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NEW FIXED POINT RESULTS IN FUZZY METRIC

SPACE
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Abstract. In this paper, we introduce certain new classes of con-
traction mapping and establish fixed point theorems for such kind
of mapping in triangular fuzzy metric spaces.
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1. Introduction

Banach contraction principle is a popular tool in solving existence
problems in many branches of mathematics. This result has been ex-
tended in many directions. In 2008, in order to characterize the com-
pleteness of underlying metric spaces, Suzuki [9] introduced a weaker
notion of contraction. Recently, Wardowski[10] introduced a new con-
traction called F-contraction and proved a fixed point result as a gen-
eralization of the Banach contraction principle. Abbas et al.[1] further
generalized the concept of F-contraction and proved certain fixed and
common fixed point results. In this paper, we introduce a fuzzy α-η-
GF-contraction with respect to a more general family of functions G and
obtain fixed point results in fuzzy metric space. As an application of our
results we deduce Suzuki type results for GF-Contractions. In the last
section, we introduce the new type of contractive maps and established

Received: 17 July 2021 , Accepted: 15 November 2021. Communicated by Nasrin Eghbali;

∗Address correspondence to S. Khaleghizadeh; E-mail: skhaleghizadeh@yahoo.com.

c© 2021 University of Mohaghegh Ardabili.

150



New fixed point results in fuzzy metric space 151

a new fixed point theorem for such maps on the setting of generalized
fuzzy metric spaces.

Definition 1.1. A 3-tuple (X,M, ∗) is said to be an intuitionistic fuzzy
metric space if X is an arbitrary set, ∗ is a continuous t-norm and M
are fuzzy sets on X2 × (0,∞) satisfying the following conditions, for all
x, y, z ∈ X and t, s > 0:
(ii) M(x, y, t) > 0;
(iii) M(x, y, , t) = 1 for all t > 0 if and only if x = y;
(iv) M(x, y, t) = M(y, x, t);
(v) M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s);
(vi) M(x, y, ·) : (0,∞)→ [0, 1] is left continuous;
(vii) limt→∞M(x, y, t) = 1;

Definition 1.2. Let T be a self-mapping on X and α : X×X → [0,+∞)
be a function. We say that T is an α-admissible mapping if

x, y ∈ X, α(x, y) ≥ 1 =⇒ α(Tx, Ty) ≥ 1.

Definition 1.3. Let T be a self-mapping on X and α, η : X × X →
[0,+∞) be two functions. We say that T is an α-admissible mapping
with respect to η if

x, y ∈ X, α(x, y) ≥ η(x, y) =⇒ α(Tx, Ty) ≥ η(Tx, Ty).

Note that if we take η(x, y) = 1 then this definition reduces to Definition
1.2. Also, if we take, α(x, y) = 1 then we say that T is an η-subadmissible
mapping.

Definition 1.4. Let (X,M, ∗) be an fuzzy metric space. Let α, η :
X ×X → [0,+∞) and T : X → X be functions. We say T is an α-η-
continuous mapping on (X,M, ∗), if, for given x ∈ X and sequence {xn}
with xn → x as n→∞,

α(xn, xn+1) ≥ η(xn, xn+1) for all n ∈ N→ Txn → Tx.

Definition 1.5. Let (X,M, ∗) be an intuitionistic fuzzy metric space.
The fuzzy metric (X,M, ∗) is called triangular whenever

1

M(x, y, t)
− 1 ≤ 1

M(x, z, t)
− 1 +

1

M(z, y, t)
− 1,

for all x, y, x ∈ X and all t > 0.
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Definition 1.6. Let X be a nonempty set and let ρ : X×X× (0,∞)→
[0,∞) be a function. We say ρ is a parametric metric on X if
(i) ρ(x, y, t) = 0 for all t > 0 if and only if x = y;
(ii) ρ(x, y, t) = ρ(y, x, t) for all t > 0;
(iii) ρ(x, y, t) ≤ ρ(x, z, t) + ρ(z, y, t) for all x, y, z ∈ X and all t > 0
and one says the pair (X, ρ) is parametric metric space.

Let (X,M, ∗) be an triangular intuitionistic fuzzy metric space. We
consider the mapping ρ : X×X×(0,∞)→ [0,∞) defined by ρ(x, y, t) :=

1
M(x,y,t) − 1 for all x, y ∈ X and all t > 0. Then ρ is a parametric metric

on X and hence (X, ρ) is a parametric metric space.

2. Fixed Point Result for fuzzy α-η-GF-Contractions

Consistent with Wordoresky we denote by ∆F the set of all function
F : R+ → R satisfying following conditions:
(F1) F is strictly increasing,
(F2) for all sequence {αn} ⊂ R+, limn→∞ αn = 0 if only if

lim
n→∞

F (αn) = −∞.

(F3) tere exists 0 < k < 1 such that limn→0+ α
kF (α) = 0.

Now, we introduce te following family of new function.
Let ∆G denote the set of all functions G : R+4 → R+ satisfying:

(G) for all t1, t2, t3, t4 ∈ R+ with t1t2t3t4 = 0 there exists τ > 0 such
that G(t1, t2, t3, t4) = τ .

Definition 2.1. Let (X,M, ∗) be a triangular fuzzy metric space, and
T be a self-mapping on X. Also suppose that α, η : X ×X → [0,+∞)
be two functions. We say T is a fuzzy α-η-GF-contraction if for x, y ∈ X
with η(x, Tx) ≤ α(x, y) and ( 1

M(Tx,Ty,t) − 1) > 0 we have,

G (1−M(x, Tx, t), 1−M(y, Ty, t), 1−M(x, Ty, t), 1−M(y, Tx, t))

+ F (
1

M(Tx, Ty, t)
− 1) ≤ F (

1

M(x, y, t)
− 1).

(2.1)

where G ∈ ∆G and F ∈ ∆F

Now we state and prove our main result of this section.

