wy + Wo + Wa + Wy + Ws < Ia; 04 <W;, ¥Vi=1,2,34,5.

Note: This contraction is the generalizations of F-contraction, (¢, F')-
contraction and (¢, ¢)-weak contraction.

Theorem 3.1. Let (X, A,d) be a complete C*-algebra valued metric
space and F,G,S, T, H and L be self maps on X such that for all x,y €
X, the following conditions hold:

(3.1)

W{d(Hz, Ly)} 2 J{o{P(z,y}), o{P(z,9)}}, ¢, ¢ € ® and J, € Cy;
where,
(3.2)

P(z,y) = Whd(FGxz, Hx) + Wad(STy, Ly) + Wsd(STy, Hx)+

W4d(FGz, Ly) + Wsd(FGz,STy); W; € A, Vi=1,2,34,5.

with Wi + Wo +2(Ws + Wy) + W5 < 14; 04 X W;, Vi=1,2,3,4,5;
and Wil + [[Wal| + 2([|[Wsl| + [Wal) + [W5] < 1;

Also
(i))H(X) C ST(X),L(X) C FG(X); (1) FG = GF,ST = TS,HG =
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GH, LT =TL; (ii) The pairs {H, FG} and {L, ST} are weekly compat-
ible and one of the ranges H(X), FG(X), L(X) and ST(X) is complete
mn X.
Then F,G,S, T, H, L have a unique common fixed point in X.
Proof: We will prove the fixed point result by step by step process.
Let zp € X. From condition (i), there exist xj,z2 € X such that
Hxg = STx1 = yg and Lxy = FGxy = y;. Proceeding inductively we
can construct sequences {x,} and {y,} in X such that
Yon = ngn = ST.%'Qn_H and Yon+1 = L$2n+1 = FG$2n+2, forn = O, 1, 2,

Case-I: Assume for some n € Z", y, = ynr1 implies y,11 = Ynio.
3.3
( Nz)w for is n even i.e., for n = 2m,m € ZT, we have, yom = Yomi1
Now from (3.2) we have,
(3.4)
P(22m+2, T2m+1)
= Wd(FGzomt2, Hrom12) + Wad(STx2m+1, Lxom+1)+
W3d(STxom+1, Hxomt2) + Wad(FGxomia, Lrom+1)+
Wsd(FGzom+2, STTam+1)
= Wid(Y2m+1, Yom+2) + Wad(yam, Yom+1) + Wad(yam, Yam+2)+
Wad(y2m+1, Yom+1) + Wsd(yam-+1, Yam)
= Wid(Yom+1, Yom+2) + Wad(yam, Yam+1) + Wad(y2m+1, Yom+2)+
Wsd(yYam-+1, Y2m+1)
= (W1 + W3)d(y2m+1, Y2m+2)
= d(Yam+1, Y2m+2)

Now from (3.1) we have,

Y{d(yama2, yamr1)} 2 S V{P(T2ma12, Tamy1) }, A P(T2my2, T2m+1) }}
= T W{d(y2m+1, vom+2) }, d1d(Yom+1, Yam+2) } }
= Y{d(y2m+1,Y2m+2)}, which gives

JA{d(Yam+1, Yam+2) }> H{d(Y2m+1, Yam+2) } } = V{d(Yam+1, Y2m+2) }
So, by definition either

T/){d(y2m+1, y2m+2)} = GA’
or
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A{d(Y2m+1,Yam+2)} = 0a.

Hence
d(Y2m+1,Y2m+2) = 0, implies Y241 = Y2m42-
Therefore
(3.5) Yom = Yom+1 implies Yoy 1 = Yom+2.

For n is odd i.e., for n = 2m + 1,m € NU {0}, then

(3.6) Yom+1 = Yom+2, implies yami2 = Yam+3.
From (3.5) and (3.6) we have,

Yn = Yn+1, implies yp41 = yYnio, Vn=1,2,3,...

Proceeding in this manner we have y,, = ynp+1 implies y, = yp1k, for all
k=1,2,3,..

Therefore, {y,} becomes a constant sequence and hence a Cauchy one
in X.

Case-II: Assume ¥y, # Yn+1, for eachn =1,2,3, ...

