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Abstract. This paper introduces new non-Riemannian quantities and classes

of Finsler metrics. The study focuses on the class of generalized Douglas-Weyl

metrics, which is contained in the class of Finsler metrics. The paper con-

structs the new sub-classes of generalized Douglas-Weyl metrics and presents

illustrative examples.
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1. Introduction

Projective Finsler geometry studies equivalent Finsler metrics on the same

manifold with the same geodesics as points. Two regular metrics on a manifold

M are called projectively related if they have the same geodesics as the point

sets. In this context, a geodesic curve in a Finsler space is defined by a second-

order system of differential equations. A geodesic curve c(t) in a Finsler space

(M,F ), is defined by the second order system of differential equations

d2ci

dt2
+ 2Gi(c(t), ċ(t)) = 0,

where Gi are local functions on TM .

Within the context of Finsler metrics, well-known projective invariants are

represented by Douglas curvature, Weyl curvature [1], and the generalized

Douglas-Weyl curvature [3].
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The C-projective invariant H-curvature was brought forth by Akbar-Zadeh.

C-projective Weyl curvature (W̃ -curvature), the new C-projectively invariant

quantity which characterizes Finsler metrics of constant flag curvature is pre-

sented in [9].

The Finsler metrics satisfying,

Dj
i
kl|my

m = Tjkly
i,

for some tensor Tjkl, where Dj
i
kl|m denotes the horizontal covariant derivatives

of Dj
i
kl with respect to the Berwald connection of F , are called GDW -metrics

[3]. Although, all Douglas metrics are of GDW type, there are many GDW

Finsler metrics which are not of Douglas type. The following example presents

a GDW -metric which is not of Douglas type.

Example 1.1. ([6]) Put

Ω = {(x, y, z) ∈ R3|x2+y2+z2 < 1}, p = (x, y, z) ∈ Ω, y = (u, v, w) ∈ TpΩ.

Define the Randers metric F = α+ β by

α =

√
(−yu+ xv)2 + (u2 + v2 + w2)(1− x2 − y2)

1− x2 − y2
, β =

−yu+ xv

1− x2 − y2
.

The above Randers metric has vanishing flag curvature K = 0 and S-curvature

S = 0. F has zero Weyl curvature then F is of GDW metric. But β is not

closed then F is not of Douglas type.

On the other hands, the class of Douglas metrics contains all Riemannian

metrics and the locally projectively flat Finsler metrics. But, there are many

Douglas metrics which are not Riemannian. There are many Douglas metrics

which are not locally projectively flat, too.

The following example presents a Douglas metric which is not locally projec-

tively flat.

Example 1.2. ([16]) Define α and β by

α̃ = η
m

1−mα, β̃ = η−1β,

for some η = η(x) and β̃ is parallel with respect to α̃ where α̃ and β̃

α̃ =

√
|y|2
|u|2

, β̃ =
< x, y >

|u|2
,

and u = (u1(x), ..., un(x)) is a vector satisfying the following

ui = −2(λ+ t < f, x >)xi + t|x|2f i + f i,

where t is a constant and f is a constant vector satisfying tf 6= 0 and λ2+t|f |2 6=
0. Then the m-Kropina metric F = αmβ1−m is Douglasian but not locally

projectively flat, where m 6= 0, 1.
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Based on Douglas curvature, a new class of Finsler metrics so called D̄-

metrics is introduced which includes all the Douglas metrics. A Finsler metric

F is called D̄-metric if Dj
i
kl|m − Dj

i
km|l = 0 or equivalently Dj

i
kl|my

m = 0

which has been introduced in [10]. Clearly, the class of D̄-metrics contains all

Douglas metrics but there are many D̄-metrics which are not Douglas. The

paper will delve into the class of D̄(M) and explore the fascinating metrics it

encompasses.

R-quadratic Finsler metrics are another interesting class of Finsler metrics

which are the subset of the class of GDW -metrics. The Riemann curvature

is one of the important quantities, in Finsler geometry. For a Finsler space

(M,F ), the Riemann curvature is a family of linear transformations

Ry : TxM → TxM,

where y ∈ TxM , with homogeneity Rλy = λ2Ry, for every λ > 0. R-quadratic

Finsler spaces form a rich class of Finsler spaces which were introduced by Z.

Shen and could be considered as a generalization of Berwald metrics. A Finsler

metric (M,F ) is called R-quadratic if its Riemann curvature Ry is quadratic

in y ∈ TxM . In [8], it is proved that every R-quadratic Finsler metric is a

GDW -metric.

