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PRODUCT OF DERIVATIONS ON TRIANGULAR

BANACH ALGEBRAS

MOHAMMAD HOSSEIN SATTARI* AND HAMID SHAFIEASL

Abstract. In this paper, we give a necessary and sufficient con-

dition for the product of two derivations on the triangular Banach

algebra to be a derivation. We also study the case where the prod-

uct of derivations is commutative.
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1. Introduction and Preliminaries

Let A be an algebra and D : A→ A be a linear map such that

D(ab) = aD(b) +D(a)b, (a, b ∈ A);

in this case, D is called derivation. For every Banach algebra A, let

Der(A) denote the linear space of all continuous derivations on A. Con-

sider the following Lie bracket{
[·, ·] : Der(A)×Der(A)→ Der(A)

[D,C] = DC − CD
.
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In the theory of derivations, product of derivations has an important role

that is investigated by several authors. One of the thing we want to find

some condition under that product of two derivations can commutes.

For example, if we set

Z(A) = {a ∈ A : ab = ba, b ∈ A}

and D ∈ Der(A) such that D(A) ⊆ Z(A), then for all derivations adx :

A → A (adx(a) = ax− xa) with x ∈ A, we have [D, adx] = adD(x) = 0;

or, [adx, ady] = 0, for x, y ∈ A if and only if xy − yx ∈ Z(A).

Set A = C⊕ C, which is a Banach algebra with multiplication

(a1, b1)(a2, b2) = (a1a2, a1b2), (a1, a2, b1, b2 ∈ C),

and norm ‖(a, b)‖ = |a| + |b|. Obviously Z(A) = {(0, 0)}, and conse-

quently [adx, ady] = 0 for x, y ∈ A if and only if xy = yx.

In [5], Kamowitz and Scheinberg proved that product of two deriva-

tions D1(f) = xf ∗ µ1, D2(f) = xf ∗ µ2, on L1(0, 1) commutes (or,

[D1, D2] = 0) if µ1 = cµ2 on [0, 1− b), where c is a constant and b is the

largest number such that |µ2|[0, b) = 0

The section 2, deals with characterizing those derivations D,C of T

for which [D,C] = 0, where T is a triangular Banach algebra.

Considering derivations, we would like to find whether DC ∈ Der(A)

for D,C ∈ Der(A) is the case, under some appropriate conditions? For

instance Creedon in [1] proved that if the product of two derivations

on a semiprime algebra is derivation, then the product is zero. In the

section 3, we obtain a condition for which product of two derivations on

T is a derivation, where T is a triangular Banach algebra.

Definition 1.1. Let A and B be two Banach algebras and M be a

Banach A-B-bimodule. Define(
A M

0 B

)
=

{(
a m

0 b

)
: a ∈ A, b ∈ B,m ∈M

}
,
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and we shall simplify the notation throughout this paper by writing T

for

(
A M

0 B

)
. The linear space T with the standard product of matrices

is an algebra. In addition, let∥∥∥∥∥
(
a m

0 b

)∥∥∥∥∥ = ‖a‖+ ‖m‖+ ‖b‖, (a ∈ A, b ∈ B,m ∈M);

which turns T into a Banach algebra and it is called triangular Banach

algebra.

Proposition 1.2. Let A be a unital Banach algebra and let B be a

Banch algebra with bounded approximate identity {eα}α∈Λ. Let M be an

essential Banach A-B-bimodule (that is, AM = MB = M) and T be as

Definition 1.1 and D : T → T be a continuous derivation. Then, there

exist mD ∈M, continuous derivations D1 : A→ A, D2 : B→ B and a

continuous linear map MD : M→M and a net {zα}α∈Λ ⊂ B such that

for each a ∈ A, b ∈ B,m ∈M we have

(1) lim
α
zαb = lim

α
bzα = 0,

(2) D(

(
1A 0

0 0

)
) =

(
0 mD

0 0

)
,

(3) D(

(
a 0

0 0

)
) =

(
D1(a) amD

0 0

)
,

(4) D(

(
0 0

0 eα

)
) =

(
0 −mDeα

0 zα

)
,

(5) D(

(
0 0

0 b

)
) =

(
0 −mDb

0 D2(b)

)
,

(6) D(

(
0 m

0

)
) =

(
0 MD(m)

0 0

)
,

(7) MD(a ·m) = D1(a) ·m+ a ·MD(m),

(8) MD(m · b) = MD(m) · b+m ·D2(b).

Proof. See Propositions 2.1 and 2.2 of [3]. �
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Remark 1.3. Throughout this paper, we use the assumptions and nota-

tions of Proposition 1.2, unless stated otherwise.

