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SUMUDU TRANSFORM ITERATION METHOD FOR

FRACTIONAL DIFFUSION-WAVE EQUATIONS

K. SAYEVAND∗ AND K. PICHAGHCHI

Abstract. In this article, we have implemented Sumudu trans-
form iteration method as a new approximate analytical technique
for solving fractional diffusion-wave equations. The fractional de-
rivative is described in the Caputo sense. The solution existence,
uniqueness, stability and convergence of the proposed scheme is
discussed. Finally, the validity and applicability of our approach
is examined with the use of a solvable model method. The results
presented here are in compact and elegant expressed in term of
Mittag-Leffler function which are suitable for numerical computa-
tion.
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Mittag-Leffler function.
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1. Introduction

In last decades, fractional calculus have been the focus of many
studies due to their frequent appearance in various applications in physics,
science, engineering, economics and so on. For instance, see [4, 5, 9–13]
and references therein. Consequently, many problems in differential
equations have presented and studied in the form of fractional order
derivatives in the literature. In fractional calculus, the Mittag-Leffler
function, as an analogous to exponential naturally function, plays an
important role. In fact, the exponential function itself is a special form
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of these general functions. A considerable amount of literature is ded-
icated to the applications of the Mittag-Lefffer function as solutions of
fractional order models [7,8]. Our results in this article are based mainly
on the Mittag-Leffler function. Actually, we consider the diffusion-wave
equations presented in the scope of fractional calculus in the following
form:

∂αξ(x, t)

∂tα
= λ

∂βξ(x, t)

∂xβ
,(1.1)

ξ(x, 0) = u(x),
∂

∂t
ξ(x, 0) = ν(x),(1.2)

where 0 < α < 2, m < β ≤ m+1, m∈N, λ ∈ R. Notice that, the second

initial condition is for α > 1 only and the operators ∂α

∂tα and ∂β

∂xβ are the
Caputo fractional derivatives defined as

∂αf(t)

∂tα
=


[
Im−α
t f (m)(t)

]
, m− 1 < α < m, m ∈ N,

dm

dtm
f(t), α = m,

(1.3)

where Iαt is the Riemann-Liouville integral operator of order α defined
as

Iαt f(t) =


1

Γ(α)

∫ t
0

f(τ)
(t−τ)1−αdτ, α > 0, t > 0,

f(t), α = 0.

(1.4)

In our attempt, we have used the Sumudu transform iteration method
(STIM) to obtain relatively new analytic and approximate solution for
fractional diffusion-wave equations. The importance of this equation
usually arises in the wave propagation in beams and modeling formation
of grooves on a flat surface. Additional background and application of
Eq. (1.1)-(1.2) in science, engineering and mathematics can be found
in [1]. Finally, convergence and stability of the proposed approach for
these types of problems will be considered.

First we recall some preliminaries and notations regarding Sumudu
transform.

Definition 1.1. The Sumudu transform is defined over the set of func-
tions:

(1.5) A =
{
f(t) | ∃M, τ1, τ2 > 0, |f(t)| < Me

|t|
τj , if t∈(−1)j×[0,∞)

}
,
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by the following formula [2]

(1.6) F (u) = S[f(t);u] =

∫ ∞

0
f(ut)e−tdt, u∈(−τ, τ).

The Sumudu transform of the Caputo fractional derivative is defined as
follows [3]

(1.7) S[Dα
t f(t);u] = u−αS[f(t)]−

m−1∑
k=0

u−α+kf (k)(0), m−1 < α ≤ m,

(1.8)

S
[
Dα

t f(x, t);u
]
= u−αS[f(x, t)]−

m−1∑
k=0

u−α+kf (k)(x, 0), m−1 < α ≤ m.

Theorem 1.2. Assuming H(u) = S[h(t)] and G(u) = S[g(t)], the
Sumudu convolution theorem states that the transform of

(1.9) h(t) ∗ g(t) =
∫ t

0
h(t− τ)g(τ)dτ,

is given by

(1.10) uH(u)G(u) = S[h(t) ∗ g(t)].

Proof. See [2]. □

Some fundamental further established properties of Sumudu trans-
form can be found in [2].

2. Sumudu transform iteration method implementation to
fractional diffusion-wave equations

Now we are ready to implement STIM for obtaining analytical and
numerical solutions of Eq. (1.1)-(1.2). By taking Sumudu transform
from the Eq. (1.1)-(1.2), with respect to the independent variable t and
using the initial conditions, we get

(2.1) u−αξ̄(x, u)− u−αξ(x, 0)− u1−α ∂

∂t
ξ(x, 0) = λ

∂β ξ̄(x, u)

∂xβ
.