Theorem 2.2. Let (X,M, ∗) be a triangular intuitionstic fuzzy metric
space. Let T : X → X be a self-mapping satisfying the following asser-
tions:
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(i) T is an α-admissible mapping with respect to η;
(ii) T is a fuzzy α-η-GF-contraction;
(iii) there exists x0 ∈ X such that α(x0, Tx0) ≥ η(x0, Tx0);
(iv) T is a fuzzy α-η-continuous.
Then T has a fixed point. Moreover, T has a unique fixed point when
α(x, y) ≥ η(x, x) for all x, y ∈ Fix(T ).

Proof. Let x0 ∈ X such that α(x0, Tx0) ≥ η(x0, Tx0). For x0 ∈ X, we
define the sequence {xn} by xn = Tnx0 = Txn. Now since, T is a fuzzy
α-admissible mapping with respect to η then, α(x0, x1) = α(x0, Tx0) ≥
η(x0, Tx0) = η(x0, x1). By continuing this process we have,

η(xn−1, Txn−1) = η(xn−1, xn) ≤ α(xn−1, xn),

for all n ∈ N. Also, let there exists n0 ∈ N such that, xn0 = xn0+1. Then
xn0 is fixed point of T and we have nothing to prove. Hence, we assume,
xn 6= xn+1 or ( 1

M(Txn−1,Txn,t)
− 1) > 0 for all n ∈ N ∪ {0}. Since, T is a

fuzzy α-η-GE-contraction, so we derive,

G(1−M(xn−1, Txn−1, t), 1−M(xn, Txn, t), 1−M(xn−1, Txn, t),

1−M(xn, Txn−1, t)) + F (
1

M(Txn−1, Txn, t)
− 1)

≤ F (
1

M(xn−1, xn, t)
− 1),

which implies,

G(1−M(xn−1, xn, t), 1−M(xn, xn+1, t), 1−M(xn−1, xn+1, t), 0)

+ F (
1

M(xn, xn+1, t)
− 1) ≤ F (

1

M(xn−1, xn, t)
− 1).

(2.2)

Now since, (1−M(xn−1, xn, t).1−M(xn, xn+1, t).1−M(xn−1, xn+1, t).0 =
0, so from (G) there exists τ > 0 such that,

G(1−M(xn−1, xn, t), 1−M(xn, xn+1, t), 1−M(xn−1, xn+1, t), 0) = τ.

From (2.2) we deduce that,

F (
1

M(xn, xn+1, t)
− 1) ≤ F (

1

M(xn−1, xn, t)
− 1)− τ.
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Therefore:

F (
1

M(xn, xn+1, t)
− 1) ≤ F (

1

M(xn−1, xn, t)
− 1)− τ

≤ F (
1

M(xn−2, xn−1, t)
− 1)− 2τ ≤ · · · ≤ F (

1

M(x0, x1, t)
− 1)− nτ.

(2.3)

By taking limit as n→∞ in (2.3) we have, limn→∞ F ( 1
M(xn,xn+1,t)

−1) =

−∞, and since, F ∈ ∆F we obtain,

(2.4) lim
n→∞

(
1

M(xn, xn+1, t)
− 1) = 0.

Now from (F3), there exists 0 < k < 1 such that,

(2.5) lim
n→∞

[
1

M(xn, xn+1, t)
− 1]kF (

1

M(xn, xn+1, t)
− 1) = 0.

By (2.3) we have,

lim
n→∞

[
1

M(xn, xn+1, t)
− 1]kF (

1

M(xn, xn+1, t)
− 1)

− F (
1

M(x0, x1, t)
− 1) ≤ −nτ [

1

M(xn, xn+1, t)
− 1]k ≤ 0.

(2.6)

By taking limit as n→∞ in (2.6) and applying (2.4) and (2.5) we have,

(2.7) lim
n→∞

n[
1

M(xn, xn+1, t)
− 1]k = 0.

It follows from (2.7) that there exists, n1 ∈ N such that,

n[
1

M(xn, xn+1, t)
− 1]k ≤ 1,

for all n > n1. This implies,

(
1

M(xn, xn+1, t)
− 1) ≤ 1

n
1
k

for all n > n1. Now for m > n > n1 we have,

(
1

M(xn, xm, t)
− 1) ≤ Σm−1

i=n (
1

M(xi, xi+1, t)
− 1) ≤ Σm−1

i=n

1

i
1
k

.

Since, 0 < k < 1, then Σ∞i=1
1

i
1
k

converges. Therefore, ( 1
M(xn,xm,t)

− 1)→
0 as m,n → ∞. Thus we proved that {xn} is a Cauchy sequence.
Completeness of X ensures that there exist x∗ ∈ X such that, xn → x∗

as n → ∞. Now since, T is a fuzzy α-η-continuous and η(xn−1, xn) ≤
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α(xn−1, xn) then, xn+1 = Txn → Tx∗ as n→∞. That is, x∗ = Tx∗.
Thus T has a fixed point.

Let x, y ∈ Fix(T ) where x 6= y. then from

G(1−M(x, Tx, t), 1−M(y, Ty, t), 1−M(x, Ty, t), 1−M(y, Tx, t))

+ F (
1

M(Tx, Ty, t)
− 1) ≤ F (

1

M(x, y, t)
− 1)

we get,

τ + F (
1

M(x, y, t)
− 1) ≤ F (

1

M(x, y, t)
− 1)

which is a contraction. Hence, x = y. Therefore, T has a unique fixed
point. �

Theorem 2.3. Let (X,M, ∗) be a complete intuitionstic fuzzy metric
space. Let T : X → X be a self-mapping satisfying the following aser-
tions:
(i) T is a α-admissible mapping with respect to η;
(ii) T is a fuzzy α− η −GF−contraction;
(iii) there exists x0 ∈ X such that α(x0, Tx0) ≥ η(x0, Tx0);
(iv) if {xn} is a sequence in X such that α(xn, xn+1) ≥ η(xn, xn+1) with
xn → x as n→∞, then either

η(Txn, T
2xn) ≤ α(Txn, x) or η(T 2xn, T

3xn) ≤ α(T 2xn, x),

holds for all n ∈ N.
Then T has a fixed point. Furthermore, T has a unique fixed point

whenever α(x, y) ≥ η(x, x) for all x, y ∈ Fix(T ).

