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SIMULATION OF SAMPLE PATHS AND

DISTRIBUTION OF LIU INTEGRALS

BEHROUZ FATHI-VAJARGAH, SARA GHASEMALIPOUR, MARYAM DOOSTI

Abstract. Uncertain process and uncertain integral are important
contents of uncertainty theory. In this paper, we study some types
of uncertain integral named Liu integral. Here, we obtained the
analytical solution of Liu integral by integration methods. As a
new work, we simulated the sample paths and distribution of Liu
integral. The simulation method run on some new examples and
results are shown.
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1. Introduction

Considering integration play very important roles in the fundamen-
tal theory of mathematics. Many problems are difficult to be described
exactly and randomness, fuzziness and uncertainty appear frequently in
like systems. For modelling these systems, it is better to use uncer-
tainty theory. Liu [5] introduced uncertainty theory and improved it [6]
according to being normal, monotonic, selfdual, countable subadditive
and product measure axioms. Liu introduced the concepts of uncertain
variable and uncertain distribution.
As a generalization of stochastic integral and fuzzy integral, uncertain
integral was introduced by Liu [3]. Later, Liu [5] deduced the linear
property of uncertain integral and presented the fundamental theorem
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of uncertain calculus, then the formulas of chain rule, change of vari-
ables, and integration by parts were derived.
Few people have worked on Liu integrals. You and Xiang [7] present
some useful formulas of uncertain integral such as nonnegativity, mono-
tonicity. the main purpose of this paper is to study the Liu integral.
Applying uncertain integral, uncertain differential equation has been
studied by some researches (see [8, 4]). Here, we solved Liu integrald by
analytical methods and Also, we used simulation approach to solve Liu
integrals.
The remainder of this paper is structured as follows. Section 2, is in-
tended to introduce some concepts of uncertain theory. In section 3,
Liu integral is considered and explained analytical solution. In section
4, some integration methods is stated. Simulation method is validated
in section 5. Some new examples for more explanation are brought in
every sections.

2. Definitions and Preliminaries

In this section, we present some essential concept of uncertain theory
which is needed in this paper. For more details, you can see [5].
Definition 1. Assume that L be a σ-algebra on a nonempty set Γ.
Then, each element Λ ∈ L is an event. Uncertain measure M is a
function from L to [0, 1], that is, it allocates to each event Λ a number
M{Λ} which determines the degree of belief that Λ will happen. So,
Liu [5] presented following four axioms:
Axiom 1 (Normality) M{Γ} = 1 for the universal set Γ.
Axiom 2 (Self-Duality) M{Λ}+M{Λc} = 1 for every event Λ ∈ L.
Axiom 3 (Countable Subadditivity) For every countable sequence of
events Λ1,Λ2, ...., we have

(2.1) M{
∞⋃
i=1

Λi} ≤
∞∑
i=1

M{Λi}.

In this case, the triple (Γ,L,M) is called an uncertainty space.
Axiom 4 (Product Axiom) The product uncertain measure M is an
uncertain measure satisfying

M{
∞∏
k=1

Λk} =

∞∧
k=1

Mk{Λk},

where Λk are arbitrarily chosen events Lk for k = 1, 2, ....
Definition 2. An uncertain variable ξ is a measurable function from
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an uncertainty space (Γ,L,M) to the set of real numbers, i.e., for any
Borel set B of real numbers, the set

(2.2) {ξ ∈ B} = {γ ∈ Γ|ξ(γ) ∈ B},

is an event.
Definition 3. Let ξ be an uncertain variable. Then its uncertainty
distribution is defined by

(2.3) Φ(x) =M{ξ ≤ x}, x ∈ <.

Liu showed that a function Φ−1 : (0, 1) → < is an inverse uncertainty
distribution if and only if it is a continuous and strictly increasing func-
tion.
Example 1. An uncertain variable ξ is called normal N (e, σ) if it has
a normal uncertainty distribution

(2.4) Φ(x) = (1 + exp(
π(e− x)√

3σ
))−1, x ∈ <.

