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ON WELL-POSEDNESS OF GENERALIZED
EQUILIBRIUM PROBLEMS INVOLVING o-MONOTONE
BIFUNCTION

AYED E. HASHOOSH AND MOHSEN ALIMOHAMMADY

ABSTRACT. The aim of this paper is to establish some uniqueness
and well-posedness results for a general inequality of equilibrium
problems type involving a-monotone bifunction, whose solution is
sought in a subset K of a Banach space X. Some metric character-
izations and sufficient conditions for these types of well-posedness
are obtained. Moreover, we prove that the well-posedness of gen-
eralized equilibrium problems is equivalent to the existence and
uniqueness of its solution.

Key Words: Equilibrium problems, Well-posed optimization problems, Monotonicity, Met-
ric characterizations.

2010 Mathematics Subject Classification: Primary: 49K40, Secondary: 90C31, 46B40,
47HO4.

1. INTRODUCTION

Well-posedness plays a crucial role in the stability analysis and numer-
ical methods for optimization theory and nonlinear operator equations.
The concept of well-posedness of unconstrained and constrained scalar
optimization problems was first introduced and studied by Levitin and
Polyak [17] and by Tykhonov [29], respectively, which has been known
as the Levitin-Polyak and Tykhonov well-posedness, respectively.

There are many papers in the literature that deal with a generaliza-
tion of Tykhonov well-posedness relating with optimization problems
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with more than one solution. This requires the existence and the con-
vergence of some subsequences of every minimizing sequence towards a
solution. For more details, we refer readers to (see [9, 2, 14, 33, 34]).
Moreover, we notice that several problems of well-posedness have been
generalized to nonconvex variational inequalities, saddle point prob-
lems, fixed-point problems, mathematical programming, Nash equilib-
rium problems, optimization problems with variational inequalities con-
strains, optimization problems with Nash equilibrium constrains (see
[2, 5, 7, 8, 19, 18, 22,2324, 25, (]). Fang et al. [I1] investigated the
well-posedness of equilibrium problems; Kimura et al.[15] studied the
parametric well-posedness for vector equilibrium problems; Bianchi et
al. [3] introduced and studied two types of well-posedness for vector
equilibrium problems; SJ and MH [?] investigated the Levitin-Polyak
well-posedness of vector equilibrium problems with variable domination
structures; Salamon [28] analyzed the Hadamard well-posedness of para-
metric vector equilibrium problems; Peng et al. [20] investigated several
types of Levitin-Polyak well-posedness of generalized vector equilibrium
problems. Long et al. [20] and Zaslavski [30] introduced the notions of
generalized Levitin-Polyak well-posedness for explicit constrained EPs
and generic well-posedness for EPs, respectively. Most of these works
considered the perturbation of the parameters in the vector-valued case.

The main purpose aim of this work is to give a new contribution in
this area. In particular, we establish some concepts of well-posedness by
parametric for a class of generalized equilibrium problems with pertur-
bations which includes in special case the classical equilibrium problems.
Under suitable conditions, we further prove that the well-posedness
of generalized equilibrium problems is equivalent to the existence and
uniqueness of its solution. The distinguishing feature of our work lies in
"ask F not to be monotone (as in most papers dealing with equilibrium
problems in well-posed), but to be a-monotone ( which is rather a weak
condition compared to monotonicity)”.

In order to achieve the above aim, the study is divided into the fol-
lowing sections. In Section 2, we recall necessary denitions and refer
to some results. In Section 3, we establish and generalize the concepts
of well-posedness for equilibrium problems to generalized equilibrium
problems (EPy). We also derive some metric characterizations of well-
posedness. In Section 4, we present a new concepts of well-posedness
for optimization problems with constraints described by parametric gen-
eralized equilibrium problems. Additionally, Under suitable conditions,
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we prove that the well-posedness of generalized of equilibrium problems
is equivalent to the existence and uniqueness of its solution.

2. PRELIMINARIES

In this paper, unless stated otherwise we assume that E and X are two
Banach spaces and K is a nonempty convex, closed subset of a Banach
space X and X* is topological dual space of X, while || . || denote the
norm in X*.