Solving for ξ̄(x, u), we get

(2.2) ξ̄(x, u) = ξ(x, 0) + u
∂

∂t
ξ(x, 0) + λuα

∂β ξ̄(x, u)

∂xβ
.
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By notice the following Sumudu transform pair

(2.3)
tk

Γ(k + 1)

S←→ uk,

and by applying the inverse Sumudu transform to both sides of Eq.
(2.2), and using the convolution Theorem 1.2, we get

ξ(x, t) = ξ(x, 0) + t
∂

∂t
ξ(x, 0) +

tα−1

Γ(α)
∗ λ∂

β ξ̄(x, u)

∂xβ

= ξ(x, 0) + t
∂

∂t
ξ(x, 0) +

λ

Γ(α)

∫ t

0
(t− τ)α−1∂

βξ(x, τ)

∂xβ
dτ.(2.4)

According to [6], by imposing the initial conditions to obtain the solution
of Eq. (1.1)-(1.2), we can construct an iteration formula as follows

ξ0(x, t) = ξ(x, 0) + t
∂

∂t
ξ(x, 0),(2.5)

ξj+1(x, t) = ξ0(x, t) +
λ

Γ(α)

∫ t

0

(t− τ)α−1 ∂
βξj(x, τ)

∂xβ
dτ, j = 0, 1, · · · .(2.6)

By the above iteration each term will be determined by the previous
terms and the approximation of iteration formula can be entirely evalu-
ated. Consequently, the solution may be written as

(2.7) ξ(x, t) = lim
j→∞

ξj(x, t).

3. Existence and uniqueness of solution

Theorem 3.1. Suppose that λ∂βξ(x,t)
∂xβ ∈L1(0, X)×(0, T ) and the STIM

is applied to Eq. (1.1)-(1.2). Then, this equation has a unique solution
ξ(x, t)∈L1(0, X)×(0, T ).

Proof. As before, applying the Sumudu transform with respect to time
variable t from (1.1)-(1.2) and application of the inverse Sumudu trans-
form, we have

(3.1) ξ(x, t) = ξ(x, 0) + t
∂

∂t
ξ(x, 0) +

λ

Γ(α)

∫ t

0
(t− τ)α−1∂

βξ(x, τ)

∂xβ
dτ.

Using the rule for the Caputo fractional differentiation of the power
function, we easily obtain that

(3.2)
∂α

∂tα
(tk) = 0, α > k.
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Using (3.2), the direct substitution of the function defined by the ex-
pression (3.1) in the Eq. (1.1), we have

∂α

∂tα

( λ

γ(α)

∫ t

0
(t− τ)α−1∂

βξ(x, τ)

∂xβ
dτ

)

(3.3) =
∂α

∂tα
Iαt

(
λ
∂βξ(x, t)

∂xβ

)
= λ

∂βξ(x, t)

∂xβ
.

Therefore, ξ(x, t) satisfies (1.1)-(1.2) and the existence of the solution is
proved. Furthermore, it follows from (3.1) that ξ(x, t)∈L1(0, X)×(0, T ).

The uniqueness follows from the linearity of fractional differentiation
and the properties of the Sumudu transform. Indeed, if there exist two
solutions ξ(x, t) and ξ̂(x, t), then ζ(x, t) = ξ(x, t) − ξ̂(x, t) must satisfy
∂α

∂tα ζ(x, t) = 0. Then, the Sumudu transform ζ̄(x, u) = 0, and therefore
ζ(x, t) = 0 almost everywhere in the considered interval, which proves
that the solution in L1(0, X)×(0, T ) is unique. □

4. Convergence analysis

Theorem 4.1. Under the assumption of boundedness the initial condi-
tions (1.2), The STIM to approximate the solution of Eq. (1.1)-(1.2) is
convergent.

Proof. Applying the STIM method to Eq. (1.1)-(1.2), we obtain the
following recursive formula

ξ0(x, t) = ξ(x, 0) + t
∂

∂t
ξ(x, 0),(4.1)

ξj+1(x, t) = ξ0(x, t) +
λ

Γ(α)

∫ t

0
(t− τ)α−1∂

βξj(x, τ)

∂xβ
dτ.(4.2)

We can write (4.1) as

(4.3) ξj+1(x, t) = ξ0(x, t) +
1

Γ(α)

∫ t

0
(t− τ)α−1K(x, τ)ξj(x, τ)dτ,

therefore

(4.4) |ξ1(x, t)− ξ0(x, t)| ≤
1

Γ(α)

∫ t

0
(t− τ)α−1|K(x, τ)| |ξ0(x, τ)|dτ.

By assumption the boundedness of initial conditions, we have

(4.5) K1 = ||ξ(x, 0)||∞ <∞, K2 = ||K(x, t)||∞ <∞.
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Therefore

(4.6) |ξ1(x, t)− ξ0(x, t)| ≤ K1K2
tα

γ(α+ 1)
.