Proof. Let x0 ∈ X such that α(x0, Tx0) ≥ η(x0, Tx0). As in proof of
Theorem 2.2 we can conclude that

α(xn, xn+1) ≥ η(xn, xn+1) and xn → x∗ as n→∞,

where, xn+1 = Txn. So from (iv), either

η(Txn, T
2xn) ≤ α(Txn, x

∗) or η(T 2xn, T
3xn) ≤ α(T 2xn, x

∗),

holds for all n ∈ N. This implies,

η(xn+1, xn+2) ≤ α(xn+1, x) or η(xn+2, xn+3) ≤ α(xn+2, x),

holds for all n ∈ N. Equivalently, there exists a subsequence {xnk
} of

{xn} such that

η(xnk
, Txnk

) = η(xnk
, xnk+1 ≤ α(xnk

, x∗),
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and so from (2.1) we deduce that,

G(1−M(xnk
, Txnk

, t), 1−M(x∗, Tx∗, t),

1−M(xnk
, Tx∗, t), 1−M(x∗, Txnk

, t))

+ F (
1

M(Txnk
, Tx∗, t)

− 1) ≤ F (
1

M(xnk
, x∗, t)

− 1)

which implies,

F (
1

M(Txnk
, Tx∗, t)

− 1) ≤ F (
1

M(xnk
, x∗, t)

− 1).

From (F1) we have,

(
1

M(xnk+1, Tx∗, t)
− 1) < (

1

M(xnk
, x∗, t)

− 1).

By taking limit as k →∞ in the above inequality we get, ( 1
M(x∗,Tx∗,t) −

1) = 1. i.e., x∗ = Tx∗. Uniqueness follows similarly as in Theorem
2.2. �

Merging Theorem 2.3 and Theorem 2.2 we deduce following corollary.

Corollary 2.4. Let (X,M, ∗) be a complete triangular intuitionistic
fuzzy metric space. Let T : X → X be a self-mapping satisfying the
following assertions:
(i) T is a α-admissible mapping with respect to η;
(ii) If for x, y ∈ X with η(x, Tx) ≤ α(x, y) and 1

M(Tx,Ty,t) − 1 > 0 we

have,

τ + F (
1

M(Tx, Ty, t)
− 1) ≤ F (

1

M(x, y, t)
− 1),

where τ > 0 and F ∈ ∆F .
(iii) There exists x0 ∈ X such that α(x0, Tx0) ≥ η(x0, Tx0);
(iv) If {xn} be a sequence in X such that α(xn, xn+1) ≥ η(xn, xn+1) with
xn → x as n→∞, then either

η(Txn, T
2xn) ≤ α(Txn, x) or η(T 2xn, T

3xn) ≤ α(T 2xn, x),

holds for all n ∈ N.
Then T has a fixed point. Furthermore, T has a unique fixed point

when α(x, y) ≥ η(x, x) for all x, y ∈ Fix(T ).

If in Corollary 2.4 we take α(x, y) = η(x, y) = 1 for all x, y ∈ X, then
we deduce the following Corollary.
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Corollary 2.5. Let (X,M, ∗) be a complete triangular intuitionistic
fuzzy metric space and T : X → X be a self-mapping. If for x, y ∈ X
with ( 1

M(Tx,Ty,t) − 1) > 0 we have,

τ + F (
1

M(Tx, Ty, t)
− 1) ≤ F (

1

M(x, y, t)
− 1),

where τ > 0 and F ∈ ∆F . Then T has a fixed point.

Recall that a self-mapping T is said to have the property P if
Fix(Tn) = F (T ) for every n ∈ N.

Theorem 2.6. Let (X,M, ∗) be a complete triangular intuitionistic
fuzzy metric space and T : X → X be an α-continuous self-mapping.
Assume that there exists τ > 0 such that

(2.8) τ + F (
1

M(Tx, T 2x, t)
− 1) ≤ F (

1

M(x, Tx, t)
− 1)

holds for all x ∈ X with ( 1
M(Tx,T 2x,t)

− 1) > 0 where F ∈ ∆F . If T is an

α-admissible mapping and there exists x0 ∈ X such that, α(x0, Tx0) ≥ 1,
then T has the property P .

Proof. Let x0 ∈ X such that α(x0, Tx0) ≥ 1. For x0 ∈ X, we define the
sequence {xn} by xn = Tnx0 = Txn. Now since, T is an α-admissible
mapping, so α(x1, x2) = α(Tx0, Tx1) ≥ 1. By continuing this process
we have,

α(xn−1, xn) ≥ 1,

for all n ∈ N. If there exists n0 ∈ N such that, xn0 = xn0+1 = Txn0 .
Then xn0 is fixed point of T and we have nothing to prove. Hence, we
assume, xn 6= xn+1 or ( 1

M(Txn−1,T 2xn−1,t)
) − 1) > 0 for all n ∈ N ∪ {0}.

From (2.8) we have,

τ + F (
1

M(Txn−1, T 2xn−1, t)
− 1) ≤ F (

1

M(xn−1, Txn−1, t)
− 1),

which implies,

τ + F (
1

M(xn, xn+1, t)
− 1) ≤ F (

1

M(xn−1, xn, t)
− 1)

and so,

F (
1

M(xn, xn+1, t)
− 1) ≤ F (

1

M(xn−1, xn, t)
− 1)− τ.
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Therefore,

F (
1

M(xn, xn+1, t)
− 1) ≤ F (

1

M(xn−1, xn, t)
− 1)− τ

≤ F (
1

M(xn−2, xn−1, t)
− 1)− 2τ

≤ · · · ≤ F (
1

M(x0, x1, t)
− 1)− nτ.

(2.9)

By taking limit as n→∞ in (2.9) we have, limn→∞ F ( 1
M(xn,xn+1,t)

−1) =

−∞, and since, F ∈ ∆F we obtain,

(2.10) lim
n→∞

(
1

M(xn, xn+1, t)
− 1) = 0.

Now from (F3), there exists 0 < k < 1 such that,

(2.11) lim
n→∞

[(
1

M(xn, xn+1, t)
− 1)]kF (

1

M(xn, xn+1, t)
− 1) = 0.