For the convenience of the reader, we recall some definitions and re-
sults that need to be imposed in order to prove our main results. We
recalled the following generalized equilibrium problem [13] (for short,
(EPy)), in fact to find a € K such that

(2.1) F(z,y)+ ¥(z,y) > 0Vy € K.

in which F,¥ : K x K — R are two bifunctions and F is a generalized
equilibrium function with F(z,z) =0 Ve € K.

In what follows, we introduce the formulation of optimization prob-
lems with equilibrium constraint.

Let h : TxK — Rand F : T x K x K — R be two functions, in which
T C FE is a nonempty set. The optimization problem with generalized
equilibrium constraint (denoted by (OPGPEC)) is formulated as follows:

min h(t,u) s.t. (t,u) € T x K and u € S(t),

where S(t) is the solution set of the parametric generalized equilibrium
problem (EPy(t)) defined by, u € S(¢) if and only if

(2.2) F(t,u,v) + ¥(u,v) > 0,Yv € K.

Instead of writing {(EPgy(t)) : t € T} for the family of generalized
equilibrium problems i.e., the parametric problem, we will simply write
(E'Pg) in the sequel.

In order to highlight the generality of the problem (EPg) we recall
below some special cases, as below:

(i) If ¥ = 0 then problem (2.2) is reduces to the parametric equilib-
rium problem (for short, EP(t)), in fact finding z € K such that
F(t,z,y) > 0Vy € K (see [1, 11]).
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(ii)) If ¥ =0and F(t,x,y) = —h(t,z,x—y) Yy € K then problem (2.2)
is reduces to the parametric quasivariational inequality (for short,
QVI (t)) see [31].

(iii) If ¥(z,y) = ¥(z) — ¥(y)Vy € K and F(t,z,y) = (F(z),y — z)
then problem (2.2) is reduces to the mixed variational inequalities

(for short, (MVI))see [10].

In recent years, some of authors have proposed many essential gen-
eralizations of monotonicity. We shall use a kind of generalized mono-
tonicity, so called a- monotone bifunction.

Definition 2.1. [13] Let o : K x K — R be a real-valued function. A
bifunction F': K x K — R is called a- monotone if

(2.3) F(z,y)+ F(y,z) + a(z,y) <0 Vz,y € K.

Definition 2.2. [34] A real-valued function G, defined on a convex
subset K of X, is said to be hemicontinuous, if

(2.4) lim G(tx 4+ (1 —t)y) = G(y) Vz,y € K.
t—0+t

Throughout this paper, we assume that for every r € [0, 1]

(2.5) i 220 _
r—0 T
—1
(2.6) a(z,y) < lim —— |¢(x,2) + a(z, )

Definition 2.3. Let X be a Banach space. A mapping A : X — R is
said to be

(i) lower semicontinuous (for short, (l.s.c)) at zp € X, if

(2.7) A(zo) < liminf A(zy,)
(ii) upper semicontinuous (for short ,(u.s.c)) at xg € X, if

(2.8) A(xo) > limsup A(xy,)

n

for any sequence x,, of X such that x,, — zg

Let us recall that the concepts of noncompactness measure and Haus-
dorff metric.
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Definition 2.4. [16] Let M, N be nonempty subsets of E. The Hausdorff
metric H(-,-) between N and M is defined by

H(N, M) = max{e(N, M), e(M, N)},
where e(N, M) = sup d(a, M) with d(a, M) = inf |a — b]|.

aeEN beM
Definition 2.5. [16] Assume that A is a nonempty subset of X. The
measure of noncompactness 3 of the set A is defined by

B(A) =inf{e>0:AC le Aj, diamA; < ¢,j =1,...,n},

where diam means the diameter of a set.
We close this section with theorem that will play a key role in the
proof of our main results.