The inverse uncertainty distribution of a normal uncertain variableN (e, σ)
is

(2.5) Φ−1(α) = e+

√
3σ

π
ln

α

1− α
, α ∈ (0, 1).

Example 2. An uncertain variable ξ is called lognormal if it has a
lognormal uncertainty distribution

(2.6) Φ(x) = (1 + exp(
π(e− lnx)√

3σ
))−1, x ≥ 0.

The inverse uncertainty distribution of a lognormal uncertain variable
LOGN (e, σ) is

(2.7) Φ−1(α) = exp(e+

√
3σ

π
ln

α

1− α
), α ∈ (0, 1).

Definition 4. Let ξ be an uncertain variable. Then the expected value
of ξ is defined by

(2.8) E[ξ] =

∫ +∞

0
M{ξ ≥ r}dr −

∫ 0

−∞
M{ξ ≤ r}dr,

provided that at least one of the two integrals is finite. Also, we can

rewrite as E[ξ] =
∫ 1

0 Φ−1(α)dα.
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If expected value of uncertain variable ξ is finite, then the variance of ξ
is defined as

V ar[ξ] = E[(ξ − e)2] =

∫ 1

0
(Φ−1(α)− e)2dα.

3. Liu Integral

A sequence of uncertain variables indicated by time is called an un-
certain process. More precisely, if T be an index set and (Γ,L,M) be an
uncertainty space, then any measurable function from T × (Γ,L,M) to
the set of real numbers is an uncertain process, so that the set {Xt ∈ B}
is an event, for each t ∈ T and any Borel set B of real numbers.
In 2009, Liu [4] defined a type of process whose increments are indepen-
dent and normal uncertain variables, as below.
Definition 5. Liu process Ct is an uncertain process which has the
following conditions:
(i) C0 ≡ 0 and almost all sample paths are Lipschitz continuous,
(ii) Ct has stationary and independent increments,
(iii) every increment Ct+s−Cs, s < t is a normal uncertain variable with
zero mean and variance t2.
The distribution of Liu process is

(3.1) Φt(x) = (1 + exp(
−πx√

3t
))−1, x ∈ <.

The inverse uncertainty distribution of Liu process is

(3.2) Φ−1
t (α) =

t
√

3

π
ln

α

1− α
, α ∈ (0, 1).

Liu Integral was introduced by Liu [5] that allows us to integrate from
the uncertain process with the Liu process. The solution of Liu integral
is a uncertain process.
Definition 6. Let Xt is an uncertain process and Ct a Liu process. We
consider every partition of [a, b] as a = t1 < t2 < ... < tk+1 = b and set
∆ = max1≤i≤k |ti+1 − ti|. Then a Liu integral of Xt with respect to Ct
is defined as follow

(3.3)

∫ b

a
XtdCt = lim

∆→0

k∑
i=1

Xti .(Cti+1 − Cti),

provided that above limit exists almost surely and be finite. Therefore,
the uncertain process Xt is integrable.
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Theorem 1. Let f(t) is a integrable function according to t. Then Liu
integral

∫ s
0 f(t)dCt is a normal uncertain variable. That’s mean

(3.4)

∫ s

0
f(t)dCt ∼ N

(
0,

∫ s

0
|f(t)|dt

)
.

Proof. Since increments Ct are independent and stationary uncertain
variables, then for every partition of [0, s] as 0 < t1 < t2 < ... < tk+1 = s,
we have

k∑
i=1

fti .(Cti+1 − Cti) ∼ N

(
0,

k∑
i=1

|f(ti)|(ti+1 − ti)

)
and f is an integrable function, as ∆→ 0, we have

k∑
i=1

|f(ti)|(ti+1 − ti)→
∫ s

0
|f(t)|dt

then ∫ s

0
f(t)dCt ∼ N

(
0,

∫ s

0
|f(t)|dt

)
.