By (2.9) we have,

lim
n→∞

[(
1

M(xn, xn+1, t)
− 1)]k[F (

1

M(xn, xn+1, t)
− 1)−

F (
1

M(x0, x1, t)
− 1)] ≤ −nτ [(

1

M(xn, xn+1, t)
− 1)]k ≤ 0.

(2.12)

By taking limit as n → ∞ in (2.12) and applying (2.10) and (2.11) we
have,

(2.13) lim
n→∞

n[(
1

M(xn, xn+1, t)
− 1)]k = 0.

consequently, there exists, n1 ∈ N such that,

n[(
1

M(xn, xn+1, t)
− 1)]k ≤ 1,

for all n > n1. This implies,

(
1

M(xn, xn+1, t)
− 1) ≤ 1

n 1
k

,

for all n > n1. Now for m > n > n1 we have,

(
1

M(xn, xm, t)
− 1) ≤ Σm−1

i=n (
1

M(xi, xi+1, t)
− 1) ≤ Σm−1

i=n

1

i
1
k

.

Since, 0 < k < 1, then Σ∞i=n
1

i
1
k

converges. Therefore, ( 1
M(xn,xm,t)

−1)→ 0

as m,n→∞.
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Thus we proved that {xn} is a Cauchy sequence. Completeness of X
ensures that there exists x∗ ∈ X such that , xn → x∗ as n → ∞. Now
since, T is α-continuous and α(xn−1, xn) ≥ 1 then, xn+1 = Txn → Tx∗

as n → ∞. That is, x∗ = Tx∗. Thus T has a fixed point and F (Tn) =
F (T ) for n = 1. Let n > 1. Assume contrarily that w ∈ F (Tn) and
w /∈ F (T ). Then, ( 1

M(w,Tw,t) − 1) > 0. Now we have,

F (
1

M(w, Tw, t)
− 1) = F (

1

M(T (Tn−1w)), T 2(Tn−1w), t)
− 1))

≤ F (
1

M(Tn−1w), Tnw), t)
− 1))− τ

≤ F (
1

M(Tn−2w), Tn−1w), t)
− 1))− 2τ ≤ · · ·

(
1

M(w, Tw, t)
− 1)− nτ.

By taking limit as n→∞ in the above inequality we have, F ( 1
M(w,Tw,t)−

1) = −∞. Hence, By (F2) we get, ( 1
M(w,Tw,t) − 1) = 0 which is a

contradictions. Therefore, F (Tn) = F (T ) for all n ∈ N. �

Let (X,M, ∗,�) be a partially ordered fuzzy metric space. It should
be considered that T : X → X is nondecreasing if ∀x, y ∈ X,x � y ⇒
T (x) � T (y). Fixed point theorems for monotone operators in ordered
fuzzy metric spaces are widely investigated and have found various ap-
plications in differential and integral equations. From Theorems 2.2-2.6,
we derive following new result in partially ordered fuzzy metric spaces.

Theorem 2.7. Let (X,M, ∗,�) be a complete partially ordered fuzzy
metric space. Assume that the following assertions hold true:
(i) T is nondecreasing and ordered GF-contraction;
(ii) there exists x0 ∈ X such that x0 � Tx0;
(iii) eighter for a given x ∈ X and sequence {xn} xn → x as n → ∞
and xn � xn+1 for all n ∈ N we have Txn → Tx or if {xn} is a sequence
such that xn � xn+1 with xn → x as n→∞, then either

Txn � x, orT 2xn � x,
holds for all n ∈ N.
Then T has a fixed point.

Theorem 2.8. Let (X,M, ∗,�) be a complete partially ordered fuzzy
metric space. Assume that the following assertions hold true:
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(i) T is nondecreasing and satisfies (2.8) for all x ∈ X with ( 1
M(Tx,T 2x,t)

−
1) > 0 where F ∈ ∆F and τ > 0;
(ii) there exists x0 ∈ X such that x0 � Tx0;
(iii) for a given x ∈ X and sequence {xn}

xn → x as n→∞ and xn � xn+1 for all n ∈ N we have Txn → Tx.

Then T has a property P .

In this section, as an application of our results proved above, we
deduce certain Suzuki-Wardowski type fixed point theorems.

Theorem 2.9. Let (X,M, ∗) be a complete fuzzy metric space and T be
a continuous self-mapping on X. If for x, y ∈ X with ( 1

M(x,Tx,t) − 1) ≤
( 1
M(x,y,t) − 1) and ( 1

M(Tx,Ty,t) − 1) > 0 we have,

G(1−M(x, Tx, t), 1−M(y, Ty, t), 1−M(x, Ty, t), 1−M(y, Tx))

+ F (
1

M(Tx, Ty, t)
− 1) ≤ F (

1

M(x, y, t)
− 1)

(2.14)

where G ∈ ∆G and F ∈ ∆F . Then T has a unique fixed point.

Proof. Define, α, η : X ×X → [0,∞) by

α(x, y) = (
1

M(x, y, t)
− 1) and η(x, y) = (

1

M(x, y, t)
− 1),

for all x, y ∈ X. Now, since, ( 1
M(x,y,t) − 1) ≤ ( 1

M(x,y,t) − 1) for all

x, y ∈ X, so η(x, y) ≤ α(x, y) for all x, y ∈ X. That is, conditions
(i) and (iii) of Theorem 2.2 hold true. Since T is continuous, so T is
α − η -continuous. Let, η(x, Tx) ≤ α(x, y) with ( 1

M(Tx,Ty,t) − 1) > 0.

Equivalently, if ( 1
M(x,Tx,t) −1) ≤ ( 1

M(x,y,t) −1) with ( 1
M(Tx,Ty,t) −1) > 0,

then, from (2.14) we have,

G(1−M(x, Tx, t), 1−M(y, Ty, t), 1−M(x, Ty, t), 1−M(y, Tx))

+ F (
1

M(Tx, Ty, t)
− 1) ≤ F (

1

M(x, y, t)
− 1).