Theorem 2.6. [13] Suppose that F': K x K — R, is a-monotone bi-
function, hemicontinuous in the first argument and convex in the second
argument. Let U, : K x K — R be convex in the second argument,
then generalized equilibrium problem (EPy) is equivalent to the follow-
ing problem:

Find « € K such that

(2.9) F(y,z) 4+ a(z,y) < ¥(z,y) Vy € K.
3. WELL-POSED OF (EPy) WITH METRIC CHARACTERIZATIONS

In this section we establish some concepts of well-posed for generalized
equilibrium problem (EPg). To start our analysis, through the results
of this section, we give some conditions under which the equilibrium
problem is strongly well-posed in the generalized sense.

Definition 3.1. A sequence {(tn,zy)} C T X K is said to be an approx-
imating sequence for (EPy) if there exists a nonnegative sequence {e, }
with €, — 0 as n — oo such that

(3.1) F(t,xn,y) + ¥Y(zn,y) > —eully — x| VR € Nyy € K.

Definition 3.2. The problem (E Py ) is said to be strongly (resp., weakly)
well-posed ( resp., strongly (resp., weakly) well-posed in the generalized
sense) if (E Py) has a unique solution x, and for every sequence {x,,} with
x, — x, every approximating sequence for (EPgy) converges strongly
(resp., weakly) to the unique solution (resp., if (EPy) has a nonempty
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solution set S(t), and every approximate solution sequence has a subse-
quence which strongly (resp., weakly) converges to some point of S(t)).

In what follows, we shall establish some characterizations of well-
posedness for (EPy). For any € > 0 we define two sets:

L(e) :={(t,z) € K : F(t,z,y) + ¥(z,y) > —¢lly — z|| Vy € K }.
and
Ae) == {(t,:ﬂ) e K:F(ty,z)+a(x,y) < U(z,y) +¢€|ly — x| Yy € K}

Lemma 3.3. Let K be a nonempty convez, closed subset of a Banach
space X. Suppose that FF: T x K x K - R and V,a: K x K — R be
three functions. Let the following conditions hold:

(i) F(t,z,x)=0,Vte T,z € K,

(ii) F(t,-,-) is a-monotone bifunction and hemicontinuous ¥Vt € T,
(iii) F(t,x,-) is convexVt € T,z € K,

(iv) ¥(x,-) and a(z,-) are convexr Vx € K.

Then, T'(e) = A(e) for all e > 0.
Proof. Suppose that (t,x) € T'(¢). There exists (t,z) € T x K such that
(3.2) F(t,xz,y) + Y(z,y) > —¢€|l|ly — z|| Yy € K.
Since F(t,-,-) is a-monotone bifunction
F(t,y,z) + a(z,y) < —F(t,z,y) Y,y € K,
S0

_F(t) x, y)
U (z,y) +elly — z

Therefore, (¢,z) € A(e). Conversely, assume that (¢,z) € A(e) and fix
y e K.

Letting )y = z — Az —y), A €]0, 1] then z) € K, since K is a convex.
Then

F(t,y,z) + a(z,y)

(3.3) i

F(t,zx,x) + a(z,z)) — Y(z, 7)) ellxn — x|

Aelly — =]

[ IA

(3.4)
Taking into account F(t,z,-) is convex

0= F(t,xr,zx) < F(t,zx,x) — A F(t,xr,z) — F(t, x5, 9) |,
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(3.5) A F(t,x,\,x)—F(t,x,\,y)} < F(t,xy, x).
Since ¥(z,-) and a(z,-) are convex Vx € K.

(3.6) alz,zy) < alz,z) — A [a(w,x) — a(z, y)]
(3.7) U(z,z)) < V(z,z)— )\[‘Il(a:,x) - \If(m,y)]

Then, from (3.4),(3.5),(3.6) and (3.7),

AF(t,zx,z) — F(t,zx,y) + oz, z) — a(z,y) + U(z,z) — ¥(z,y)]
< F(t,xn,z) + a(z,z) — a(z,z)) + U(z,x) — U(z,x))
< Aelly — z|| — 2a(z, z)) + a(z,z) + V(x, x).
Since F'(t,-,-) is hemicontinuous,
A= Fta,y) = U(z,y) —ely—2l]] < —2a(z,2)) + Aa(z,y)
+(1 =N [¥(z,2) + a(z, z)],