Now for n = 2m, from (3.2) we have,

(3.7)

P(221, Tom+1)

= Wid(FGxom, Hropm) + Wod(STxom 11, Lromt1) + Wad(STxam+1, HTom)
+ Wyd(FGaom, Lromy1) + Wsd(FGxom, STxom+1)

= Wid(yY2m—1,Y2m) + Wad(Yam, Yom+1) + Wad(Yam, yom) + Wad(y2m—1, Y2m+1)
+ Wsd(y2m—1,Y2m)

= Wid(y2m—1,Y2m) + Wad(Y2m, Yom+1) + Wad(y2m—1,Y2m) + Wad(y2m, Y2m+1)
+ Wsd(y2m—1, Yom)

If d(yam, Y2m—1) = d(Y2m+1,Y2m ), then from (3.2) and using (3.7) we have,

(3.8) P(zam, Tamt+1) = (Wi + Wa + 2Wy + Ws)d(Y2m+1, Yom)

2 d(Yam+1,Y2m) [as (Wi + Wa +2Wy + Ws) < 14]

Now from (3.1) we have,
V{d(Hzom, Lromi1)} = J{V{P(22m, Tam+1) }, ¢{P(22m, Tam+1) }}
or, Y{d(yam, yam+1)} = J{{d(Yom+1, yom) b, {d(yam+1, Yom)
= Y{d(y2m+1,Y2m)}, which implies
LAY {d(am+1, y2m) by Ad(Y2mt1, Y2m) = P{d(Y2m+1, Y2m) }-

SO7 by definition either 1/}{d(92m+17 me)} = 9A7 or, ¢{d(y2m+17 y2m)} =
0a.
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Hence, d(y2m+1,Y2m) = 04, implies yom,+1 = yom, which is a contradic-

tion.

(3.9) Hence, d(y2m+1,Y2m) < d(Y2m;> Y2m—1)-

For n is odd i.e., for n = 2m + 1, m € NU {0}, then from (3.2) we have,
P(z2m+2, T2m+1)
= Whd(FGzomt2, Hromi2) + Wod(STx2m+1, Lxom+1)+
Wsd(STxom 1, Hroms2) + Wad(FGxom2, Lxom+1)+
Wsd(FGrom+2, STTom11)

(3.10) = Wid(y2m+1, Y2m+2) + Wad(y2m, Y2m+1)+
Wsd(yam, yom+2) + Wad(yam-+1, Yom+1)+
Wsd(y2m+1, Y2m)
= Wid(Y2m+1, Yam+2) + Wad(y2m, yam+1) + Wad(y2m, yam+1)+
Wad(Y2m+1, Yam+2) + Wsd(Y2m+1, Yom)

If d(yam, Yom+1) = d(Y2m+1, Y2m+2), then from (3.2) we have,

(3.11)
P(zam+2, Tam+1) = (W1 + Wa + 2Ws3 + W5)d(y2m+1, Y2m+2)

= d(Y2m+1,Y2m) [as (W1 + Wa +2W3 + W5) < 14.]
Now from (3.1) we have,
V{d(Hzomt2, Lrom+1)} = J{0{P(@2m+2, T2m+1) }, S{P(®2m+2, T2m+1) }}
or, Y{d(Yams2, Yoms1)} = Jo{0{dWame2, Yome1)}s H{d(Yomsas yame1)}}
= Y{d(y2m+2,Y2m+1)}, which gives
J{v{d(y2m+2, Yam+1) }, A{d(Y2m+2, Yom+1) }} = V{d(Yam+2, Y2m+1)}-

So, by definition either Y {d(y2m+2, y2m+1)} = 04, or, p{d(Y2m+2, Y2m+1)} =
04.

Hence, d(y2m+2, Yom+1) = 04 = Yoam+2 = Y2m+1, which is a contradic-
tion.

Hence,

(3.12) d(Yam+1, Y2m+2) < d(Y2m, Y2m+1)
From (3.9) and (3.12) we have,

(3.13) A(Ynys Yn+1) < d(Yn—1,Yn), Vn=1,2,3, ...

Therefore, the sequence {d(yn,Yn+1)} is monotonic decreasing with re-
spect to < and bounded below by 64 and hence convergent.



Unique common fixed point results in C*-algebra - - - 285

Let lim d(yn,yn+1) = U, im {d(yn, yn+1)} =V and lim ¢{d(yn, yns1)} =
W, where U, V,W € A, ie., 0 UV, W.
Claim: U =04 ie., le Ad(Yn, Ynt+1) = 04.