That is, T is a fuzzy α-η-GF-contraction mapping. Hence, all conditions
of Theorem 2.2 hold and T has a unique fixed point. �

Corollary 2.10. Let (X,M, ∗) be a complete fuzzy metric space and T
be a continuous self-mapping on X. If for x, y ∈ x with ( 1

M(x,Tx,t)−1) ≤
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( 1
M(x,y,t) − 1) and ( 1

M(Tx,Ty,t) − 1) > 0 we have

τ + F (
1

M(Tx, Ty, t)
− 1) ≤ F (

1

M(Tx, Ty, t)
− 1),

where τ > 0 and F ∈ ∆F . Then T has a unique fixed point.

Corollary 2.11. Let (X,M, ∗) be a complete fuzzy metric space and T
be a continuous self-mapping on X. If for x, y ∈ X with ( 1

M(x,Tx,t)−1) ≤
( 1
M(x,y,t) − 1) and ( 1

M(Tx,Ty,t) − 1) > 0 we have,

τe
Lmin( 1

M(x,Tx,t)
−1),( 1

M(y,Ty,t)
−1),( 1

M(x,Ty,t)
−1),( 1

M(y,Tx,t)
−1)

+ F (
1

M(Tx, Ty, t)
− 1) ≤ F (

1

M(x, y, t)
− 1),

where τ > 0, L ≥ 0 and F ∈ ∆F . Then T has a unique fixed point.

Theorem 2.12. Let (X,M, ∗) be a complete fuzzy metric space and T
be a self-mapping on X. Assume that there exists τ > 0 such that

(2.15)
1

2(1 + τ)
(

1

M(x, Tx, t)
− 1) ≤ (

1

M(x, y, t)
− 1),

implies

τ + F (
1

M(Tx, Ty, t)
− 1) ≤ F (

1

M(x, y, t)
− 1),

for x, y ∈ X with ( 1
M(Tx,Ty,t) − 1) > 0 where F ∈ ∆F . Then T has a

unique fixed point.

Proof. Define, α, η : X ×X → [0,∞) by

α(x, y) = (
1

M(x, y, t)
− 1) and η(x, y) =

1

2(1 + τ)
(

1

M(x, y, t)
− 1),

for all x, y ∈ X where τ > 0. Now, since 1
2(1+τ)( 1

M(x,y,t)−1) ≤ ( 1
M(x,y,t)−

1) for all x, y ∈ X, so η(x, y) ≤ α(x, y) for all x, y ∈ X. That is to say,
condotions (i) and (iii) of Theorem 2.3 hold true. Let, {xn} be a sequence
with xn → x as n → ∞. Assume that ( 1

M(Txn,T 2xn,t)
− 1) = 0 for some

n. Then Txn = T 2xn. That is Txn is a fixed point of T and we have
nothing to prove. Hence we assume, Txn 6= T 2xn for all n ∈ N. Since,

1
2(1+τ)( 1

M(Txn,T 2xn,t)
− 1) ≤ ( 1

M(Txn,T 2xn,t)
− 1) for all n ∈ N. Then from
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(2.15) we get,

F (
1

M(T 2xn, T 3xn, t)
− 1) ≤ τ + F (

1

M(T 2xn, T 3xn, t)
− 1)

≤ (
1

M(Txn, T 2xn, t)
− 1),

and so from (F1) we get,

(2.16) (
1

M(T 2xn, T 3xn, t)
− 1) ≤ (

1

M(Txn, T 2xn, t)
− 1).

Assume there exists n0 ∈ N such that,

η(Txn0 , T
2xn0) > α(Txn0 , x) and η(T 2xn0 , T

3xn0) > α(T 2xn0 , x),

then,

1

2(1 + τ)
(

1

M(Txn0 , T
2xn0 , t)

− 1) > (
1

M(Txn0 , x, t)
− 1),

and

1

2(1 + τ)
(

1

M(T 2xn0 , T
3xn0 , t)

− 1) > (
1

M(T 2xn0 , x, t)
− 1),

so by (2.16) we have,

(
1

M(Txn0 , T
2xn0 , t)

− 1) ≤ (
1

M(Txn0 , x, t)
− 1) + (

1

M(T 2xn0 , x, t)
− 1)

<
1

2(1 + τ)
(

1

M(Txn0 , T
2xn0 , t)

− 1)

+
1

2(1 + τ)
(

1

M(T 2xn0 , T
3xn0 , t)

− 1)

1

2(1 + τ)
(

1

M(Txn0 , T
2xn0 , t)

− 1)

+
1

2(1 + τ)
(

1

M(Txn0 , T
2xn0 , t)

− 1)

=
2

2(1 + τ)
(

1

M(Txn0 , T
2xn0 , t)

− 1)

≤ (
1

M(Txn0 , T
2xn0 , t)

− 1),

which is a contradiction. Hence, eighter

η(Txn, T
2xn) ≤ α(Txn, x) or η(T 2xn, T

3xn) ≤ α(T 2xn, x),
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holds for all n ∈ N. That is condition (iv) of Theorem 2.3 holds. Let,
η(x, Tx) ≤ α(x, y). So, 1

2(1+τ)( 1
M(x,Tx,t) − 1) ≤ ( 1

M(x,y,t)). Then from

(??) we get, τ +F ( 1
M(Tx,Ty,t) −1) ≤ ( 1

M(x,y,t) −1). Hence, all conditions

of Theorem 2.3 hold and T has a unique fixed point. �

Theorem 2.13. Let (X,M, ∗) be a complete fuzzy metric space and
T : X → X be a self-mapping satisfying the following assertions:
(i) for x, y ∈ O(ω) with ( 1

M(Tx,Ty,t) − 1) > 0 we have,

G(1−M(x, Tx, t), 1−M(y, Ty, t), 1−M(x, Ty, t), 1−M(y, Tx, t))

+ F (
1

M(Tx, Ty, t)
− 1) ≤ F (

1

M(x, y, t)
− 1)

where G ∈ ∆G and F ∈ ∆F ;
(ii) T is an orbitally continuous function.
Then T has a fixed point. Moreover, T has a unique fixed point when
Fix(T ) ⊆ O(ω).