SO
2a(x, xy)
A—1
—I-( y ) U(z,z) + az,z)|.
From (2.5) and (2.6),
(3.8) F(t,z,y) + U(z,y) > —elly —z|| Vy € K.
Hence, (t,z) € I'(¢). Therefore, I'(e) = A(e) for all € > 0. O

Lemma 3.4. Let K be a nonempty convex, closed subset of a Banach
space X. Suppose that F': Tx K x K — R and ¥V, : K x K — R satisfy
in the following conditions:

(i) F(-,y,-) and a(-,y) are l.s.c Vy € K,

(ii) V(- y) is u.s.c Vy € K.
Then A(e) is closed in T x K for any € > 0.
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Proof. Assume that {(t,,x,)} C A(€) is a sequence in which (t,,z,) —
(t,z) in T x K. Then

F(tn, y,an) + o(@n, y) < V(wn, y) + elly — an|| Vy € K.
Since a(-,y), F(-,y,-) are Ls.c and ¥(-,y) is u.s.c, then
Fty, o)+ a(z,y) < lminf[F(ty,y, 2n) + a(zn,y)]

A

< limsup[¥(zy,y) + €|y — znl|]
n
< Y(w,y) +elly — ]|

which implies that (¢,x) € A(e). Therefore, A(e) is closed in T' x K for
all € > 0. O

Theorem 3.5. Assume that K is a nonempty convex, closed subset of
a Banach space X. Let F': T X K x K > Rand V,a: K x K — R be
three functions. If (EPy) is strongly well-posed, then

(3.9) I'(e) # 0 Ve > 0, li_r>r(1) diam(T(¢)) = 0.

Moreover, if the following assumptions hold:
(i) F(,z,-) is l.s.c Vx € K,
(ii) F(t,x,-) is convex V(t,z) € T x K,
(iii) F(t,-, ) is a-monotone bifunction, hemicontinuous, ¥t € T,
(iv) F(t,z,z) =0 ,Vte T,z € K,
(v) a(-,y) and Y(-,y) are u.s.c Vy € K,
(vi) ¥(zx,-) and a(z,-) are conver Vx € K.

—~ = .= =

Then the converse holds.

Proof. Assume that (EPg) is strongly well-posed. Then,
(EPy) admit a unique solution (¢,z) € T' x K, i.e.,

F(t,z,y) +¥(x,y) >0Vy € K.

Clearly, T'(e) # 0 for any ¢ > 0. By contradiction, assume that
limodiam(f‘(en)) > p > 0, for some sequence {¢,} > 0. We could
%

€n

find two sequences {(tn,xn)} and {(tn,yn)} satisfying (t,,z,) € T'(e),
(tn; yn) € T'(€), and

(3.10) |(tny zn) — (tn, yn)l| > p ¥n € N.
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Since {(tn,x,)} and {(t,,yn)} are approximating sequence for (EPy).
By the well-posedness of (EPy), they have to converge strongly to the
unique solution of (E'Pg) a contradiction to 3.10.

Conversely, suppose that condition 3.9 holds. Let {(t,,zy)} be an
approximating sequence for (EPg). Then, there exists a nonnegative
sequence {e,} with €, — 0 as n — oo in which

(3-11) F(tnaxnay) + \Ij(xmy) > _€nHy - xn” Vn e N,y € K.

This yields that {(tn,zn)} € I'(€y). It follows from 3.9 that {(t,,x,)} is
a Cauchy sequence and so it converges strongly to a point (¢,2) € T'x K.
It follows from 3.11, a-monotonicity and since a(-,y) , F(-,y, ) are l.s.c
and ¥(-,y) is u.s.c, that

0 = liminfey|ly — 2|
> limninf[ — F(tn,xn,y) — ‘Ii(xn,y)]
> liminf [Ftn, y,2n) + a(zn, y) — ¥(zn, y)]
=z F(ty.z)+a(@y) - ¥(zy).