Now from (3.1) we have,
(3.14)
P{d(Yam, Yam+1)} 2 JAV{P(@2m, Tom+1) }s A{P(T2m, Tam+1)}}

or, w{d(HIme Lme-&-l)} j J*{qu{d(y%n—lv me)}a d){d(me—la y2m)}}
j w{d(mefl, y2m)}

Taking limit as m — oo on both sides of (3.14) we have,

Jim p{d(yam, Yam41)} X Hm TAP{P (@2, 2om1) }s AP (Z2m, T2m41) 3}
= lim~ LA d(yam—1,y2m) }, {d(Y2m—1, Y2m) }}
= J*{W}gnoo P{d(y2m—1,Y2m)} mlgnoo A d(Yam—1,y2m)}}
= lim~ Y{d(y2m—1,y2m)}, which gives

(3.15)

V= J*{n%i_gnooTﬁ{d(me—l,me)}’n}i_T)noo AHd(y2m—1,92m)}} 2V
or, V= J.(V,W) =<V, which gives J(V,W) =V

Therefore, either V' = 04, or, W = 0 4, which imply that

either lim 4 {d(yam—1,y2m)} = 0, or, lim @{d(yom—1,y2m)} = 0.

Therefore, in both cases 77%1_1}1100 d(Yam—1,Yom) = 4.

Hence,

(3.16) im d(Y2m—1,Y2m) = 04

Similarly for n = 2m + 1, we have U = 0,4 i.e.,

(3.17) n%gnoo d(Y2m+1,Y2m) = 0a

Hence from (3.16) and (3.17) we have,

(3.18) nIL%O d(yn-i-la yn) =04
and hence,
(3.19) nlgrolo d(Yn+1,9n)| =0

Now we prove that {y,} is Cauchy in X with respect to A. For this it
is sufficient to show that {ya2,} is Cauchy in X.
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If not, then for € > 0, there exist integers 2n; and 2my with 2m; >
2ny, > k such that

(3.20) A2y Y2ni )| > € and [ d(y2m;,—2, yan, )| < €

Now,

€< ||d(y2mkay2nk)H < Hd<y2’ﬂk7yzmk72)|‘+”d(y2mk*2?y2mk*1)||+||d(y2mk*1’y2mk)| .

Taking limit as k — oo we get € < klim | d(y2m,,, Yon, )| < €, which gives
—00
(3.21) lim [d(y2m,.; y2n, )| = €
k—ro00

Again € < || d(yamy+1, Yo ) | < 1d(y2my,> Y2mp+ 1)1 + [[d(@2me+15 Y2n,) |l
Taking limit as k — oo we get

(3.22)
€ S lim Hd(y2mk+la 3/2nk)|| S G,WhiCh gives lim ”d(y2mk+la ank)H =€
k—o0 k—o0

By similar process we obtained that
(3'23) lim Hd(mek7y2nk+1)H =ecand lim Hd(yQle—la mek-H)H =€
k—o0 k—ro0

Therefore, there exists U € A4 with ||U|| = € such that

lim d(yam,,, yon,) = Im d(yom, +1,Y2n,) = im d(Y2m,, Yon,+1) =
k—s00 k—s0c0 k—o0

hm d(Qan—lamek—f—l) == U
k—o00
Furthermore, there exists K € N and with € > 0 such that

ld(Y2n,—1, y2m, || > 55 [[d(Y2n,—1, Y2ni | < 5, [d(W2my+1, y2m)|| < 3,
||d(y2nk7y2mk+1)|| > % N 2mk‘72nk > K.

Now for 2my, 2ny, > K, from (3.2) we have,

P(zon,, Tamy+1)

=W1d(FGzap, , Hxom, ) + Wad(STxom, +1, LTom,+1)+
W3d(STxom,+1, Hron, ) + Wad(FGxop, , Lrom, +1)+
Wsd(FGxan,, STxom,+1)

=Wid(Yan,—1, Yon, ) + Wad(Y2amy Y2my+1) + Wad(y2m,, > Y2n, )+
Wad(Yan,—1, Yome+1) + Wsd(Yane—1, Yamy,)

(3.24)
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Therefore, from (3.24) we have,

(3.25)

| P (20, Tamg+ )| <UWilllld(y2n,—15 yan) | + IWallll[d(y2my, , Y2me+1) 1+
IWslllld(y2my> y2n) | + IWallld(Y2n,—1; y2my+1) 1+
W5l ld(Y2n,—1, Yo )]I-

Taking limit as k — oo on both sides of (3.24) we have,

(3.26)
lim P(x2n,, T2m,+1) ani_{go{Wld(yznk—l, Yong ) + Wod(Yomy, » Yomy+1)+

n—oo

W3d(Yamy» Yon, ) + Wad(Yon,—1, Yom,+1)+
(Wg + Wy + W5)U

U

PN

Now (3.1) gives,
(3.27)
Y{d(Yanys Yomy+1)} = Y{d(Hzop, s Lxom,+1)}
= JAP{P (20, T2my+1) by S P (%20, Tamy+1) }
= Y{P(zan,> Tam,,)}

