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NEW APPROACH FOR SOLUTION OF VOLTERRA
INTEGRAL EQUATIONS USING SPLINE
QUASI-INTERPOLANT

MARYAM DERAKHSHAN KHANGHAH AND MOHAMMAD ZAREBNIA

ABSTRACT. In this paper, we present quadratic rule for approxi-
mate solution of integrals using spline quasi-interpolant. The method
is applied for solving the linear Volterra integral equations. Also the
convergence analysis of the method is given. The method is applied
to a few examples to illustrate the accuracy and implementation of
the method.
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1. INTRODUCTION

Integral and integro-differential equations are mathematical tools in
many branches of science and engineering. The numerical methods for
linear integral equations of the second kind studied in Delves [6]. Among
these equations, Volterra integral equations arise from multiple appli-
cations, for example physics and engineering such as potential theory,
Dirichlet problems, electrostatics, the particle transport problems and

heat transfer problems [3, 9]. Several numerical methods have been
considered to approximate the solution of Volterra integral equations
such as the papers [1, 4, 5, 7, 10] that are concerned respectively with

rational basis functions with product integration methods, collocation

Received:22 December 2019, Accepted: 1 August 2020. Communicated by Nasrin Eghbali
xAddress correspondence to Maryam Derakhshan; E-mail: M.Derakhshan Quma.ac.ir
(© 2019 University of Mohaghegh Ardabili.
156



New approach for solution of Volterra integral equations using spline quasi-interpolant 157

methods in certain polynomial and polynomial spline spaces with uni-
form and graded meshes, the generalized Newton-Cotes formulae com-
bined with product integration rules, mathematical programming meth-
ods and fractional linear multistep methods. In [17], Riley approxi-
mated the Volterra integral equations by sinc approximation methods.
Reihani have solved Fredholm and Volterra integral equations by ratio-
nalized Haar functions method [16]. Simpson’s quadrature method [13],
Galerkin method with the Chebyshev polynomials [15] and repeated
Simpson’s and Trapezoidal quadrature rule [2] are other works on de-
veloping and analyzing numerical methods for solving Volterra integral
equations.

Moreover, one can refer to other methods such as [14, 19, 20]. The
linear Volterra integral equation is considered as

(1.1) u—Ku=g,

where linear integral operator K is defined as

(1.2) (Ku)(z) = / "k Hult)dt,

g(x) and k(z, t) are known continuous functions and u(x) is the unknown
function to be determined. Integration of a function is an important
operation for many physical problems.

The organization of the paper is as follows. In Section 2, we describe
the construction of quadrature rule based on spline quasi-interpolant. In
Section 3, we give an application of the quadrature rule of Section 2 to
the numerical solution of Volterra integral equations. In Section 4, the
convergence and error analysis of the numerical solution are provided. At
the end we give some numerical examples which confirm our theoretical
results.

2. QUADRATURE RULE BASED ON A QUADRATIC SPLINE
QUASI-INTERPOLANT

Let X,, := {zx, 0 < k < n} be the uniform partition of the interval
I = [a,b] into n equal subintervals, i.e. xy := a + kh, with h = b_T“.
We consider the space Sy = So(I, X,,) of quadratic splines of class C*
on this partition. Canonical basis is formed by the n + 2 normalized
B-splines, {Bx, k € J}, J :={1,2,--- ,n+ 2}. Consider the quadratic
spline quasi-interpolant (dQI) of a function f defined on I and given in
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[1%], that is
(2.1) $af = vr(f)Br,

keJ
where
vi(f) = fi,  vng2(f) = faro,
va(f) = —1/3f1+3/2f2 — 1/6f3 = B1f1 + Bafa + B3 fs,