This fact together with Theorem 2.6, (¢, x) solves (EPg). The unique-
ness follows immediately from 3.9. O

Remark 3.6. Not that the diameter of I' does not tend to zero, if (EPg)
has more than one solutions. In the next result we consider the Kura-
towski non compactness measure of approximating solution set instead
of the diameter.

Theorem 3.7. Assume that T and K are nonempty, closed and convex
subsets of real Banach spaces E and X respectively. If (EPy) is strongly
well-posed in the generalized sense, then

(3.12) D(e) # 0 Ve > 0, lim B((€)) = 0.

Moreover, if the following assumptions hold:
(1) F(-,x,) is l.s.c Vx € K,
(2) F(t,x,-) is convex ¥(t,z) € T x K,
(3) F(t,-,-) is a-monotone bifunction, hemicontinuous, ¥t € T,
(4) F(t,z,x) =0 ,Vte T,z € K,
(5) a(-,y) and ¥(-,y) are u.s.c Vy € K,
(6) V(x,-) and a(x,-) are convex Vz € K.
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Then the converse holds.

Proof. Let (EPg) be strongly well-posed in the generalized sense. Then
the solution set S of (EPy) is a nonempty. This indicates that, for any
e > 0, I'(e) # 0 since S C I'(e). Moreover, we claim here that the
solution set S of (EPy) is compact. Indeed, for any sequence {(t,,xn)}
in S, {(tn,xn)} is an approximating sequence for (EPg). Thus there
exists a converging subsequence to some point of S. This implies that S
is compact. Now, we show that li_r}r(l)(ﬁf(e)) — 0. It follows from S C T'(e)

that
H(T(e), §) = max{(el'(¢), 5), (eI'(S, (¢)) }-
Since the solution set S is compact, one can have
B(I'(e)) < 2H(T'(€),5) + B(S) = 2¢(I'(e), 5),
where B(S) = 0, since S is compact. To prove lin%B(F(e)) = 0. It is
€e—
sufficient to show that e(I'(¢),S) — 0 as € — 0. If not, there exists a
constant ¢ > 0 and €, — 0, and {(¢,,z,)} C I'(e,) in which
(3.13) (tn,zn) & S+ Bg(0), Vn € N.

where B%(O) is an open ball with center 0 and radius 5 . However,
{(tn,zn)} C T'(€n), is an approximating sequence for (EPg). It follows
the generalized well-posedness of (F Py) that there exists a subsequence
converges to some point of (¢,z) € S, which contradicts 3.13.

Conversely, suppose that 3.12 holds. By Lemma 3.3 and Lemma 3.4,
I'(¢) is nonempty and closed for all € > 0. By the Kuratowski theorem
[16], we can obtain

(3.14) H(T(€),5) = 0 as € — 0,

where S = () I'(e) is a nonempty and compact. Let {(tn,z,)} C K
e>0
be any approximate solution sequence for (EPy). Then there exists a

nonnegative sequence {e,} with €, — 0 as n — oo such that
F(tnaxnvy) + ‘Il(xnay) > _enHy - l’nH Vn € va € K.

This means that (¢,,2,) € I'(¢,). This together with 3.12 indicates
that

d((tn,zn),S) <e('(e),S) — 0.
Since S is compact, it follows that there exists (t,,2,) € S in which

| (tns 20) — (tn, 20)|| = d((tn, x,), S) — 0.
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Again, by the compactness of the solution set S, the sequence (¢, #;,) has
a subsequence {(ty, , xn, )} converging strongly to {(¢,, %)} € S. There-
fore, the corresponding { (¢, , xn, )} subsequence of {(¢,,x,)} converges
strongly to {(tn,7,)}. Hence (EPy) is well-posed in the generalized
sense.

g

4. WELL-POSEDNESS FOR OPTIMIZATION PROBLEMS WITH
GENERALIZED PARAMETRIC EQUILIBRIUM CONSTRAINTS

In this section, let us introduce the formulation of optimization prob-
lems with equilibrium constraint. The optimization problem with gen-
eralized equilibrium constraint (denoted by (OPGPEC)) is formulated
as follows:

min A(t,u) s.t. (t,u) € T x K,

where u € S(t), T is a nonempty closed subset of a parametric normed
space, h : T x K - R, F: T x K x K — R, and S(t) is the solution set
of the parametric generalized equilibrium problem (EPy(t)) , defined
by, u € S(t) if and only if

F(t,u,v) + ¥(u,v) > 0,v € K.