Taking lower limit as k& — oo on both sides of (3.27) we have,
(3.28)
kILYI;O Y{d(Yan,, Y2mp+1)} =2 klirglo JAY{P (220 T2y 4+1) b, AP (T2ny s Tamy+1) )
=< lim Y{P(z2n,,Tam,)}
k— o0
klim Y{d(Yan,,, Y2mi+1)} 2 L im p{d(2n,, Tom,+1)}, Im @{d(z2n,, T2m,+1)}}
00 k—oo k—o0

< lim Y{d(zan,, Tom+1)}
k—o0

n—o0
we have

J*{klggo w{d(xQHk ) mek+1)}» klglgo d){d(xan ) mekH)}} = klggo w{d(‘r%% ) QOk“Fl)}
Hence, either lim {d(xan,, T2m,+1)} = 04, or, lim ¢p{d(z2n,, Tam,+1)} =
k—o0 k—o0

0147
which implies that klim d(x2n,, T2m,+1) = 04, which is a contradiction.
—00

As lim P(zp,,Tom,+1) 2 U = klim d(Y2n, , Y2m,+1), then from (3.28)
— 00

Hence, {y,} is a Cauchy sequence in A.
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Since (X, A,d) is complete C* algebra valued metric space so, there
exists z € X such that

(3.29) lim yo, = lim Hzo, = lim STxop11 = 2.
and
(3.30) nh_}rrgo Yontl = nh_}ngo Lxopiq = nh_}n(go FGropyio = 2.

Assume ST'(X) is complete in X, then there exists u € X such that
z = STu.
Now,
Step-1.
Claim: Lu = z.
Putting = x9, and y = u in (3.2) we have,
(3.31)
P(xon,u) = Wid(FGxan, Hxay) + Wod(STw, Lu) + Wsd(STw, Hzop)+
Wyd(FGxop, Lu) + Wsd(FGxap, STu)

Taking limit as n — oo on both sides of (3.31) we have,

(3.32)
li_}In P(zop,u) = Wid(z, z) + Wad(z, Lu) + W3d(z, z) + Wad(z, Lu)+
n—odo
Wsd(z, z)
= (WQ + W4)d<2, Lu)
= d(z, Lu)

Now from (3.1) and using (3.32) we have,

(3.33) V{d(HGz, Lrapi1)} 2 JAY{P(Gz, v2041)}, 9 P(G2z, Tan41) }}

Taking limit as n — oo on both sides of (3.33) we have,

(3.34)
i {d(Hazn, L)}k < T J{0AP (20,0}, o{P(w20,u)})

or, lim ¢{d(Hwgn, Lu)} = Ju{ lim {P(2n,w)}, lim ¢{P(zon, u)}}
or,nli_{glo Y{d(Hzap, Lu)} = J*{nh—>HOIO w{d(Hrvzn,Lu)},nli_}rgo ¢{d(Hzxan, Lu)}}
=< nlLIQO V{d(Hxan, Lu)}

Therefore,
J{ h_)m Y{d(Hzap, Lu)}, li_)m O{d(Hxap, Lu)}} = h_)m Y{d(Hzoy, Lu)}
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Hence, either lim {d(Hzo,, Lu)} = 04, or, lim ¢{d(Hxa,, Lu)} = 64
n—oo n—oo
Thus,
lim ¢Y{d(Hza,, Lu) = 64, which gives
n—oo
lim d(Hxa,, Lu) = 04, implies d(z, Lu) = 64.
n—oo
Hence,
(3.35) Lu = z and therefore, STu = Lu = z.
Since {L, ST} is weakly compatible, so
(3.36) Lz = L(STu) = ST(Lu) = STz.

Step-2.
Claim: Lz = z.
Now from (3.2) we have,

(3.37)
P(xop, z) =Whd(FGzay, Hxoyn) + Wad(STz, Lz) + Wad(STz, Hxay, )+
Wad(FGxap, Lz) + Wsd(FGxap, STz)

Taking limit as n — oo on both sides on (3.37) we have,

(3.38)

le P(zon, z) =Whd(z,z) + Wad(ST'z, Lz) + Wad(Lz, z) + Wad(z, Lz)+
Wsd(z, Lz)
= (W3 + Wy + W;5)d(Lz, 2)
< d(Lz,z)

Now from (3.1) and using (3.38) we have,
(3.39) P{d(Hxon, Lz)} 2 J{P{P(xan, 2)}, ¢{ P (w20, 2) }}

Taking limit as n — oo on both sides of (3.39) we have,
(3.40)

or, li_>m Y{d(Hxoy, Lz)} = J*{nli_{go @[J{P(mgn,z)},nli_)n;o d{P(x2n,2)}}
or, nli_{rgow{d(ngmLz)} = J*{nli_{Iolo ¢{d(H$2n7LZ)},ﬂli_>H;o ¢{d(Hxan, Lz)}}
= nhﬂngo Y{d(Hxoy,, L2)}.