(2.2) vn1(f) = =1/6fn+3/2fn1—1/3fnv2 = Bafn+Bafot1+B1fns2,
and for 3 < j <mn,

(2.3) vi(f) =—1/8fj-1+5/4f; —1/8fj11 =vfi—1 +72fj +v3fi+1,

with fl = f(ti), ti =a,thy2 =0t = a+(i—3/2)h, 2<3<n-+1.The
quadratic B-spline functions at knots are defined as

( (‘r—xi—B)Q
(i—1—wi—3)(Ti—2—2i—3)’

Ti—3 < x < Tj_2,

B,L({L‘) — (xi_x)(m_xi*2) (x_l’ifg)(xifl—af)

(xi—wi—2) (i1 —xi—2) (Ti—1—xi—3)(Ti—1—T;i—2)’

Ti—o < x < Tj—1,

(wi—x)?

\ (zi—zi2)(zi—7i-1)’

We consider the quadrature rule defined by

(2.4) Jpaf(z / Q2f(a

By considering [ B; for h = 1,n = 10 we can get

Ti—1 <z <z

" 0’ Tz < 07
/ Bi(Qd§ ={ w—a?+50%  0<z<l,
a %, else,
0, z <0,
T 1 2 3
_ 2( N
/CLBQ(f)df_ —3+2$—x +i23, 1<z <2,
%’ else,
0, Tz < 8§,
x 256
+322 —4a? + 323, 8<a <0,
/a Bu(§)dg = 1203 1302 + 1422 La®, 9 <x < 10,
2 else,

37
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T 07 r < 9,
/ Bip(€)dé = { —243+ 81z — 922 + 23, 9 <z <10,
a

%, else,

and for 3 < j <n,

/: B;(£)d¢ =

(0 for 3—j+x<2,
—34+2@+3—4)—(z+3—j) + iz +3—j)>
for 2<z+3—-j<3,
B_Bar+3—j)+sx+3-7)2+3(x+3-7)3
for 3<ax+3—75 <4,

—W L B +3—j)-3(@+3-4)>2+L(x+3—-j)3
for 4<x+3—j5<5,
1, else.

Quadrature formula J4, f(x) can be obtained as

3
Joor(x) = Q@) L+ D Bi(Gal@) fi + Caral@) frrs—y)
j=1

(2.5) + G nfior + v2fi + s fi) + Cura(@) fare,
=3

where

~ z x— 124+ L3 0<z&&h—2>0
— _ h E A ;
(@) _/a Bi(£)dg = { 0, else,

0, z <0,

#(2hx2—x3), 0<z &&h—12>0,
2x—%$2+#x3, h—z <0&&2h — x > 0,
0, else,
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Cora(z) = / "B (€)de =

@;ﬁ$_m u;+£,, (n—2)h —x < 0&&(n —1)h —z >0,
_ 3n? 2—4n + (3 2) 2 2}112;,;3 (n—1)h —x <0&&nh —x > 0,
0, else,

Cnsa( / Byy2(8)dé =

{ (n—1)%x — (nhl)x2+ 722°, (n—1)h—z < 0&&nh — x> 0,

0, else,

and for 3 < j < n,

6h2(l’—|—3h—]h)

for x +3h —jh > 0&& — z — 2h + jh > O,

—3(x 4+ 3h — jh) + (2 + 3h — jh)? — 5 (v + 3h — jh)?
=q for —x —2h+ jh <0&& —x — h+ jh >0,

3@+ 3h — jh) — 5(x 4+ 3h — jh)* + gz (x + 3h — jh)?
for —z — h+ jh < 0&& — z + jh > 0,

0, else.