Proof. Define, α, η : X ×X → [0,+∞) by

α(x, y) =

{
3, if x, y ∈ O(ω)

0, otherwise

where O(ω) is an orbit of a point ω ∈ X and η(x, y) = 1. We know that
T is a fuzzy α-η-continuous mapping. Let, α(x, y) ≥ η(x, y), then x, y ∈
O(ω). So Tx, Ty ∈ O(ω). That is,α(Tx, Ty) ≥ η(Tx, Ty). Therefore, T
is an α-admissible mapping with respect to η. Since ω, Tω ∈ O(ω), then
α(ω, Tω) ≥ η(ω, Tω). Let, α(x, y) ≥ η(x, Tx) and ( 1

M(Tx,Ty,t) − 1) > 0.

Then x, y ∈ O(ω) and ( 1
M(Tx,Ty,t) − 1) > 0. Therefore from (i) we have,

G(1−M(x, Tx, t), 1−M(y, Ty, t), 1−M(x, Ty, t), 1−M(y, Tx, t))

+ F (
1

M(Tx, Ty, t)
− 1) ≤ F (

1

M(x, y, t)
− 1),

which implies, T is a fuzzy α-η-GF-contraction mapping. Hence, all
conditions of Theorem 2.2 hold true and T has a fixed point. If Fix(T ) ⊆
O(ω), then, α(x, y) ≥ η(x, y) for all x, y ∈ Fix(T ) and so from Theorem
2.2 T has a unique fixed point. �

Corollary 2.14. Let (X,M, ∗) be a complete fuzzy metric space and
T : X → X be a self-mapping satisfying the following assertions;
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(i) for x, y ∈ O(ω) with ( 1
M(Tx,Ty,t) − 1) > 0 we have,

τ + F (
1

M(Tx, Ty, t)
− 1) ≤ F (

1

M(x, y, t)
− 1),

where τ > 0 and F ∈ ∆F ;
(ii) T is orbitally continuous.
Then T has a fixed point. Furthermore, T has a unique fixed point when
Fix(T ) ⊆ O(ω).

Corollary 2.15. Let (X,M, ∗) be a complete fuzzy metric space and
T : X → X be a self-mapping satisfying the following assertions:
(i) for x, y ∈ O(ω) with ( 1

M(Tx,Ty,t) − 1) we have,

τeG(1−M(x,Tx,t),1−M(y,Ty,t),1−M(x,Ty,t),1−M(y,Tx,t)) + F (
1

M(Tx, Ty, t)
− 1)

≤ F (
1

M(x, y, t)
− 1),

where τ > 0, L ≥ 0 and F ∈ ∆F ;
(ii) T is orbitally continuous.
Then T has a fixed point. Moreover, T has a unique fixed point when
Fix(T ) ⊆ O(ω).

Theorem 2.16. Let (X,M, ∗) be a complete fuzzy metric space and
T : X → X be a self-mapping satisfying the following assertions:
(i) for x ∈ X with ( 1

M(Tx,T 2x,t)
− 1) > 0 we have,

τ + F (
1

M(Tx, T 2x, t)
− 1) ≤ F (

1

M(x, Tx, t)
− 1),

where τ > 0 and F ∈ ∆F ;
(ii) T is an orbitally continuous function.

Then T has the property P .

Proof. Define, α : X ×X → [0,+∞) by

α(x, y) =

{
1, if x ∈ O(ω)

0, otherwise

where ω ∈ X. Let, α(x, y) ≥ 1, then x, y ∈ O(ω). So Tx, Ty ∈ O(ω).
That is, α(Tx, Ty) ≥ 1. Therefore, T is α-admissible mapping. Since
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ω, Tω ∈ O(ω), so α(ω, Tω) ≥ 1. We conclude that T is an α-continuous
mapping. If, x ∈ X with ( 1

M(Tx,T 2x,t)
− 1) > 0, then, from (i) we have,

τ + F (
1

M(Tx, T 2x, t)
− 1) ≤ F (

1

M(x, Tx, t)
− 1).

Thus all conditions of Theorem 2.3 hold true and T has the property
P . �

3. A fixed point result in generalized fuzzy metric space

We denote by Θ the set of functions θ : (0,∞) → (1,∞) satisfying
the following conditions:
(Θ1) θ is non-decreasing;
(Θ2) for each sequence {tn} ⊂ (0,∞), limn→ θ(tn) = 1 if and only if
limn→∞ tn = 0+;

(Θ3) there exist r ∈ (0, 1) and l ∈ (0,∞] such that limt→0+
θ(t)−1
tr = l.

Before we prove the main results, we recall the following definitions
introduced in [3].

Definition 3.1. Let (X,M, ∗) be triangular fuzzy metric space and
M : X ×X × [0,∞) → [0,∞) be a mapping such that for all x, y ∈ X
and t ∈ (0,∞) and for all distinct points u, v ∈ X, each of them different
from x and y, one has
(i) 1

M(x,y,t) − 1 = 0⇐⇒ x = y;

(ii) 1
M(x,y,t) − 1 = 1

M(y,x,t) − 1;

(iii) ( 1
M(x,y,t) − 1) ≤ ( 1

M(x,u,t) − 1) + ( 1
M(v,y,t) − 1).

Then (X,M, ∗) is called a generalized fuzzy metric space (or for short
g.f.m.s.).

Definition 3.2. Let (X,M, ∗) be a g.f.m.s. and {xn} be a sequence
in X and x ∈ X. We say that {xn} is convergent to x if and only if

1
M(xn,x,t)

− 1→ 0 as n→∞. We denote this by xn → x.

Definition 3.3. Let (X,M, ∗) be a g.f.m.s. and {xn} be a sequence in X
and x ∈ X. We say that {xn} is Cauchy if and only if 1

M(xn,xm,t)
−1→ 0

as n,m→∞.

Definition 3.4. Let (X,M, ∗) be a g.f.m.s. We say that (X,M, ∗) is
complete if and only if every Cauchy sequence in X converges to some
element in X.
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Lemma 3.5. Let (X,M, ∗) be a g.f.m.s., {xn} be a Cauchy sequence in
(X,M, ∗), and x, y ∈ X. Suppose that there exists a positive integer N
such that
(i) xn 6= xm, for all n,m > N ;
(ii) xn and x are distinct points in X, for all n > N ;
(iii) xn and y are distinct points in X, for all n > N ;
(iv) limn→∞

1
M(xn,x,t)

− 1 = limn→∞
1

M(xn,y,t)
− 1.