290 M. Paul and K. Tiwary

Therefore,
Jo{ lim p{d(Hazp, L2)}, lim ¢{d(Hasp, L2)}} = lim {d(Haan, Liansn)}.
Hence, either

nlggo Y{d(Hxon, Lron+1)} = 04,

or,
7L1L>H010 d{d(Hzxon, Lron+1)} = 04.
Thus,

nhﬁ\nolo Y{d(Hxap,Lz) =04

or, nh—>Holo d(Hxoy, Lz) = 04, implies d(Lz, z) = 4.
Hence,
(3.41) Lz =z.
Therefore,
(3.42) L(STu) = (ST)Lu =Lz = STz = z.

Now since L(X) C FG(X), then there exists w € X such that Lz =
FGw = z.
Then using (3.42), we have

(3.43) Lz=FGw=S8Tz = z.

Step-3.
Claim: FGw = Hw.
Now from (3.2) we have,

P(w, z) =W1d(FGw, Hw) + Wad(ST'z, Lz) + W3d(ST z, Hw)+
Wad(FGw, Lz) + Wsd(FGw, STz)
=W1d(FGw, Hw) + Wad(Lz, Lz) + W3d(FGw, Hw)+
Wad(FGw, FGw) + Wsd(FGw, FGw)
=Wy + W3)d(FGw, Hw)
=d(FGw, Hw)

(3.44)

Now from (3.2) and using (3.44) we have,

Y{d(Hw, FGw)} = Y{d(Hw, Lz)}
< JAG{P(w,2)}, 6{P(w,2)}}
= JAY{d(FGw, Hw)}, p{d(FGw, Hw)} }
< Y{d(FGw, Hu)},

(3.45)



Unique common fixed point results in C*-algebra - - - 291

Therefore, J {¢Y{d(FGw, Hw)}, ${d(FGw, Hw)}} = Y{d(FGw, Hw)}.
Then, either Y{d(FGw, Hw)} = 04, or, p{d(FGw, Hw)} = 04,

which implies d(FGw, Hw) = 6 4.

Hence,

(3.46) FGw = Hw, which gives FGw = Hw = z.
Since {H, F'G} is weakly compatible so,

(3.47) Hz=HLz = H(FGw) = FG(Hw) = FGxz.

Step-4.
Claim: Hz = z.
Now from (3.2) we have,
(3.48)
P(z,72n41)
=Wid(FGz, Hz) + Wad(STx2n41, Lrony1) + Wad(STxopn 41, Hz)+
W4d(FGZ, L$2n+1) + W5d(FGZ, STCL'QTL+1)

Taking limit as n — oo on both sides on (3.48) we have,

(3.49)
1i_>m P(xop,2) =W (FGz,Hz) + Wad(z, 2) + Wsd(z, Hz) + Wyd(Hz, z)+
Wsd(Hz, z)
=(W3+ Wy + W;5)d(Hz, 2)
=d(Hz,z)

Now from (3.1) and using (3.49) we have,

(350) ¢{d(H’Z> L$2n+1)} = J*{w{P(Z, $2n+1)}7 ¢{P(Z, x2n+1)}}

Taking limit as n — oo on both sides of (3.50) we have,

(3.51)
Jim {d(Hz, Lazyn)} % lim JOG(P (o)} 0Pl manen)})

or, Tim {d(Hz, Lrsin)} = { Jim 6{P(z o)}, Tim 6{P(z,22001)})
or, li_>m Y{d(Hz, Lrop+1)} = Jof 1i_>m Y{d(Hz, Lron+1)}, li_}In ¢{d(Hz, Lropt1)}}
=< li_>m Y{d(Hz, Lxop+1)}, which implies
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Jol lim p{d(Hz, Lwoni1)}, Tim ¢{d(Hz, Lroni1)}} = lim o{d(Hz, Legn1)}
Then,
either lim Y{d(Hz, Lzop+1)} = 024, or, li_>m {d(Hz, Lropy1)} = 04.

n—oo
Hence, ILm V{d(Hz, Lron+1)} = 04

or, lim d(Hz, Lzoy+1) =04, implies d(Hz,z) = 04.
n—oo

Hence,
(3.52) Hz =z

Thus,
(3.53)
Hz=HLz=FGz = zand therefore, Hz = HLz = FGz = 5Tz = Lz = z.

Step-5.

Claim: Tz = z.