In the same manner

(4.7) |ξ2(x, t)− ξ1(x, t)| ≤ K1K
2
2

t2α

γ(2α+ 1)
,

and finally

(4.8) |ξj(x, t)− ξj−1(x, t)| ≤ K1K
j
2

tjα

γ(jα+ 1)
.

As we know, the series of
∑∞

j=0K1K
j
2

tjα

γ(jα+1) = K1Eα(K2t
α), where

Eα(z) is the one-parametric Mittag-Leffler function defined as follows:

(4.9) Eα(z) =
∞∑
n=0

zn

Γ(nα+ 1)
z ∈ C,

is convergent in the whole real line, therefore the series of

(4.10) (ξ0(x, t) + [ξ1(x, t)− ξ0(x, t)] + · · ·+ [ξj(x, t)− ξj−1(x, t)] + · · · ),

is absolutely convergent, i.e., the sequence {ξj(x, t)}∞j=1 is convergent for

(x, t)∈(0, X)×(0, T ). □

5. Stability analysis

Theorem 5.1. Under the assumptions of Theorem 4.1, the Eq. (1.1)-
(1.2) has a solution ξ(x, t) which is asymptotically Mittag-Leffler stable.

Proof. Consider the fractional diffusion-wave equations in the form (1.1)-
(1.2). Assume now that ξ(x, t) and ζ(x, t) be the solutions of Eq. (1.1)-
(1.2) and the following fractional diffusion-wave equations, respectively

∂αζ(x, t)

∂tα
= λ

∂βζ(x, t)

∂xβ
,(5.1)

ζ(x, 0) = u(x),
∂

∂t
ζ(x, 0) = χ(x),(5.2)

where |ξ(x, 0)−ζ(x, 0)| ≤ ϵ0 and | ∂∂tξ(x, 0)−
∂
∂tζ(x, 0)| ≤ ϵ1. From (4.3),

we have

(5.3) ξj+1(x, t) = ξ0(x, t) +
1

Γ(α)

∫ t

0
(t− τ)α−1K(x, τ)ξj(x, τ)dτ,
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and suppose that

(5.4) |K(x, t)| ≤ L, ∀(x, t)∈(0, X)×(0, T ).

Therefore

(5.5) |ξ0(x, t)− ζ0(x, t)| ≤
1∑

k=0

|ϵk|
tk

k!
,

|ξ1(x, t)− ζ1(x, t)| ≤ |ξ0(x, t)− ζ0(x, t)|

+
1

Γ(α)

∫ t

0
(t− τ)α−1|K(x, τ)| |ξ0(x, τ)− ζ0(x, τ)|dτ

≤
1∑

k=0

|ϵk|
tk

k!
+

1∑
k=0

|ϵk|L
1

Γ(α)

∫ t

0
(t− τ)α−1 t

k

k!

≤
1∑

k=0

|ϵk|
( tk
k!

+ L
tα+k

Γ(α+ k + 1)

)
≤

1∑
k=0

|ϵk|
( 1∑

m=0

Lm tmα+k

Γ(mα+ k + 1)

)
.(5.6)

Similarly, we have

(5.7) |ξ2(x, t)− ζ2(x, t)| ≤
1∑

k=0

|ϵk|
( 2∑

m=0

Lm tmα+k

Γ(mα+ k + 1)

)
,

and by induction

(5.8) |ξj(x, t)− ζj(x, t)| ≤
1∑

k=0

|ϵk|
( j∑

m=0

Lm tmα+k

Γ(mα+ k + 1)

)
.

Taking the limit of (5.8) as j→∞ and by the definition of Mittag-Leffler
function, we have

|ξ(x, t)− ζ(x, t)| ≤
1∑

k=0

|ϵk|
( ∞∑

m=0

Lm tmα+k

Γ(mα+ k + 1)

)
≤

1∑
k=0

|ϵk|tkEα,k+1(Lt
α),(5.9)
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where Eα,β(z) is the two-parametric Mittag-Leffler function defined by
the following series representation, valid in the whole complex plane

(5.10) Eα,β(z) =

∞∑
n=0

zn

Γ(nα+ β)
, z ∈ C,

and this completes the proof.

It concludes from this theorem that small changes in initial conditions
cause only small changes of the obtained solution. □

6. Error analysis

Theorem 6.1. By application the STIM on Eq. (1.1)-(1.2), the upper
bound of error can be estimated as follows:

(6.1) ej = |ξ(x, t)− ξj−1(x, t)| ≤
ML(j−1)αδjα

Γ(1 + jα)
,

where L is an upper bound of K(x, t), |t| < δ and M = max |λ∂βξ0(x,t)
∂tβ

|.