Then we have x = y.

We observe easily that if one of the conditions (ii) or (iii) is not sat-
isfied, then the result of Lemma 3.5 is still valid.

Now, we are ready to state and prove our main result.

Theorem 3.6. Let (X,M, ∗) be a complete g.f.m.s. and T : X → X
for all x, y ∈ X be a given map. Suppose that there exist θ ∈ Θ and
k ∈ (0, 1) such that

(
1

M(Tx, Ty, t)
− 1) 6= 0 =⇒ θ(

1

M(Tx, Ty, t)
−M(y, Tx, t))

≤ [θ(
1

M(x, y, t)
−M(y, Tx, t)]k.

(3.1)

Then T has a unique fixed point.

Proof. Let x ∈ X be an arbitrary point in X. If for some p ∈ N, we
have T px = TP+1x, then T px will be a fixed point of T . So, without
restriction of the generality, we can suppose that ( 1

M(Tnx,Tn+1x,t)
−1) > 0

for all n ∈ N. Now, from (3.1), for all n ∈ N, we have

θ(
1

M(Tnx, Tn+1x, t)
−M(Tnx, Tnx, t) ≤

[θ(
1

M(Tn−1x, Tnx, t)
−M(Tn−1x, Tn−1x, t))]k

≤ [θ(
1

M(Tn−2x, Tn−1x, t)
−M(Tn−2x, Tn−2x, t))]k

2

≤ · · · ≤ [θ(
1

M(x, Tx, t)
−M(x, x, t))]k

n
.

Thus, for all n ∈ N, we have

(3.2) 1 ≤ θ( 1

M(Tnx, Tn+1x, t)
− 1) ≤ [θ(

1

M(x, Tx, t)
− 1)]k

n
.
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Letting n→∞ in (3.2), we obtain

θ(
1

M(Tnx, Tn+1x, t)
− 1)→ 1 as n→∞,

which implies from (Θ2) that

(3.3) lim
n→∞

(
1

M(Tnx, Tn+1x, t)
− 1) = 0.

From condition (Θ3), there exist r ∈ (0, 1) and l ∈ (0,∞] such that

lim
n→∞

θ( 1
M(Tnx,Tn+1x,t)

− 1)− 1

[ 1
M(Tnx,Tn+1x,t)

− 1]r
= l.

Suppose that l <∞. In this case, let B = l/2 > 0. From the definition
of the limit, there exists n0 ∈ N such that∣∣∣∣θ( 1

M(Tnx,Tn+1x,t)
− 1)− 1

[ 1
M(Tnx,Tn+1x,t)

− 1]r
− l
∣∣∣∣ ≤ B, for all n ≥ n0.

This implies that

θ( 1
M(Tnx,Tn+1x,t)

− 1)− 1

[ 1
M(Tnx,Tn+1x,t)−1

]r
≥ l −B = B, for all n ≥ n0.

Then for all n ≥ n0

n[
1

M(Tnx, Tn+1, t)
− 1]r ≤ An[θ(

1

M(Tnx, Tn+1x, t)
− 1)− 1],

where A = 1/B. Suppose now that l = ∞. Let B > 0 be an arbitrary
positive number. From the definition of the limit, there exists n0 ∈ N
such that

θ( 1
M(Tnx,Tn+1x,t)

− 1)− 1

[ 1
M(Tnx,Tn+1x,t)

− 1]r
≥ B, for all n ≥ no.

This implies that for all n ≥ n0

n[
1

M(Tnx, Tn+1, t)
− 1]r ≤ An[θ(

1

M(Tnx, Tn+1x, t)
− 1)− 1],

where A = 1/B. Thus, in all cases, there exist A > 0 and n0 ∈ N such
that for all n ≥ n0

n[
1

M(Tnx, Tn+1, t)
− 1]r ≤ An[θ(

1

M(Tnx, Tn+1x, t)
− 1)− 1].
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Using (3.2), for all n ≥ n0 we obtain

n[
1

M(Tnx, Tn+1, t)
− 1]r ≤ An([θ(

1

M(x, Tx, t)
− 1)]k

n − 1).

Letting n→∞ in the above inequality, we obtain

lim
n→∞

n[
1

M(Tnx, Tn+1x, t)
− 1]r = 0.

Thus, there exists n1 ∈ N such that

(3.4) (
1

M(Tnx, Tn+1x, t)
− 1) ≤ 1

n
1
r

, for all n ≥ n1.

Now, we shall prove that T has a periodic point. Suppose that it is not
the case, then Tnx 6= Tmx for every n,m ∈ N such that n 6= m, Using
(3.1), we obtain

θ(
1

M(Tnx, Tn+2x, t)
− 1) ≤ [θ(

1

M(Tn−1x, Tn+1x, t)
− 1)]k

≤ [θ(
1

M(Tn−2x, Tnx, t)
− 1)]k

2

≤ · · · ≤ [θ(
1

M(x, T 2x, t)
− 1)]k

n
.

Letting n→∞ in the above inequality and using (Θ2), we obtain

(3.5) lim
n→∞

1

M(Tnx, Tn+2x, t)− 1
= 0.

Similarly, from condition (Θ3), there exists n2 ∈ N such that

(3.6) (
1

M(Tnx, Tn+2x, t)
− 1) ≤ 1

n
1
r

, for all n ≥ n2.

Let N = max{n0, n1}. We consider two cases.
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Case 1. If m > 2 is odd, then writing m = 2L+ 1, L ≥ 1, and using
(3.4), for all n ≥ N , we obtain

(
1

M(Tnx, Tn+mx, t)
− 1) ≤ (

1

M(Tnx, Tn+1x, t)
− 1)

+ (
1

M(Tn+1x, Tn+2x, t)
− 1) · · ·

+ (
1

M(Tn+2Lx, Tn+2L+1x, t)
− 1)

≤ 1

n
1
r

+
1

(n+ 1)
1
r

+ · · ·+ 1

(n+ 2L)
1
r

≤ Σ∞i=n
1

i
1
r

.