This paper also studies a new quantity in Finsler geometry, so-called gen-

eralized Berwald projective Weyl (GBW̃ ) curvature, which is a C-projective

invariant. For a manifold M , let GBW̃ (M) denotes the class of all Finsler

metrics satisfying

Bj
i
kl = βj

i
kl + bjkly

i,

for some tensors bjkl and βj
i
kl; where βj

i
kl|my

m = 0. An investigation has

been undertaken, providing detailed information as presented in [11].

A natural question that could be raised is: ”How big is the class of GBW̃ (M)

and what sorts of intriguing metrics does it feature?” It is clear that all Berwald

metrics belong to this class. However, the Berwald metrics are not C-projective

invariants. It is shown that the class of GBW̃ -metrics is the proper subset of

the class of GDW -metrics.

In the paper, the vertical and horizontal derivatives with respect to the

Berwald connection are denoted by ”.” and ”|”, respectively and for conve-

nience, we use the following notations. For Finsler manifold (M,F ),

(i) D(M) denotes the class of all Douglas metrics,

(ii) B(M) denotes the class of all Berwald metrics,

(iii) D̄(M) denotes the class of all D̄-metrics,

(vi) GBW̃ (M) denotes the class of all Generalized Berwald Projective Weyl

(GBW̃ )-metrics,

(v) GDW (M) denotes the class of all Generalized Douglas Weyl (GDW )-

metrics on the manifold M .
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2. Preliminaries

A Finsler metric on a manifold M is a nonnegative function F on TM with

the following properties

(1) F is C∞ on TM \ {0};
(2) F (λy) = λF (y), ∀λ > 0, y ∈ TM ;

(3) For each y ∈ TxM , the following quadratic form gy on TxM is positive

definite,

gy(u, v) :=
1

2

[
F 2(y + su+ tv)

]
|s,t=0, u, v ∈ TxM. (2.1)

At each point x ∈ M , Fx := F |TxM , is an Euclidean norm, if and only if gy
is independent of y ∈ TxM \ {0}. To measure the non-Euclidean feature of Fx,

define Cy : TxM × TxM × TxM → R by

Cy(u, v, w) :=
1

2

d

dt

[
gy+tw(u, v)

]
|t=0, u, v, w ∈ TxM. (2.2)

The family C := {Cy}y∈TM\{0} is called the Cartan torsion. A curve c(t) is

called a geodesic if it satisfies

d2ci

dt2
+ 2Gi(ċ(t)) = 0, (2.3)

where, Gi(y) denotes local functions on TM given by

Gi(y) :=
1

4
gil(y)

{ ∂2F 2

∂xk∂yl
yk − ∂F 2

∂xl

}
, y ∈ TxM. (2.4)

Gis called the associated spray to (M,F ).

F is called a Berwald metric if Gi(y) are quadratic in y ∈ TxM for all x ∈M .

Define

By : TxM × TxM × TxM → TxM

By(u, v, w) = Bj
i
klu

jvkwl
∂

∂xi
,

where

Bijkl =
∂3Gi

∂yj∂yk∂yl
,

and

Ey : TxM × TxM → R

Ey(u, v) = Ejku
jvk,

where

Ejk =
1

2
Bj

m
km,

u = ui ∂
∂xi , v = vi ∂

∂xi and w = wi ∂
∂xi . B and E are called the Berwald

curvature and the mean Berwald curvature, respectively. F is called a Berwald

metric and weakly Berwald (WB) metric if B = 0 and E = 0, respectively [13].
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By means of E-curvature, we can define Ē-curvature as follows

Ēy : TxM × TxM × TxM −→ R

Ēy(u, v, w) := Ējkl(y)uivjwk = Ejk|lu
jvkwl.

It is worth noting that Ēijk is not completely symmetric with respect to all

three indices.

To define the H-curvature, we take the covariant derivative of E along

geodesics. Specifically, Hij = Eij|my
m,

Hy : TxM × TxM −→ R

Hy(u, v) := Hiju
ivj

Let

Dj
i
kl = Bj

i
kl −

1

n+ 1

∂3

∂yj∂yk∂yl
(
∂Gm

∂ym
yi).

It is easy to verify that D := Dj
i
kldx

j ⊗ ∂
∂xi ⊗ dxk ⊗ dxl is a well-defined

tensor on slit tangent bundle TM0. We call D the Douglas tensor, which is a

non-Riemannian projective invariant.