\

This quadrature formula can be written as

n—+2

(2.6) Jpor(@ ZT/JJ ) fj ""Z% z) fj +29 ) fj,
where
- 1- ~ 1~
(@) =Gr(a) — 26o(a), )= o)~ gorle)
Yale) =50(e) - 56(e), i (@) = Sna(a) — Cale),

Ua(e) = = $G(@) + 2Ga(@) = SG@), Onsale) = —glun(®) + 3on(2) — gCa-a(e),
(2.7)

1 5. 1: |
(@) = = gG+(2) + 1G@) = oGle),  4<j<n-1



New approach for solution of Volterra integral equations using spline quasi-interpolant 161

Theorem 2.1. For any partition X of I, the infinity norm of Q is uni-
305 .
{OZ%ZZ bounded by 3. If the partition is uniform, one has || ¢ ||coc= 557 ~

Proof. For proof, refer to [18]. O

According [18], there exists a constant C' such that

| f=d2f o< Ch* | D*f oo -

3. APPLICATION TO VOLTERRA INTEGRAL EQUATIONS

In this section, we illustrate an application of the quadrature rule to
numerical solution of Volterra integral equation

ule)~ [ haDu)at = g(a),

where k(.,.) € C([a,b] x [a,b]) and g(x) € C([a,b]) are known functions
and u(z) is the unknown function to be determined. We use spline
quasi-interpolant method for Volterra integral equation. The method
associated with the quadrature formula

(3.1) (Kpu)(z) = /x P2 (k(z, . Ju(.))(@)da = Tp,ku (),

we obtain
u(z) — (Knu)(z) = g(2),

consists in looking for a solution u satisfying

3
32)  u(@) = O ¢i(@)k(@, t)u; + Z% k(x, t;)u
j=1

n+2

—i—ZH k(z,tj)uj) = g(x).

In summary, we can write
n+2

ZFJ k(z,tj)u; = g(x),

where
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By replacing x;, we have

n+2

(33) (@) = Y F j(@i)k(wi, ty)u; = g(w;).

j=1
Equation (3.3) can be simplified in the matrix form
(3.4) (I - KMU =G,
where
U = [u,us,.. .,un+2]T,
K* = [F j(xi)k(xi, tj)ij, 6,5 =1,...,n+2,
G = [g(z1),9(z2), - .. a9($n+2)]T-

Having used the solution wj, j = 1,...,n + 2, in the system (3.4), we
employ a method similar to the Nystrom’s idea for the Volterra integral
equation, i.e. we used

n+2

(3.5) un(@) = Y Fj(@)k(z, t)ulty) + g(x).
j=1

4. CONVERGENCE ANALYSIS

In this section, we shall provide the convergence analysis of the pro-
posed method. For this purpose, we consider the following theorem.

Theorem 4.1. Let 7, error term for the spline quasi interpolant method.
Furthermore, let Mo = max |F j(x;)||k(zi, t;)| and x; = max|k(z;,t5)].
Then

9( 4 n+1 X
| < E .
nl < 1 - J\/-"oegm(j:1 1-— Mo)

Proof. In fact

n+2
un (i) = > Fj(@i)k(@i,t)ult;) + g(z:).
j=1
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Thus
n+2
Up — u(x;) ZFJ i) k(zi, t5) (un(ty) — uj)+
n+2 T
ZF] xi)k(xi, ty)u(x;) —/ k(z;, s)u(s)ds.
a
Let
€n,i = Un(T;) — u(z),
and
n+2 x;
Z Fj(xs)k(xs, ty)u(z;) — / k(x;, s)u(s)ds.
a
Hence
n+2
€n,i = EFJ xi)k (2, t5)en; + Tn(x;).
Thus
n+2
lenil <D F j@a)l[E(i,ty)|len] + |7n (i)l
j=1
so that
n+1
lendl < DN i@ k(i t)llenl + [F n(@i)k(@i, tn)|lenn] + 7o ().
j=1
Now using the Gronwall Lemma [3], we obtain
+1
i Un i i
- 1-— M 1— M

O
Theorem 4.2. Let k € C([a,b] X [a,b]) and u € Cla,b]. Then we have
I un = lfoo<|| (I — Kn)il I (Kn — K)u |l -
Proof. For each x € [a,b], Let (.,.) set by