As LT =TL and ST =TS, we have LTz =TLz =Tz and ST (Tz) =
T(STz) =Tz

Now from (3.2) we have,

(3.54)
P(xgn, TZ)
= Wld(FG.rgn, HiL'Qn) + WQd(STTZ, LTZ) + W3d(STTZ, ngn)
+ W4d(FG{L‘2n, LTZ) + W5d(FGJ}2n, STTZ)

Taking limit as n — oo on both sides on (3.54) we have,

li_>m P(xon, Tz) =Wi(z,2) + Wad(Tz,Tz) + Wsd(Tz, 2)
+ Wyd(2,Tz) + Wsd(z,T'z)
=(W3 + Wy + Ws)d(z,Tz)
=d(z,Tz)

(3.55)

Now from (3.1) and using (3.55) we have,

(3.56) V{d(Hxon, LT2)} = J{Y{P(x2n,T2)}, p{P(w2n,T2)}}
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Taking limit as n — oo on both sides of (3.56)we have,

(3.57)
nh—>Holo V{d(Hxon, LTz)} < nh—>Holo JAV{P(x2n, T2)}, o{P(x2n, T2)}}

or, HILH;O w{d(H‘/E?m LTZ)} = J*{HILH;O ¢{P(27 1‘2n+1)}7 TLILH;O ¢{P(27 x2n+1)}}
or,nli_{glo Y{d(Hxap, LT2)} < J*{nh_{go w{d(ngn,Tz)},Ji_)Holo o{d(Hzon, T2)}}
< Tim ¢{d(Haz, T2)}

~ n—oo

Therefore,

JA li_)m Y{d(xon, T2)}, li_>m ¢{d(Hxon, T2)}} = li_)m Y{d(Hzay,T2)}

Then either li_>m Y{d(Hzo,,T2)} = 04, or, li_>m {d(Hzop, T2)} = 04.
Therefore, li_)rn Y{d(Hxay,,Tz)} = 604, which gives

lim d(Hxa,,Tz) =04, implies d(z,Tz) = 4.
n—oo

Hence,

(3.58) Tz =z.

Now STz =Tz = z, which implies Sz = z.
Therefore,

(3.59) Sz=Tz=1Lz=z.

Now as FG=GF, HG = GH, so
H(Gz)=G(Hz) = Gz and FG(Gz) = GF(Gz) = G(FGz) = G=.

Step-6.
Claim: Gz = z.
Now from (3.1) we have,

(3.60)
P(Gz,x2n41)

= Wld(FGGZ, HZ) + WQd(ST$2n+1, L{E2n+1) + WSd(ST$2n+1, HGZ)
+ W4d(FGGZ, L$2n+1) + W5d(FGGZ, ST$2n+1)
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Taking limit as n — oo on both sides on (3.60) we have,

(3.61)
ILm P(Gz,z) = Wi(Gz, z) + Wad(z, z) + Wad(z, Gz) + Wyd(Gz, 2)+
Wsd(Gz, z)
= (Wl + Ws+ Wy + W5)d(GZ, Z)
< d(Gz,z)

Now from (3.1) and using (3.61) we have,

2y MAHGR L)) 2 (B UP(Gosani)), 9P (Gosani)))

Taking limit as n — oo on both sides of (3.62) we have,

(3.63)

lim Y{d(HGz, Lran11)} 2 lim JAP{P(Gz,22041)}, ¢{P(Gz, 2ony1)}}
n—o0 n—oo
or,

lim Y{d(HGz, Lxon+1)} 2 Jo{ lim Y{P(Gz,zon+1)}, im ¢{P(Gz,z2n4+1)}}
n—o0 n—0o0 n—oo
or,
lim Y{d(Gz, Lrony1)} = Jo{ lim ¥{d(Gz, Lron+1)}, lim ¢{d(Gz, Lran+1)}}
n—oo n—oo n—oo
or, ILm Y{d(Gz, Lrop+1)} = ILm Y{d(Gz, Lran+1)}
Therefore,
J*{nli_{glo ¢{d(HzaL$2n+1)}7nh_{Igo ¢{d(Hz, Lrop41)}} = nh_)rrolo Y{d(Hz, Lron+1)}
Then either li_>m Y{d(Gz, Lron41)} = 04, or, 1i_>m A{d(Gz, Lron41)} =
04.
Hence, li_>m Y{d(Gz, Lran+1)} = 04, which implies
lim d(Gz, Lxan4+1) = 04, which gives d(Gz,z) = 64.

n—»00
Hence,

(3.64) Gz = z.
Therefore,

(3.65) Hz=Gz=Fz=z.