For two Finsler metrics, F and F̄ , with the geodesic coefficients Gi and Ḡi,

respectively, the diffeomorphism φ : F → F̄ is called projective mapping if

there exists a positive homogeneous scalar function P = P (x, y) of degree one

which is satisfying

Ḡi = Gi + Pyi,

where, P = P (x, y) is positively y-homogeneous of degree one which called

projective factor [5] and [13].

A projective transformation with projective factor P would be C-projective

if Qij = 0, where

Qij =
∂Qj
∂yi
− ∂Qi
∂yj

,

Qi =
∂P

∂xi
−Gmi

∂P

∂ym
− P ∂P

∂yi
.

One could easily show that

Dj
i
kl = Bj

i
kl −

2

n+ 1
{Ejkδil + Ejlδ

i
k + Eklδ

i
j + Ejkly

i}, (2.5)

where Ejkl =
∂Ejk

∂yl
.

A Finsler metric is called D̄-metric if D̄j
i
klm = 0, where

D̄j
i
klm = Dj

i
kl|m −Dj

i
km|l. (2.6)

Clearly, this class of metrics includes all Douglas metrics.



On non-Riemannian quantities in Finsler geometry 69

There is another projective invariant equation in Finsler geometry for some

tensors Tjkl

Dj
i
kl|my

m = Tjkly
i,

where Dj
i
kl|m denotes the horizontal covariant derivatives of Dj

i
kl with respect

to the Berwald connection of F . These metrics are called GDW metrics.

In [15], Weyl introduces a projective invariant for Riemannian metrics. Then

Douglas extends Weyl’s projective invariant to Finsler metrics [7]. Finsler

metrics with vanishing projective Weyl curvature are called Weyl metrics or W

metrics. In [14], Szabó proves that Weyl metrics are exactly Finsler metrics of

scalar flag curvature. In [9], a new C-projective invariant quantity is defined,

namely W̃ curvature, as follows

W̃ i
k = Ki

k −
1

1− n2
{yiK̃0k − δikK̃00},

where

K̃jk = nKjk +Kkj + yr
∂Kkr

∂yj
.

W̃ i
k is called projective Weyl curvature or W̃ curvature which is another

candidate for characterizing the Finsler metrics of constant flag curvature.

Now a new C-projective invariant equation is introduced as follows

Bj
i
kl = βj

i
kl + bjkly

i, (2.7)

for some tensors bjkl and βj
i
kl where βj

i
kl|my

m = 0, or equivalently,

hirBj
r
kl|my

m = 0.

Finsler metrics satisfying (2.7) are called GBW̃ metrics.

There are numerous Finsler metrics that belong to the GBW̃ type. Specif-

ically, all Berwald metrics and W̃ metrics, as well as Finsler metrics with a

constant flag curvature (n > 2), are included in this class of metrics [11].

3. Non-Riemannian quantities in Finsler geometry

This section of this research studies the classes of D̄(M) and GBW̃ (M) on a

smooth manifold M and their intriguing metrics. The study aims to answer the

natural question: ”How big are these classes?” By exploring the properties and

characteristics of these classes, here, we attempt to prove the main theorems

of this research.

Theorem 3.1. For a Finsler manifold (M,F ), D(M) is a proper subset of

D̄(M) and D̄(M) is a proper subset of GDW (M).
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Proof. The condition (2.6) ensures the fulfillment of every Douglas metric,

Dj
i
kl = 0, making them qualify as D̄-metrics. Now, consider a Finsler metric

F in D̄(M), so that we obtain

Dj
i
kl|m −Dj

i
km|l = 0.

The contraction of the aforementioned equation with ym leads to the result

Dj
i
kl|0 = 0, signifying that F qualifies as a GDW -metric.

Two following examples complete the proof of the Theorem. The following

example is a D̄-metric while it is not a Douglas metric. Considering (2.5) and

its vanishing S-curvature and flag curvature, one can conclude that

Dj
i
kl|m −Dj

i
km|l = Bj

i
kl|m −Bjikm|l = Rj

i
ml.k = 0.

Example 3.2. ([6]) Put

Ω = {(x, y, z) ∈ R3|x2 + y2 + z2 < 1},

where p = (x, y, z) ∈ Ω and y = (u, v, w) ∈ TpΩ. Define the Randers metric

F = α+ β by

α =

√
(−yu+ xv)2 + (u2 + v2 + w2)(1− x2 − y2)

1− x2 − y2
, β =

−yu+ xv

1− x2 − y2
.