_ | k(z,1), a<t<u,
H($’t)_{0, x<t<hb.
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The method associated with the quadrature formula

n+2

b
umwmwi/@M@»w»wﬁ=§jguwmwmeansa
a j=1

There exists a constant M such that

n+2
Z]F](:cﬂ <M, a<x<h.
j=1

We get

| K [loo< Mmaz|s(z, t)] || u oo -
Further, for all 1, z9 € [a,b], we have

| Kntr) — Knu(ws) o< Mmaz|i(er, ) — sz, )] | 0 o
On the other
I-K,=I-K+K-K,.
Then
I-K,=I-K)[I+(I-K)YK-Kp,).

From equation (3.4) we obtain

Uy —u=(I—K,) tg—(I—-K) g
Thus

Hence
u, —u= (I — K,) YK, — K)u,
and we deduce

= oo < (T = Kn) ™ I (B = K)u [loo -
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5. NUMERICAL EXAMPLE

In this section, in order to illustrate the performance of the presented
method in solving Volterra integral equations and justify the accuracy
and efficiency of the method, we consider the following examples.

Ezxample 5.1. Consider the following Volterra integral equation

u(z) — / (z 4+ t)u(t)dt = S S 1,
0 12 3 2

where the exact solution is u(z) = (1 + z)2. In Table 1, numerical re-
sults are presented for rules Jg, ;. We obtain an approximation to the
solution of (3.4). Numerical results illustrate accuracy of the proposed
quadrature rule. By increasing the value of n, the errors have been de-
creased. In Table 2, we present the absolute errors of algorithm combines
Trapezoidal and Simpson rules [12] for different values of n. A numeri-
cal comparison between Tables 1,2 shows that spline quasi-interpolant
method is more accurate than of algorithm combines Trapezoidal and
Simpson rules [12].

TABLE 1. Max. Abs. Err. for Example 5.1 (Jg,¢)

n| | u—1un | order
19 | 7.43928 x 10~ 7 —
23 | 3.48711 x 1077 | 3.96587
35 | 6.55478 x 108 | 3.98106
45 | 2.40445 x 1078 | 3.99051
55| 1.0788 x 1078 | 3.99397
65| 5.534 x 1079 | 3.99585
75 | 3.12346 x 1079 | 3.99697
85 | 1.89379 x 1079 | 3.99767
95 | 1.21395 x 1079 | 3.99818

Ezample 5.2. Consider the following Volterra integral equation

u(z) + / (zt? + 2 t)u(t)dt = = + 1—72955,
0

where the exact solution is u(x) = z. In Table 3, numerical results are
presented for rule Jy, ;. In table 4, we compare the absolute errors of the
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TABLE 2. Max. Abs. Err. [12]

n [ —un [l
19 8.36 x 107°
23 4.77 x 107°
35 1.33 x 1075
45 6.29 x 106
55 3.44 x 1076
65 2.08 x 1076
75 1.36 x 1076
85 9.35 x 1077
95 6.70 x 107

spline quasi-interpolant method for n = 32 with numerical expansion-
iterative method [11]. The results show the efficiency and rate of con-
vergence of the method. Figure 1 shows the maximum absolute errors
for the proposed method.

TABLE 3. Max. Abs. Err. for Example 5.2 (Jg, )

n H U — Up Hoo

20 3.88179 x 107
40 2.42884 x 1078
60 4.79842 x 1077
80 1.5183 x 1079
100 6.21901 x 10710