Case 2. If m > 2 is even, then writing m = 2L, L ≥ 2, and using (3.4)
and (3.6), for all n ≥ N , we obtain

(
1

M(Tnx, Tn+mx, t)
− 1) ≤ (

1

M(Tnx, Tn+2x, t)
− 1)

+ (
1

M(Tn+2x, Tn+3x, t)
− 1)+

· · ·+ (
1

M(Tn+2L−1x, Tn+2Lx, t)
− 1)

≤ 1

n
1
r

+
1

(n+ 2)
1
r

+ · · ·+ 1

(n+ 2L− 1)
1
r

≤ Σ∞i=n
1

i
1
r

.

Thus, combining all the cases we have

(
1

M(Tnx, Tn+mx, t)
− 1) ≤ Σ∞i=n

1

i
1
r

, for all n ≥ N,m ∈ N.

From the convergence of the series Σi
1

i
1
r

(since 1
r > 1), we deduce that

{Tnx} is a Cauchy sequence. Since (X,M, ∗) is complete triangular
fuzzy metric space, there is z ∈ X such that Tnx → z. On the other
hand, observe that T to is continuous, indeed, if Tx 6= Ty, then we have
from (3.1)

ln[θ(
1

M(Tx, Ty, t)
− 1)] ≤ k ln[θ(

1

M(x, y, t)
− 1)] ≤ ln[θ(

1

M(x, y, t)
− 1)],
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Which implies from (Θ1) that

1

M(Tx, Ty, t)
− 1 ≤ 1

M(x, y, t)
− 1, for all x, y ∈ X.

From this observation, for all n ∈ N, we have

1

M(Tn+1x, Tz, t)− 1
≤ 1

M(Tnx, z, t)− 1
.

Letting n → ∞ in the above inequality, we get Tn+1x → Tz. From
Lemma 3.5, we obtain z = Tz, which is a contradiction with the as-
sumption: T dose not have a periodic point. Thus T has a periodic
point, say z, of period q. Suppose that the set of fixed points of T is
empty. Then we have

q > 1 and (
1

M(z, Tz, t)
− 1) > 0.

Using (3.1), we obtain

θ(
1

M(z, Tz, t)
− 1) = θ(

1

M(Tnz, Tn+1z, t)
− 1) ≤ [θ(

1

M(z, Tz, t)
− 1)]k

n

< θ(
1

M(z, Tz, t)
− 1),

which is a contradiction. Thus, the set of fixed points of T is non-empty,
that is, T has at least one fixed point. Now, suppose that z, u ∈ X are
two fixed points of T such that 1

M(z,u,t) − 1 = 1
M(Tz,Tu,t) − 1 > 0. Using

(3.1), we obtain

θ(
1

M(z, u, t)
− 1) = θ(

1

M(Tz, Tu, t)
− 1) ≤ [θ(

1

M(z, u, t)
− 1)]k

< θ(
1

M(z, u, t)
− 1),

which is a contradiction. Then we have one and only one fixed point. �

Since a fuzzy metric space is a g.f.m.s., from Theoram 3.6, we deduce
immediately the following result.

Corollary 3.7. Let (X,M, ∗) be a complete fuzzy metric space and T :
X → X be a given map. suppose that there exist θ ∈ Θ and k ∈ (0, 1)
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such that for all x, y ∈ X

(
1

M(Tx, Ty, t)
− 1) 6= 0 =⇒ θ(

1

M(Tx, Ty, t)
− 1)

≤ [θ(
1

M(x, y, t)
− 1)]k.

Then T has a unique fixed point.
Observe that the Banach contraction principle follows immediately

from Corollary 3.7. Indeed, if T is a Banach contraction, i.e., there
exists λ ∈ (0, 1) such that

(
1

M(Tx, Ty, t)
− 1) ≤ λ(

1

M(x, y, t)
− 1), for all x, y ∈ X,

then we have

e
( 1
M(Tx,Ty,t)

−1) ≤ [e
( 1
M(x,y,t)

)−1
]k, for all x, y ∈ X.

Clearly the function θ : (0,∞) → (1,∞) defined by θ(t) := e
√
t belongs

to Θ. So, the existence and uniqueness of the fixed point follows from
Corollary 3.7.

References

[1] M. Abbas, B. Ali and S. Romaguera, Fixed and periodic points of generalized
contractions in metric spaces, Fixed Point Theory and Appl., 2013 (2013), 243.

[2] C. Alaca, D. Turkoglu, and C. Yildiz, Fixed points in intuitionistic fuzzy metric
spaces, Chaos, Solitons & Fractals, 29(5), (2006), 1073–1078.

[3] A. Branciari, A fixed point theorem of Banach-Caccioppoli type on a class of
generalized metric spaces, Publ. Math. (Debr.) 57 (2000), 31–37.

[4] Z.K. Deng, Fuzzy pseudometric spaces, J. Math. Anal. Appl., 86 (1982) 74–95.
[5] M. Grabiec, Fixed points in fuzzy metric spaces, Fuzzy Sets and Systems, 27

(1988), 385–389.
[6] V. Gregori and A. Sapena, On fixed-point theorems in fuzzy metric spaces, Fuzzy

Sets and Systems, 125 (2002), 245–252.
[7] J.H. Park, Intuitionistic fuzzy metric spaces, Chaos, Solitons and Fractals, 22(5)

(2004), 1039–1046.
[8] Y. Shen, D. Qiu and W. Chen, Fixed point theorems in fuzzy metric spaces, Appl.

Math. Lett., 25 (2012), 138–141.
[9] T. Suzuki, A generalized Banach contraction principle that characterizes metric

completeness, Proc. Amer. Math. Soc., 136 (2008), 1861–1869.
[10] D. Wardowski, Fixed points of a new type of contractive mappings in complete

metric spaces, Fixed Point Theory and Appl., 2012 (2012), 94.

Soumeyeh Khaleghizadeh
Department of Mathematics, Payame Noor University, Tehran, Iran
Email: skhaleghizadeh@yahoo.com


	1. Introduction
	2. Fixed Point Result for fuzzy  –GF-Contractions 
	3. A fixed point result in generalized fuzzy metric space
	References