Example 1.4. Let A be a commutative unital Banach algebra, B = A,

M be an essential Banach A-bimodule and T be as Definition 1.1. In

[6] Singer and Wermer showed that the range of a continuous derivation

on a commutative Banach algebra is contained in the radical, in partic-

ular, that if the algebra is semisimple, there are no non-zero continuous

derivations. Hence, if D : T→ T is a derivation, then D1 = D2 = 0 and

MD(a ·m) = a ·MD(m), MD(a ·m) = MD(m) · a,

for all a ∈ A,m ∈M. Moreover, if M = A then by setting a0 = MD(1A)

we have

MD(a) = aa0 (a ∈ A).

2. Commuting of derivations

First we show that the product of derivations is not commutative

necessarily through the following example.

Example 2.1. Suppose that A and B are two unital Banach algebras, M

is a essential Banach A-B-bimodule, λ, γ ∈ C, v, u ∈M and

V =

(
1A v

0 λ1B

)
, U =

(
1A u

0 γ1B

)
.

For all a ∈ A,m ∈M, b ∈ B, we have

adV (

(
a m

0 b

)
) =

(
a av + λm

0 λb

)
−

(
a m+ vb

0 λb

)

=

(
0 av − vb+ (λ− 1)m

0 0

)
,

and consequently

adU (adV (

(
a m

0 b

)
)) =

(
0 (γ − 1)(av − vb+ (λ− 1)m)

0 0

)
.
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Suppose that [adV , adU ] = 0. Then

(γ − 1)(av − vb+ (λ− 1)m) = (λ− 1)(au− ub+ (γ − 1)m).

We now deal with the following cases:

case 1: If λ = 1, then adU adV = 0 = adV adU .

case 2: If γ = 1, then again we have adU adV = 0 = adV adU .

case 3: If λ 6= 1, γ 6= 1, then one can find c ∈ C such that v = cu.

The condition v = cu, in case 3 inspires us to construct an example of

derivations where commuting of product is not the case.

For instance, consider T2⊗̂M2 and set

U =


(

2 0

0 2

) (
1 2

0 0

)

0

(
1 0

0 1

)
 , V =


(

2 0

0 2

) (
0 2

0 1

)

0

(
1 0

0 1

)
 .

As

(
1 2

0 0

)
is not aligned with

(
0 2

0 1

)
, we obtain [adU , adV ] 6= 0 .

The components obtained in Proposition 1.2 leads us to study deriva-

tions over triangular Banach algebras in terms of commuting.

Theorem 2.2. Let D,C : T → T be two continuous derivations. Then

DC = CD if and only if D1C1 = C1D1, D2C2 = C2D2, MDMC =

MCMD and MD(mC) = MC(mD).

Proof. By using Proposition 1.2, we have the following statements

DC(

(
a m

0 b

)
) =

(
D1C1(a) s

0 D2C2(b)

)
,

CD(

(
a m

0 b

)
) =

(
C1D1(a) t

0 C2D2(b)

)
,

where

s = C1(a) ·mD −mD · C2(b) +MD(a ·mC −mC · b) +MDMC(m),
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and

t = D1(a) ·mC −mC ·D2(b) +MC(a ·mD −mD · b) +MCMD(m).

Now if DC = CD, then we must have

C1(a) ·mD −mD · C2(b) +MD(a ·mC −mC · b) +MDMC(m) =(2.1)

D1(a) ·mC −mC ·D2(b) +MC(a ·mD −mD · b) +MCMD(m).

Bearing part 7 and 8 of Proposition 1.2 in mind, we have

MD(a ·mC −mC · b)
= D1(a) ·mC −mC ·D2(b) + a ·MD(mC)−MD(mC) · b,
MC(a ·mD −mD · b)
= C1(a) ·mD −mD · C2(b) + a ·MC(mD)−MC(mD) · b.

It follows from 2.1

a ·MD(mC)−MD(mC) · b+MDMC(m)

= a ·MC(mD)−MC(mD) · b+MCMD(m).

Setting a = 1A, and b = eα, for an arbitrary α ∈ Λ, we get

MD(mC)−MD(mC) · eα +MDMC(m)

= MC(mD)−MC(mD) · eα +MCMD(m).

Taking limit over α implies that

MDMC(m) = MCMD(m),

for all m ∈M, and hence MDMC = MCMD. Also obviously

D1C1 = C1D1, D2C2 = C2D2.

On the other hand, CD(

(
1A 0

0 0

)
) = DC(

(
1A 0

0 0

)
), yeild MD(mC) =

MC(mD).

The converse of theorem is straightforward. �
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Remark 2.3. Let A be a Banach algera and B = M = A and T be

as definition 1.1. Suppose that T2 denotes the algebra of 2 × 2 upper

triangular matrices. Then, T = T2⊗̂A.