Proof. The prrof is by induction. For j = 1 we have

e1 = |ξ1(x, t)− ξ0(x, t)| =
∣∣∣ λ

Γ(α)

∫ t

0
(t− τ)α−1∂

βξ0(x, t)

∂tβ
dτ

∣∣∣
≤ M |t|α

Γ(1 + α)
≤ Mδα

Γ(1 + α)
.(6.2)

Now suppose that (6.1) holds for j. We prove that it holds for j + 1:

ej+1 = |ξj+1(x, t)− ξj(x, t)|

=
∣∣∣ λ

Γ(α)

∫ t

0
(t− τ)α−1K(x, τ){ξj(x, τ)− ξj−1(x, τ)}dτ

∣∣∣
≤ 1

Γ(α)

∫ t

0
(t− τ)α−1L|ξj(x, τ)− ξj−1(x, τ)|dτ

=
1

Γ(α)

∫ t

0
(t− τ)α−1L|ej(x, τ)|dτ

≤ 1

Γ(α)

∫ t

0
(t− τ)α−1ML(j−1)αδjα

Γ(1 + jα)
dτ

≤ MLjαδ(j+1)α

Γ(1 + (j + 1)α)
.(6.3)
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But, from Theorem 4.1 ξ(x, t) = limj→∞ ξj(x, t) and thus

(6.4) ej = |ξ(x, t)− ξj−1(x, t)| ≤
ML(j−1)αδjα

Γ(1 + jα)
.

□

7. Test examples

In this section, we apply the proposed method to some fractional
diffusion-wave models. As we will see, the Mittag-Leffer function ap-
pears in the solutions of these examples.

Example 7.1. Consider the following fractional diffusion-wave equation

∂αξ(x, t)

∂tα
= λ

∂2αξ(x, t)

∂x2α
, 0 < α < 2,(7.1)

ξ(x, 0) = Eα(x
α),

∂

∂t
ξ(x, 0) = 0.(7.2)

The second initial condition is for α > 1 only. From (2.5)-(2.6) and by
imposing the initial condition, we have

(7.3) ξj+1(x, t) = Eα(x
α) +

λ

Γ(α)

∫ t

0
(t− τ)α−1∂

2αξj(x, τ)

∂x2α
dτ.

Hence

ξj(x, t) = Eα(x
α)

j∑
k=0

λktkα

γ(1 + kα)
,(7.4)

and therefore

(7.5) ξ(x, t) = lim
j→∞

ξj(x, t) = Eα(x
α)Eα(λt

α).

We see that our approximate solution is in coincide with the exact
solution ξ(x, t) = Eα(x

α)Eα(λt
α). The Eq. (7.1)-(7.2) is calculated

numerically for different values of α with λ = 1. The results of ξ(x, t)
are presented in Figs. 1, 2, 3.

Example 7.2. Consider the following fractional diffusion-wave equation

∂αξ(x, t)

∂tα
= λ

∂4αξ(x, t)

∂x4α
, 0 < α < 2,(7.6)

ξ(x, 0) = cosα(x
α),

∂

∂t
ξ(x, 0) = 0,(7.7)
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Figure 1. Plot of the approximation ξ(x, t) for α = 1
and λ = 1.
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Figure 2. Plot of the approximation ξ(x, t) for α = 0.9
and λ = 1.

where the cos function in fractional sence is defined as

(7.8) cosα(x
α) =

∞∑
k=0

(−1)kx2αk

Γ(1 + 2αk)
.
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Figure 3. Plot of the approximation ξ(x, t) for α = 0.8
and λ = 1.

As before, the second initial condition is for α > 1 only. From (2.5)-(2.6)
and by imposing the initial conditions, we have

(7.9) ξj+1(x, t) = cosα(x
α) +

λ

Γ(α)

∫ t

0
(t− τ)α−1∂

4αξj(x, τ)

∂x4α
dτ.

Hence

ξj(x, t) = cosα(x
α)

j∑
k=0

λktkα

γ(1 + kα)
,(7.10)

and therefore

(7.11) ξ(x, t) = lim
j→∞

ξj(x, t) = cosα(x
α)Eα(λt

α),

which is an exact solution of the given fractional diffusion wave Eq.
(7.6)-(7.7). This equation is calculated numerically for different values
of α with λ = 1. The results of ξ(x, t) are presented in Figs. 4, 5, 6.

8. Conclusions

In this manuscript, the STIM has been successfully applied to com-
pute the approximate analytical solution of the fractional diffusion-wave
equations. The convergence and stability of the method, as applied to
this equation have been thoroughly investigated. The obtained results
show that, our approach provides the solution in terms of convergent
series with easily computable components in a direct way and is very
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Figure 4. Plot of the approximation ξ(x, t) for α = 1
and λ = 1.
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Figure 5. Plot of the approximation ξ(x, t) for α = 1.1
and λ = 1.

effective and convenient for dealing with the fractional diffusion-wave
equations. Since we need to find just a few terms of the series, then the
rest will be determined, automatically.
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