The above Randers metric has vanishing flag curvature K = 0 and S-curvature

S = 0. F has zero Weyl curvature then F is of GDW metric. But β is not

closed then F is not of Douglas type.

In the following a GDW -metric is presented which is not a D̄-metric. In

fact F has constant positive curvature, λ = 1, which means that has vanishing

Weyl curvature. Then it is of GDW -metric. On the other hands, it is not of

R-quadratic type (λ 6= 0). Thus according to the following Ricci identity [13]

Bj
i
kl|m −Bjikm|l = Rj

i
lm.k, (3.1)

(2.5) and vanishing S-curvature one finds

Dj
i
kl|m −Dj

i
km|l = Bj

i
kl|m −Bjikm|l 6= 0.

Example 3.3. ([4]) The family of Randers metrics on S3 constructed by Bao-

Shen are weakly Berwald which are not Berwaldian. Denote generic tangent

vectors on S3 as

u
∂

∂x
+ v

∂

∂y
+ z

∂

∂z
.

The Finsler function for Bao-Shen’s Randers space is given by

F (x, y, z;u, v, w) = α(x, y, z;u, v, w) + β(x, y, z;u, v, w),

with

α =

√
λ(cu− zv + yw)2 + (zu+ cv − xw)2 + (−yu+ xv + cw)2

1 + x2 + y2 + z2
,
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β =
±
√
λ− 1(cu− zv + yw)

1 + x2 + y2 + z2
,

where λ > 1 is a real constant. The above Randers metric has vanishing

S-curvature and with positive constant flag curvature 1.

Theorem 3.4. For a Finsler manifold (M,F ), Rq(M) (and then B(M)) is a

proper subset of GBW̃ (M) and GBW̃ (M) is a proper subset of GDW (M).

Proof. First of all, according to (3.1), every Berwald metric is of R-quadratic

type and every R-quadratic Finsler metric, based on (3.1), satisfies

Bj
i
kl|m −Bjikm|l = 0,

and then Bj
i
kl|0 = 0. It means that every R-quadratic metric and then every

Berwald metric is of GBW̃ type. The first part of the Theorem above is

proven by the completion of the example (3.3), in previous Theorem. The

Finsler metric in Example (3.3), is not of R-quadratic type. It is of vanishing

E-curvature, then based on (2.5), one has Dj
i
kl = Bj

i
kl, which Given that F

is a GDW -metric, we have

Dj
i
kl|0 = Bj

i
kl|0 = Tjkly

i,

for some tensors Tjkl. It means that F is a GBW̃ -metric, too.

Now, we prove the second part of the Theorem. Let F be a Finsler metric

of GBW̃ type; then the Berwald curvature satisfies the following equation

Bj
i
kl = βj

i
kl + bjkly

i,

for some tensors bjkl and βj
i
kl where βj

i
kl|0 = 0. Then

Bj
i
kl|0 = bjkl|0y

i

and contracting it by yl yields

bjkl|0y
l = 0.

Thus, by the definition of E-curvature, one gets

2Ejk = βj
m
km + bjkmy

m.

Thus, one may conclude that

Hjk = Ejk|0 = 0. (3.2)

Considering (2.5), one easily gets

Dj
i
kl = (βj

i
kl −

2

n+ 1
ej
i
kl) + (bjkl + Ejkl)y

i (3.3)

where,

ej
i
kl = Ejkδ

i
l + Ejlδ

i
k + Eklδ

i
j ,
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and

Ejkl =
∂Ejk
∂yl

=
1

2

∂3S

∂yj∂yk∂yl
.

According to (3.3) and (3.2) and considering βj
i
kl|my

m = 0, we have

Dj
i
kl|0 = (bjkl|0 + Ejkl|0)yi,

meaning that F is GDW metric.

The proof is completed by the example that follows.

Example 3.5. ([12]) Let

F =

√(
|x|2 < a, y > −2 < a, x >< x, y >

)2
+ |y|2

(
1− |a|2|x|4

)
1− |a|2|x|4

−

(
|x|2 < a, y > −2 < a, x >< x, y >

)
1− |a|2|x|4

,

where, a is a constant vector in Rn, which has very important properties. It is

of scalar curvature and isotropic S-curvature; however, the flag curvature and

the S-curvature are not constant. We have

S = (n+ 1) < a, x > F,

Then by lemma 9.1 in [12], one has

Eij =
n+ 1

2
< a, x > Fij .

Then H 6= 0; it is not of GBW̃ type while it is of GDW metric.
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