Example 2.4. Let R+ = [0,+∞), ω : R+ → (0,+∞) be a continuous

function such that ω(s+ t) ≤ ω(s)ω(t), for every s, t ∈ R+ and ω(0) = 1.

Suppose that

C0(R+, ω) = {f : R+ → C :
f

ω
∈ C0(R+)},

which is a Banach algebra under pointwise mutiplication and norm:

‖f‖ = sup
t∈R+

|f(t)|
ω(t)

.

Denote by M(R+, ω) the space of all complex regular Borel measures

µ on R+ such that ‖µ‖ =
∫ +∞

0 w(t)d|µ|(t) < ∞. The Banach space

M(R+, ω) can be identified with the dual of C0(R+, ω) and with the

convolution product∫ +∞

0
ψ(x)d(µ∗ν)(x) =

∫ +∞

0

∫ +∞

0
ψ(x+y)dµ(x)dν(y), (ψ ∈ C0(R+, ω))

is a commutative Banach algebra. Consider Dirac measure δx ∈M(R+, ω),

at point x ∈ R+. The algbera M(R+, ω) is unital with unit element δ0.

If also

lim
t→+∞

− lnω(t)

t
=∞,

then M(R+, ω) is not semisimple (it is radical algebra).

Suppose that T = T2⊗̂M(R+, ω), D : T → T is a continuous derivaton

and D1, D2,MD induced operators on M(R+, ω) as Proposition 1.2. Us-

ing lemma 2.3 of [4] there are locally finite measures µ1, µ2 on R+ such

that

Di(δa) = aδa ∗ µi, (a ∈ R+, i = 1, 2).

For every a, b ∈ R+

MD(δa ∗ δb) = δa ∗MD(δb) + aδa ∗ µ1 ∗ δb
MD(δb ∗ δa) = MD(δb) ∗ δa + δb ∗ aδa ∗ µ2
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and setting b = 0 we get

MD(δa) = δa ∗MD(δ0) + aδa ∗ µ1

MD(δa) = MD(δ0) ∗ δa + aδa ∗ µ2

which implies that µ1 = µ2. This implies D1 = D2. Setting µ =

MD(δ0) + µ1 implies

MD(δa) = δa ∗ µ.

3. Product of derivations

That the product of two derivations on a semiprime Banach algebra is

a derivation or not has been the subject of different papers in this area.

The interested reader is referred to [1, 4]. We would like to study the

case whether the product of derivations over triangular Banach algebras

(which is non-semiprime) is a derivation or not.

Definition 3.1. Let A,B be two Banach algebras and M be a Banach

A-B-bimodule. Fix a ∈ A and b ∈ B and define the Rosenblum operator{
τa,b : M→M

τa,b(m) = a ·m−m · b.

Theorem 3.2. Let D,C : T→ T be two continuous derivations. Then,

DC is a derivation if and only if D1C1, D2C2 are derivations and the

following holds for all a, u ∈ A, b, u ∈ B,m, n ∈M

(3.1)
C1(a) · [MD(n)− τu,v(mD)] +D1(a) · [MC(n)− τu,v(mC)]

= [τa,b(mD) +MD(m)] · C2(v) + [τa,b(mC) +MC(m)] ·D2(v)

Proof. Suppose that DC is a derivation. Then for each a, u ∈ A, b, v ∈
B, m, n ∈M we have
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DC(

(
a m

0 b

)(
u n

0 v

)
)

= DC(

(
a m

0 b

)
)

(
u n

0 v

)
+

(
a m

0 b

)
DC(

(
u n

0 v

)
)

=

(
D1C1(a) s

0 D2C2(b)

)(
u n

0 v

)
+

(
a m

0 b

)(
D1C1(u) t

0 D2C2(v)

)

=

(
D1C1(a)u D1C1(a) · n+ s · v

0 D2C2(b)v

)
+

(
aD1C1(u) a · t+m ·D2C2(v)

0 bD2C2(v)

)
,

where

s = C1(a) ·mD −mD · C2(b) +MD(a ·mC −mC · b) +MDMC(m),

t = C1(u) ·mD −mD · C2(v) +MD(u ·mC −mC · v) +MDMC(n).

On the other hand, we have

DC(

(
a m

0 b

)(
u n

0 v

)
) = DC(

(
au a · n+m · v
0 bv

)
)

=

(
D1C1(au) r

0 D2C2(bv)

)
,

where

r = C1(au)·mD−mD·C2(bv)+MD(au·mC−mC ·bv)+MDMC(a·n+m·v).