For more properties of Liu integral, you can see [7].
Now, we consider some examples and obtain their analytical solution by
Theorem 1.
Example 3. We have from equation (3.3), for every partition of [0, s]
as 0 = t1 < t2 < ... < tk+1 = s∫ s

0
CtdCt = lim

∆→0

k∑
i=1

Cti(Cti+1 − Cti)

=
1

2
lim
∆→0

k∑
i=1

((C2
ti+1
− C2

ti)− (Cti+1 − Cti)2)

=
1

2
lim
∆→0

[
k∑
i=1

(C2
ti+1
−C2

ti)−
k∑
i=1

(Cti+1 − Cti)
2]

=
1

2
Cs

2−1

2
lim
∆→0

k∑
i=1

(Cti+1 − Cti)
2,

on the other hand, since

lim
∆→0

k∑
i=1

(Cti+1 − Cti)2 = lim
∆→0

k∑
i=1

(Cti+1 − Cti)(Cti+1 − Cti)
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= lim
∆→0

k∑
i=1

(Cti+1(Cti+1 − Cti)− Cti(Cti+1 − Cti))

=

∫ s

0
CtdCt −

∫ s

0
CtdCt = 0.

As a result, the analytical solution of the above Liu integral is obtained
as follows ∫ s

0
CtdCt =

1

2
C2
s .

It follows from Theorem 1, that this Liu integral has following normal
distribution ∫ s

0
CtdCt ∼ N

(
0,

∫ s

0
|Ct|dt

)
.

Example 4. We have from equation (3.3), for every partition of [0, s]
as 0 = t1 < t2 < ... < tk+1 = s

∫ s

0
exp(t)dCt = lim

∆→0

k∑
i=1

exp(ti)(Cti+1 − Cti)

= lim
∆→0

k∑
i=1

((exp(ti+1)Cti+1 − exp(ti)Cti)− Cti+1(exp(ti+1)− exp(ti)))

= lim
∆→0

k∑
i=1

(exp(ti+1)Cti+1−exp(ti)Cti)− lim
∆→0

k∑
i=1

Cti+1(exp(ti+1)−exp(ti))

= exp(s)Cs −
∫ s

0
Ctd(exp(t)).

Then the analytical solution of this Liu integral is calculated as follow∫ s

0
exp(t)dCt = exp(s)Cs −

∫ s

0
Ct exp(t)dt.

It follows from Theorem 1, that above Liu integral has following normal
distribution∫ s

0
exp(t)dCt ∼ N

(
0,

∫ s

0
| exp(t)|dt

)
= N (0, exp(s)− 1) .

We obtain its uncertain distribution as follow

Φs(x) = (1 + exp(
−πx√

3(exp(s)− 1)
))−1.
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Also its inverse uncertain distribution is

(1 + exp(− πx√
3(exp(s)− 1)

))−1 = α

α+ α exp(− πx√
3(exp(s)− 1)

) = 1

then

Φ−1
s (α) =

√
3(exp(s)− 1)

π
ln

α

1− α
, 0 < α < 1.

4. Integration methods

Now, we present some methods for calculating analytical solution of
Liu integral. These methods include change of variable and integration
by Parts method.
Theorem 2. (Change of Variable) Let, f be a continuously differ-
entiable function. Then for any s > 0,∫ s

0
f ′(Ct)dCt =

∫ Cs

C0

f ′(c)dc.

that is ∫ s

0
f ′(Ct)dCt = f(Cs)− f(C0).

Proof. See [4].
Theorem 3. (Integration by Parts) Let Xt and Yt are Liu process.
Then

(4.1) d(XtYt) = YtdXt +XtdYt.

Proof. See [4].
Example 5. In order to illustrate the integration by parts, let us solve
the following Liu integral ∫ s

0
2 exp(t)CtdCt.

For this purpose, define

Xt = exp(t), Yt = Ct
2,

then

dXt = exp(t)dt, dYt = 2CtdCt.