Definition 4.1. A sequence {(t,,uy)} C T x K is said to be an approx-
imating sequence for (OPGPEC) if

(i) there exists a nonnegative sequence {e,} with €, — 0 as n — oo
such that

F(tn, un,v) + ¥(up,v) > —€pllv —uy|| Vn € Nyv € K.

(i)
lim sup h(t,, un,) < inf  h(r,v).
n P ( " n) T reTweS(r) ( )
Definition 4.2. (OPGPEC) is said to be strongly (resp., weakly) well-
posed ( resp., strongly (resp., weakly) well-posed in the generalized
sense) if (OPGPEC) has a unique solution x and for every approxi-
mating sequence for (OPGPEC) converges strongly (resp., weakly) to
the unique solution (resp., if S # () and every approximate solution se-
quence has a subsequence which strongly (resp., weakly) converges to
some point of S).



162 A. E. Hashoosh and M. Alimohammady

The set of approximating solutions of (OPGPEC) is defined by
(t,u) e T x K : h(t,u) < inf  h(r,v)+6 and
(e, 0) = re€T,ves(r)
F(t,u,v) + V(u,v) > —€pl|lv —ul| Vo € K

Theorem 4.3. Assume that K is a nonempty convex, closed subset of
a Banach space X. Let F : T x K x K - R, h : T x K — R and
U,a: K x K — R be four functions. If (OPGPEC) is strongly well-
posed, then

(4.1) n(e, §) # 0 Ve, § > 0, diam n(e, §) — 0,

where (€,8) — (0,0). Moreover, if the following assumptions hold:
(i) F(-, is l.s.cVx € K,
(ii) F(t, is conver ¥(t,x) € T x K,
(iii) F(t,-,-) is a-monotone bifunction, hemicontinuous, Vt € T,
(iv) F(t,z,z) =0 ,Vte T,z € K,
(v) a(-,y) and V(-,y) are u.s.c Vy € K,
(vi) ¥(x,-) and a(x,-) are convex Vx € K,
(vii) his Ls.c.

Then the converse holds.

x,-)

)

Proof. Assume that (OPGPEC) is strongly well-posed. Then (OPGPEC)
admits a unique solution (¢t,x) € T x K, i.e.,
ht,z) = inf  h(r,y) and
62) = iy M y) an
F(t,z,y) + ¥(x,y) >0 Vy € K.

Obviosly, n(e,d) # 0 for any €,§ > 0, since (t,z) € n(e,d) for any
€,6 > 0. If diam n(e,0) - 0 as e — 0,  — 0 then there exists a constant
p > 0 and a nonnegative sequences {¢,} and {6, } with ¢, — 0, §, = 0
as n — 0 and (tn, zn), (tn, Yn) € N(€n, 0p) in which

(4.2) 1t ) — (tny ya)|| > p ¥n € N.

Since (tn, Tn), (tn, Yn) € n(€n, 0n) Vn € N, so both {(t,,, x,)} and {(tn, yn)}
are approximating sequence for (OPGPEC'). By the well-posedness of
(OPGPEC), they have to converge strongly to the unique solution of
(OPGPEC) a contradiction to 4.2.