Hence, D1C1, D2C2 are derivations. Furthermore

D1C1(a) · n+ C1(a) ·mD · v −mD · C2(b)v +MD(a ·mC −mC · b) · v
+MDMC(m) · v + aC1(u) ·mD − a ·mD · C2(v) + a ·MD(u ·mC −mC · v)

+a ·MDMC(n) +m ·D2C2(v)

= C1(au) ·mD −mD · C2(bv) +MD(au ·mC −mC · bv)

+MDMC(a · n+m · v)

Parts 7 and 8 of Proposition 1.2 imply
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D1C1(a) · n+ C1(a) ·mD · v −mD · C2(b)v + a ·MD(mC) · v
+D1(a) ·mC · v −mC ·D2(b)v −MD(mC) · bv +MDMC(m) · v
+aC1(u) ·mD − a ·mD · C2(v) + aD1(u) ·mC + au ·MD(mC)

−a ·MD(mC) · v − a ·mC ·D2(v) + a ·MDMC(n) +m ·D2C2(v)

= C1(a)u ·mD + aC1(u) ·mD −mD · bC2(v)−mD · C2(b)v

+aD1(u) ·mC +D1(a)u ·mC + au ·MD(mC)−MD(mC) · bv
−mC ·D2(b)v −mC · bD2(v) +D1C1(a) · n+ C1(a) ·MD(n)

+D1(a) ·MC(n) + a ·MDMC(n) +MDMC(m) · v
+MC(m) ·D2(v) +MD(m) · C2(v) +m ·D2C2(v).

Hence

C1(a) ·mD · v +D1(a) ·mC · v − a ·mD · C2(v)− a ·mC ·D2(v)

= C1(a)u ·mD −mD · bC2(v) +D1(a)u ·mC −mC · bD2(v)

+C1(a) ·MD(n) +D1(a) ·MC(n) +MC(m) ·D2(v) +MD(m) · C2(v),

and 3.1 is obtained.

The converse is given by the similar fashion. �

Example 3.3. Let A be a unital Banach algebra, B be a Banach algebra

with bounded approximate identity such that Der(B) = {0}, and con-

sider triangular Banach algebra T =

(
A C
0 B

)
, where C is an essential

left A-module with a ·α = ϕ(a)α for non-zero character ϕ of A and simi-

larly C is an essential right B-bimodule. Let D,C : T→ T be continuous

derivations, MD 6= 0,MC 6= 0,mD 6= 0,mC 6= 0, and DC = CD. For

every u ∈ A and v ∈ B, consider the Rosenblum operators τu,v : C→ C.

Hence there are non-zero elements d0, c0, g(u, v) ∈ C such that

MD(n) = nd0, MC(n) = nc0, τu,v(n) = ng(u, v), (n ∈ C).

Hence D2 = 0, C2 = 0, and so from 3.1, we have

C1(a)·[nd0−mDg(u, v))] = D1(a)·[mCg(u, v)−nc0], (n ∈ C, a, u ∈ A, v ∈ B).
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Choosing appropriate u0 ∈ A, v0 ∈ B we get g(u0, v0) = 1 and by setting

n = 0, we obtain that

D1(a) =
mD

mC
C1(a), (a ∈ A).

Moreover, by choosing appropriate u1 ∈ A, v1 ∈ B we get g(u1, v1) = 0

and so

D1(a) =
d0

c0
C1(a), (a ∈ A).

If we set λ := d0
c0

= mD
mC

, then for all a ∈ A,m ∈ C, b ∈ B

D(

(
a m

0 b

)
) =

(
λ1A 0

0 0

)
C(

(
a m

0 b

)
).

According to [1], the product of two derivations in semiprime algebras

is zero for the case that the product is a derivation. This yeilds us the

following result:

Corollary 3.4. Let A and B be as Proposition 1.2 and suppose that

they are semiprime. Then, DC is a derivation if and only if D1C1 =

0, D2C2 = 0 and the following holds for all a, u ∈ A, b, u ∈ B,m, n ∈M

C1(a) · [MD(n)− τu,v(mD)] +D1(a) · [MC(n)− τu,v(mC)]

= [τa,b(mD) +MD(m)] · C2(v) + [τa,b(mC) +MC(m)] ·D2(v).

Corollary 3.5. Let A,B be two unital semisimple commutative Banach

algebras, M be an essential Banach A-B-bimodule and T be as Definition

1.1 and let D,C : T→ T be two continuous derivations. Then, DC is a

derivation.

Example 3.6. The group algebra `1(G) of commutative group G is a

unital semisimple commutative Banach algebra and so `1(G) has the

assumptions of Corollary 3.5.
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Example 3.7. Suppose that n ∈ N and

Dn =




λ1 0 . . . 0

0 λ2 . . . 0

0 0 . . . λn

 : λi ∈ C, i = 1, 2, . . . n

 .

Set A = B = Dn, and M = Mn, where Mn is the Banach algebra of

matrices with elements in C. Suppose that D,C : T → T are two con-

tinuous derivations. Then, DC is a derivation.
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