Hence, from (3.59) and (3.65) we have, Sz =Tz = Lz = Hz = Gz =
Fz=z.
Hence, z is a common fixed point of F, G, H,L,S and T.
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Uniqueness: If possible let, u and z be two distinct fixed points of
F,G,H,L,S and T i.e., Fu = Gu = Hu = Lu = Su = Tu = v and
Fz=Gz=Hz=Lz=852z=Tz=z with u # z.
Now from (3.2) we have,
(3.66)
P(u, 2)
= Wid(FGu, Hu) + Wad(STz, Lz) + W3d(STz, Hu) + W4d(FGu, Lz)
+ Wsd(FGu, ST=)
= (W3 + Wy + Ws)d(u, 2)
= d(u, z)

Now from (3.1) and using (3.66) we have,

Y{d(Hu, L2)} < JAY{P(u,2)}, ¢{P(u,2)}}
= J{y{d(u, 2)}, ¢{d(u, 2)}}
= {d(u,2)}

Therefore, J. {{d(u, 2)}, p{d(u, z)}} = P{d(u, )}

Hence, either ¢{d(u,z)} = 64, or, p{d(u, z)} = 04.

In both cases we have, d(u, z) = 6, which is a contradiction.

Hence, z = u.

Therefore, F, G, H, L, S and T have a unique common fixed point in X.
This completes the proof.

Example 3.1. Assume X =R and A = M3(R) be the set of all bounded
linear operators on a Hilbert space R2.
klx —y 0
Defined(x,y) =
fi ( y) ( 0 |z — y|
(X, AL, d) is a complete C*-algebra valued metric space.

Assume S(z) = 8z,T(z) = 5, H(z) = z, L(z) = 22, F(x) = 62,G(x) =
g, then ST (x) = 4z, FG(z) = 2z.
Then H(X) C ST(X), L(X) C FG(X) and FG = GF, ST =

TS, HG = GH,LT = TL.

>, where k > 0 1s a constant. Then

Now

k|2z — x| 0 [ kldy —2y| 0
0 |2z — z| ) » d(STy, Ly) = ( 0 4y —2y| )~

kldy — x 0 k|22 — 2 0
sty o = (70 ) aeen = (R0,

d(FGz, Hz) = (
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d(FGJ:,STy):( k\2x0— 4y ‘2m24y| ), d(HﬂﬁvLy):( k|1‘829| |37_02y| )
Here
P(z,y) ‘ ‘
. k|2 — x 0 k|dy — 2y| 0 kl|dy — x| 0
7W1( 0 |2z — z| )+W2( 0 |4y — 2y| )+W3( 0 |4y — z| )
k|2z — 2y| 0 k|2z — 4y| 0
+W4( 0 |2z—2y|)+w5( 0 |2x—4y|)'
Let
$(Q) =20 and 9(Q) = Q. VQ € Ay then {d(ta, Ly} = ( FFT W 0
If we take
0 0 0 0 0
melo o) m=(o o) (o o)m=(o0)
2
=64 )
then k| ‘ ok |
. 2z — 4y o F2z -4y 0
wtpay= (BT Ymdetpe = (TR, 0 )
Therefore, the condition w{d( z,Ly)} = JAV{P(z,y)}, p{P(z,y)}}
holds.

Here, x = 0 is the unique common fixzed point of F,G,S,T,H and L.

Example 3.2. Let X =[0,1], A= C and a norn on A is defined by
I(z,y)|| = Va2 + 4%, V (z,y) € C. Also we define C*-metric on X as
d(z,y) = (0,]x —yl|), VY z,y € X with the partial ordering (e, f) < (g,h)
bye<gand f <h.

We consider Hx = Lx = § and Fx = Gr =Sz =Tz =3, Vz € X.
Then FGx = STx = 7.

Also consider (U) = bU, ¢(U) =4U, VU € A.

Now,

P(x,y) =Whd(FGz, Hx) + Wad(STy, Ly) + Wsd(STy, Hzx)+
W4d(FGz, Ly) + Wsd(FGr, STy)

—chl(4 8)+W2d(f —)+W3d( )+W4d(4 8)+W5d(Z Z)
1 4
(0, 2o~ yl), Taking (W1 = 0, Wz = 0, Ws = 0, Wa = 0,Ws = =

Then d(Hx, Ly) = d(s, 9) = (0, 3|z — y|) and therefore,
Eb{iﬁHx,L‘z)/)} = (0, glz—yl), v{P(z,y)} = (0, |z —y|) and ¢{P(z,y)} =
0,z|x —yl|).
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Therefore, the condition Y{d(Hz,Ly)} = JAY{P(z,y)}, p{P(z,y)}}
holds.
Here, x = 0 is the unique common fixed point of F,G,S, T, H and L.