Conversely, suppose that condition 4.1 holds. Let {(¢,,x,)} be an ap-
proximating sequence for (OPGPEC). Then, there exists a nonnegative
sequence {e€,} with €, — 0 as n — oo in which
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n TETvyES(T)
F(tnaxnay) + ‘I/(flfmy) > _ﬁn”y - an vneN, y € K.
This yields that (¢, z,) € (€, 0p). It follows from 4.1, that {(t,, zn)}

is a Cauchy sequence and so it converges strongly to a point (t,z) €
T x K. Tt follows from 4.3 and assumptions (i), (i7i) and (v) that

limsup h(t,,z,) < inf  h(r,y) and
3 {

0 = lirrzinfenHy — x|

> lin%inf[ — F(tn, zpn,y) — \If($n,y)]

> lminf[F(ta,y. 20) + a(2a.y) — ¥(zn,y)]
F(t,y,x) + a(z, y) = ¥(z,y).
Also, one can note from 4.3 and assumption (vii) that

inf  Ah(r,y) > limsup A(tn,x,)

AV

reT,yesS(r) n
> liminf h(t,,z,)
> h(t,z),
So, by Theorem 2.6 (¢, z) solves (OPGPEC). The uniqueness follows
immediately from 4.1. Therefore, we complete the proof. O

By a similar proof as that of Theorem 3.7, we can obtain the following
result for the well-posedness of (OPGPEC).

Theorem 4.4. Assume that T and K are nonempty, closed and convex
subsets of real Banach spaces E and X respectively. If (OPGPEC) is
strongly well-posed in the generalized sense, then

(4.4) n(e,8) # 0 Ve, 5 > 0, . 5)11330’0)5(77(6, 4)) = 0.

Moreover, if the following assumptions hold:
(i) F(-,z,-) is l.s.c Vx € K,

(i) F(t,z,-) is conver ¥(t,z) € T x K,
(iii) F(t,-,-) is a-monotone bifunction, hemicontinuous, ¥t € T,
(i) F(t,z,z) =0 ,VteT,x € K,

(v) a(-,y) and ¥(-,y) are u.s.c Vy € K,
(vi) ¥(x,-) and a(z,-) are conver Vr € K,
(vii) h is L.s.c.

Then the converse holds.
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To investigate the uniqueness of solutions to (OPGPEC), we show
that under suitable conditions, in the next result the well-posedness of
(OPGPECQ) is equivalent to the existence and uniqueness of solutions.

Theorem 4.5. Let T and K be nonempty, closed and convexr subsets
of finite dimensional Banach spaces E and X respectively. Let F : T x
KxK—->R, V,a: KxK—=>Randh:T x K — R be four functions.

Suppose that

(i) F(-,z,-) is l.s.c and convex Vx € K,
(i) F(t,-,-) is a-monotone bifunction, hemicontinuous, ¥t € T,
(iii) F(t,z,x) =0 ,VteT,x € K,
(iv) a(-,y) and ¥(-,y) are u.s.c Vy € K,
(v) Y(z,-) and a(z,-) are conver Vx € K,
(vi) h is convex and l.s.c.

Then, (OPGPEC) is strongly well-posed if and only if it has a unique
solution.

Proof. The necessity is obvious. For the sufficiency, suppose that
(OPGPEC) has a unique solution (t*,z*). It follows that

{ h(t*,z*) = inf h(r,y),

(4.5) (ry)eTxKyeS(r)

F(t*,z*,y) + V(z*,y) >0Vy € K

Let {(tn,xn)} C T x K be an approximating sequence for (OPGPEC).
Then there exists €, > 0 with ¢, — 0 such that

h tnaxn = inf h r, s
(46) { ( ) (ry)ETx K,yeS(r) ( y)

F(tn, 2n,y) + ¥(n,y) > —enlly — znl| Yy € K,¥n € N.

We claim that {(¢,,x,)} is bounded. If not without loss of generality,
_ 1

one can assume that || (¢, x,)|| = +oo. Let r, = Tora - and

(Un, V) = T (tn, Tn)+(1—=1p) (t7, %) = (ratp+(1—rp)t", rpan+(1—r,)z™).

without loss of generality, one can assume that r,, €]0, 1] and (uy,v,) —
(u,v) with (u,v) # (t*,2*) since F x X is finite-dimensional. Taking
into account the closedness and convexity of T and K, one has (uy, v,) €
T x K. Thus, by assupmtion (vi), 4.5 and 4.6, for any (u,v) € T' x K,
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we have
h(t*,z*) = limsup rph(tn, zy) + limsup(l — ry)h(t*, z*)
> limnsup [rnh(tn, xn) + (1 L rn)h(t*, x*)}
(4.7) > lim%up h(tp,, vy)
> limninf h(tp, vp)
> h(zj, v).