It follows from Theorem 3 that

dZt = exp(t)Ct
2dt+ 2 exp(t)CtdCt,
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Zs − Z0 =

∫ s

0
exp(t)C2

t dt+

∫ s

0
2 exp(t)CtdCt.

Since Z0 = 0 Zs = exp(s)Cs
2, we have∫ s

0
2 exp(t)CtdCt = exp(s)C2

s −
∫ s

0
exp(t)C2

t dt.

Also ∫ s

0
2 exp(t)CtdCt ∼ N

(
0,

∫ s

0
|2 exp(t)Ct|dt

)
.

5. Simulation of Liu Integral

In this section, we intend to introduce an approach for solving of Liu
integrals by simulation method. For this purpose, we used rand function,
partitioned rand and Halton sequence. Partitioned rand is an approach
based on rand function in Matlab. We divided (0,1) into n subsets and
generated random numbers with uniform distribution in every subset.
Halton sequence is also one of the quasi-random sequences for gener-
ating random numbers in (0,1) that used from a generator function to
generate numbers. More descriptions about Halton sequence is in [2, 1].
For simulation Liu integral, first of all, sample paths are simulated that
are showed the solution of Liu integral is an uncertain process. Then,
we simulated the distribution of Liu integral to touch the normality of
a Liu integral distribution.

5.1. Simulation of sample paths of Liu Integral. The algorithm of
sample paths simulation is as follow:

Algorithm 1

1. Select integer n and time s,
2. Set ds = s

n , C1 = dC1, sum1 = 0,
3. Generate ui ∼ U(0, 1), for i = 2, 3, ..., n,

4. Set dCi = ds
√

3
π Ln

ui
1−ui ,

5. Set Ci = Ci−1 + dCi,
6. Set di = Ci − Ci−1,
7. Set sumi = sumi−1 + f(ti)di.
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We run algorithm 1 for examples 3 to 5 with n = 2000, 10000, 30000, 50000
times iterations and s = 1 by rand function and partitioned rand. Fig-
ures 1 to 3 show the simulated sample paths for examples 3 to 5.

Figure 1:The simulation of sample paths of Liu integral for example3

Figure 2:The simulation of sample paths Liu integral for example 4



82 Behrouz Fathi-Vajargah, Sara Ghasemalipour, Maryam Doosti

Figure 3:The simulation of sample paths Liu integral for example 5

5.2. Simulation of distribution of Liu Integral. The algorithm of
distribution simulation of Liu Integral is as follow:

Algorithm 2 We run algorithm 2 for examples 3 to 5 with n = 10000

1. Select integer n and time s,
2. Generate ui ∼ U(0, 1), for i = 2, 3, ..., n,

3. Calculate the variance Vi = |
∫ s

n
0 f(t)dt|,

4. Set Di = Vn
√

3
π Ln

ui
1−ui .

times iterations and s = 1 by rand function, partitioned rand and Halton
sequence. Figures 4 to 6 show the simulated distribution of Liu integral
for examples 3 to 5.
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Figure 4: The simulation of distribution of Liu integral for example 3

Figure 5: The simulation of distribution of Liu integral for example 4

Figure 6: The simulation of distribution of Liu integral for example 5

It is clear from figures 4 to 6 that drawn histograms using partitioned
rand have more regular and monolith histogram than rand function and
Halton sequence. Also, when the number of repetitions increase, curves
with partitioned rand fit more on normal curve. On the other hands, the
normality of the distribution of Liu integral is obvious in these figures.
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6. Conclusion

In this paper, we studied Liu integral and some method for obtain-
ing its solution. Some integration methods was checked out and some
new examples were solved. The important point is that we solved Liu
integral by simulating of sample paths and uncertain distribution of
Liu integrals. The normality of Liu integral distribution in Theorem 1
was palpable and obvious by simulation of uncertain distribution of Liu
integral. Also, we found out when we use partitioned rand method,
Liu integral distribution has more normal behaviour than when run al-
gorithm based on original rand function or Halton sequence and the
figures in the article confirmed this fact.
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