Corollary 3.1. Let (X, A,d) be a complete C*-algebra valued metric
space and F,G,S,T,H, L be self maps on X such that for all x,y € X,
the following hold:

(3.67) W{d(Hz, Ly)} 2 p{P(z,y}) — ¢{P(z,9)}, ¥, ¢ € ®;

where,

(3.68)
P(x,y) =Whd(FGz, Hzx) + Wad(STy, Ly) + Wsd(STy, Hx)+

Wyd(FGz, Ly) + Wsd(FGx,STy); W; € A, ¥V i=1,2,3,4,5.

with Wi + Wo +2(Ws + Wy) + W5 < 14; 04 X W;, Vi=1,2,3,4,5;
and W4+ ]+ 215l + W]+ [Wal <

50
(i) HX) C ST(X),L(X) C FG(X); (1)) FG = GF,ST =TS,HG =
GH,LT =TL; (ii) The pairs {H, FG} and {L,ST} are weekly compat-
ible and one of the ranges H(X), FG(X), L(X) and ST(X) is complete
m X. Then F,G,S, T, H, L have a unique common fixed point in X.

Corollary 3.2. Let (X, A,d) be a complete C*-algebra valued metric
space and F,S, H, L be self maps on X such that for all x,y € X, the
following hold:

(3.69)
Vld(Hz, Ly)} = J{P{P(z,y}), o{P(z,y)}}, ¥, ¢ € @ and J, € Cs;

where,

(3.70)
P(x,y) =Whd(Fz, Hx) + Wad(Sy, Ly) + Wsd(Sy, Hzx)+

Wyd(Fx, Ly) + Wsd(Fx,STy); W, € A, Vi=1,2,3,4,5.

with Wi + Wo +2(W5 + Wy) + W5 < 14; 04 I W;, Vi=1,2,3,4,5.
and |[Wa | + [Wall + 2(|Wal] + [Wal) + [Ws ][ < 1.

Also

(i) H(X) C S(X),L(X) C F(X); (i) The pairs {H, F'} and {L,S} are
weekly compatible and one of the ranges H(X), F(X),L(X) and S(X)
is complete in X. Then F, S, H, L have a unique common fixed point in
X.
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Corollary 3.3. Let (X, A,d) be a complete C*-algebra valued metric
space and F,G,S,T, H, L are self maps on X such that for all xz,y € X,
the following hold:

where,

(3.72)
P(z,y) =w1d(FGz, Hx) + wad(STy, Ly) + wsd(STy, Hx) + wsd(F Gz, Ly)

+ wsd(FGz, STy);

with wy + wa + 2(wg + wy) +ws < 1; w; >0, Vi=1,2,3,4,5.

Also

(i) H(X) C ST(X),L(X) C FG(X); (ii) FG = GF,ST = TS, HG =
GH,LT =TL; (iii) The pairs {H, FG} and {L,ST} are weekly compat-
ible and one of the ranges H(X ), FG(X), L(X) and ST(X) is complete
i X. Then F,G,S, T, H, L have a unique common fixed point in X.

Corollary 3.4. Let (X,A,d) be a complete C*-algebra valued metric
space and F,S,H,L are self maps on X such that for all x,y € X
satisfying the following:

(3.73)
W{(d(Hz, Ly)} = JA{P(z,y}), o{P(z,y)}}, 1,0 € ® and J, € Ci;

where,

(3.74)
P(z,y) =w1d(Fz, Hx) + wod(Sy, Ly) + wsd(Sy, Hx) + wad(Fz, Ly)

+ wsd(Fz, STy);

with wy + we + 2(w3 +wy) +ws < 1; w; >0, Vi=1,23,4,5.

Also

(i) H(X) C S(X),L(X) C F(X); (i) The pairs {H,F} and {L,S} are
weekly compatible and one of the ranges H(X), F(X),L(X) and S(X)
is complete in X. Then F, S, H, L have a unique common fixed point in
X.

Note: If the mappings F, G, S, T, H and L satisfy F-contraction and
(¢, F)-contraction, then the results also hold.
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4. CONCLUSION

(C*-algebra valued metric space is the generalization of various metric
spaces. In this paper we have developed C,-class function and intro-
duced (®-C,)-contraction of Hardy-Rogers type which is the generaliza-
tion of F-contractions, (¢, F')-contractions and (v, ¢)-weak contractions.
Using this contraction we have established unique common fixed point
results for six mappings in C*-algebra valued metric spaces. We have
given some relevant corollaries and examples on our results. In this
paper some new ideas are given and our results generalize many previ-
ous results in the field of the fixed point theory on various metric spaces.
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