Moreover, it follows from conditions (i), (i7), 4.5 and 4.6 that

0

liminfr,e, ||y — .||

nm:inf [Pty 0 y) + O, )] — (1= 1) [F(t*, 2%, 3) + U (2", )]
iminf[ — 7, F(tn, 2n,y) — (1 — ) F(t*, 2%, y) — W(z* + ry(zn — 2%),y)]
'linrinf[ — F(tn, vn,y) — (v, y)]

linginf [F(tn, y,vn) + (v, y) — ¥ (v, y)]

Fliu,y,v) + av,5) - ¥(0,9).

IV IV IV IV IV
=

Applying Theorem 2.6 implies that
F(u,v,y) +¥(v,y) > 0,Vy € K.

Hence, from 4.7 and 4.8, (u,v) solves (OPGPEC), which is a contra-
diction. So {(tn,zn)} is bounded. Let {(tn,,zn,)} be any subsequence
of {(tn,zyn)} in which (t,,, xn,) — (to,xo) as i — oo. It follows that

o
|

liminf ey, ||y — zp, ||

lirr;inf [ — F(tn;, T, y) — ¥(zp,, y)]

lim:inf [F(tm, Y, Tn;) + (Tn,, y) — U(2y,, y)]
F(to,y, z0) + (0, y) — ¥(z0,y).

Vy € K. Applying Theorem 2.6 implies that

(4.10) F(to, zo,y) + ¥(zo,y) > 0,Vy € K.

(4.9)

AVARAVARLY,

It follows from 4.6 and lower semicontinuity of h that

inf h(r, > i h(tp, , tun,

(r,v)eTlan,ues(r) (rv) = 1mi5up (tn;s un,)

(4.11) > liminf A(ty,, )
Z h(to,uO).
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From 4.10 and 4.11, (¢g,up) solves (OPGPEC). Taking into account
the uniqueness of the solution, we have (tg, ug) = (t*,u*). Hence, (t,, uy,)
converges to (t*,u*). Therefore, (OPGPEC) is stronge well-posed. [

Theorem 4.6. Let T and K be nonempty, closed and convexr subsets
of finite dimensional Banach spaces E and X respectively. Let , F :
TxKxK >R ,Va: KxK-—=Randh :T x K — R be four
functions. If there exists some 6 > 0 such that n(d,0) is nonempty and
bounded and suppose that the following assumptions hold:

(i) F(-,x,-) is l.s.c and conver Vx € K,

(ii) F(t,-,-) is a-monotone bifunction, hemicontinuous, Vt € T,

(iii) F(t,xz,x) =0 ,Vte T,z € K,

(iv) a(-,y) and VU(-,y) are u.s.c Vy € K,

(v) ¥(x,-) and o(z,-) are convexr Vo € K,

(vi) h is convexr and l.s.c.

Then, (OPGPEC) is strongly well-posed in the generalized sense.
Proof. Let {(tn,xn)} C T x K be an approximating sequence for

(OPGPEC). Then there exists a nonnegative sequence {¢,} with €, —
0 as n — 0 such that

h(tnaxn) = inf h(?", y)v
(4.12) (ry)eTxK,yeS(r)
Ftn, o, y) + V(2n,y) > —€lly — || Vy € K,Vn € N.

Since 7(d, ) is a nonempty and bounded. Then there exists ng such that
(tn,zn) € n(0,0) for all n > ny. Taking into account the boundedness of
n(0,9), there exists some subsequence {(tn,, zn,)} of {(tn,zn)} in which
(tn;» Tn;) — (to,x0) as i — oo. Consequently, As proved in Theorem 4.5,
(to, o) solves (OPGPEC). Then, (OPGPEC) is strongly well-posed
in the generalized sense. O
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