FEzample 5.3. Consider the following Volterra integral equation

xT 7$2
u(z) + / xtu(t)dt = e 4 96(1_26),
0

where the exact solution is u(z) = e~*". In Table 5, numerical results are
presented for rule Jy, ;. In table 6, we compare the absolute errors of the
spline quasi-interpolant method for n = 32 with numerical expansion-
iterative method [11]. Figure 2 shows the maximum absolute errors for
the proposed method.
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TABLE 4. Numerical results for Example 5.2

x | Absolute error | Absolute error[l1]
0 0 1.5625 x 1072
0.1 | 8.55709 x 10~ 9.375 x 1073
0.2 | 1.86236 x 108 3.125 x 1073
0.3 ]2.78283 x 10~8 3.125 x 1073
0.4 | 3.36708 x 1078 9.375 x 1073
0.5 | 3.80447 x 108 1.5625 x 102
0.6 | 4.72105 x 1078 9.375 x 1073
0.7 | 5.65627 x 1078 |  3.68045 x 103
0.8 | 5.83707 x 108 3.125 x 1073
0.9 | 4.9622 x 10~8 9.375 x 1073

error

2.x10°8 ]
15x 1078 |
1.x108f

5% 107 [

L Lo Lo Lo Lo coo | n
50 60 70 80 90 100

FIGURE 1. The absolute error || v — uy ||oo for different values of
n for Example 5.2.

Ezxample 5.4. Consider the following Volterra integral equation
u(z) + / (x —t) cos(x — t)u(t)dt = cos(z),
0

where the exact solution is u(x) = (2 cos v/3t+1). In Table 7, numerical
results are presented for rule Jg,r. In table 8, we compare the absolute
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TABLE 5. Max. Abs. Err. for Example 5.3 (Jg, )
n H U — Un Hoo
20 4.78517 x 107
40 3.07465 x 108
60 6.10838 x 1077
80 1.93431 x 1079
100 7.92292 x 10710

TABLE 6. Numerical results for Example 5.3

x | Absolute error | Absolute error|l1]
0 0 3.25 x 1074
0.1 7.99755 x 1077 2.02 x 1073
0.2 | 1.41309 x 10~8 1.28 x 1073
0.3]1.37384 x 1078 1.647 x 1073
0.4 | 5.21359 x 1079 6.295 x 1073
0.5 | 8.52356 x 10~ 1.2284 x 1072
0.6 | 2.59421 x 108 7.87 x 1073
0.7 | 4.61481 x 1078 2.669 x 1073
0.8 | 6.24702 x 1078 2.661 x 1073
0.9 | 6.84528 x 1078 7.562 x 1073

errors of the spline quasi-interpolant method for n = 64 with Rational-

ized Haar functions method |

errors for the proposed method.

]. Figure 3 shows the maximum absolute

TABLE 7. Max. Abs. Err. for Example 5.4 (Jg,f)

n | w—tn [l

20 8.97969 x 10~7
40 5.75157 x 108
60 1.14124 x 108
80 3.61664 x 107
100 1.48246 x 1079
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TABLE 8. Numerical results for Example 5.4

x | Absolute error | Absolute error|[l0]
0 0 0.6 x 107°
0.1 | 8.57026 x 1079 4.23 x 1074
0.2 | 7.42193 x 1079 3.45 x 1074
0.3 | 6.67605 x 1079 4.55 x 10~*
0.4 ] 6.28758 x 10~? 2.7 %1075
0.5 | 4.13835 x 107? 0.7 x 1074
0.6 | 3.59153 x 107? 3.7x 1074
0.7 | 1.79297 x 10~? 1.52 x 1074
0.8 | 2.97626 x 10~10 6.7 x 107°
0.9 | 1.00404 x 1077 2.4 x 1074

6. CONCLUSION

In this article, we illustrated a rule based on spline quasi-interpolant.
In following, we employed this rule to the solution of a Volterra inte-
gral equation. The numerical examples were presented to illustrate the
accuracy and the implementation of the method.

error

3.x10°8
25x108
2.x10°®
15x1078
1.x1078

5.x10°f

50 60 70 80 90 100

FIGURE 2. The absolute error || v —uy || for different values of
n for Example 5.3.
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error

1.5%1077
1.x1077

5.x1078

S e e HE
40 50 60 70 80

FIGURE 3. The absolute error || u —uy |« for different values of
n for Example 5.4.
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