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Abstract. We obtain a contractive condition for the existence of
coincidence points of a pair of self-mappings defined on a nonempty
subset of a complete convex metric space. Moreover, we show that
weakly compatible pairs have at least a common fixed point.
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1. Introduction and preliminaries

W. Takahashi [22] introduced the notion of convexity in metric spaces
and proved that all normed spaces and their convex subsets are convex
metric spaces. He also gave some examples of convex metric spaces
which are not embedded in any normed/Banach spaces. Afterward,
many authors have studied fixed point theorems in convex metric spaces,
for example see [2, 3, 4, 5, 6, 9, 10, 21].

In this paper, we introduce a generalized contractive condition for a
pair of self-mappings and prove the existence of a coincidence point for
such a pair in a complete convex metric space as well as we prove the
existence of a common fixed point for weakly compatible mappings and
Banach operator pairs.

We now review notations and definitions needed. We denote by N and
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R the set of natural numbers and the set of real numbers, respectively.
We also denote by I the identity mapping. Let K be a nonempty subset
of a metric space (X, d), and let S, T be self-mappings of K. A point
x of K is called (i) a fixed point of T if Tx = x; (ii) a common fixed
point of the pair (S, T ) if Sx = Tx = x; (iii) a coincidence point of the
pair (S, T ) if Sx = Tx. The set of fixed points of T is denoted by F (T ).
The set of common fixed points(respectively, coincidence points)of the
pair (S, T ) is denoted by F (S, T ) (respectively, C(S, T )). Note that
C(I, T ) = F (T ). The mapping T is called (i) a contraction if there
exists k ∈ [0, 1) such that d(Tx, Ty) ≤ kd(x, y) for all x, y ∈ K; (ii) an
S-contraction if there exists k ∈ [0, 1) such that d(Tx, Ty) ≤ kd(Sx, Sy)
for all x, y ∈ K. The pair (S, T ) is said to be (i) commuting if STx =
TSx for all x ∈ K; (ii) R-weakly commuting [19] if there exists R > 0
such that d(STx, TSx) ≤ Rd(Sx, Tx) for all x ∈ K. If R=1, then
the mappings are called weakly commuting [20]; (iii) compatible [16]
if lim
n→∞

d(STxn, TSxn) = 0, whenever {xn}∞n=1 is a sequence in K such

that lim
n→∞

Sxn = lim
n→∞

Txn = x for some x ∈ K; (iv) weakly compatible if

they commute on C(S, T ) i.e., STx = TSx for all x ∈ C(S, T ) (see [8, 17]
for more details). It is well known that commuting mappings are weakly
commuting and weakly commuting mappings are R-weakly mappings.
Moreover, R-weakly mappings are compatible and compatible mappings
are weakly compatible.
The following example shows that the converse of the above results are

not true in general.

Example 1.1. Let X = R with the usual metric d(x, y) =| x− y | for all
x, y ∈ X, we have:

(1) Let K = [0, 1]. Let Sx = x2 and Tx = x2

2 for all x ∈ K. It is trivial
that S and T are weakly commuting but are not commuting.
(2) Let K = [0,∞], and consider Sx = 2x−1 and Tx = x2 for all x ∈ K.
Then S and T are 2-weakly commuting but are not weakly commuting
(see [19]).
(3) Let K = X, Sx = x3, Tx = 2x3, x ∈ K. Then S and T are
compatible but are not R-weakly commuting (see [14, 15, 16] for more
details).
(4) Let K = [0, 10], and define self-mappings S and T of K by S(1) = 1,
S(x) = 4 if 1 < x < 6, S(x) = 1 if 6 ≤ x ≤ 10, and T (1) = 1, T (x) = 3
if 1 < x < 6, T (x) = x − 5 if 6 ≤ x ≤ 10. For sequence {xn}∞n=1

defined by xn = 6 + 1
n , n ≥ 1, we have lim

n→∞
Sxn = lim

n→∞
Txn = 1
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but lim
n→∞

d(STxn, TSxn) = 3 6= 0. So the mappings S and T are not

compatible. It is easy to see that S and T are weakly compatible.

The ordered pair (S, T ) is called a Banach operator pair if the set
F (T ) is S-invariant, namely S(F (T )) ⊆ F (T ) (see [7]). It is easy to
see that if the mappings S and T are commuting, then the pair (S, T )
is a Banach operator pair but the converse is not true in general (see
Example 1(ii) of [7]). If (S, T ) is a Banach operator pair, then (T, S)
need not be a Banach operator pair (see [7, 12]).

Definition 1.2. Let (X, d) be a metric space. A mapping
W : X ×X × [0, 1]→ X is said to be a convex structure on X, if

d(u,W (x, y, λ)) ≤ λd(u, x) + (1− λ)d(u, y)

for each x, y, u ∈ X and λ ∈ [0, 1] (see [22]). A metric space (X, d)
together with a convex structure W is called a convex metric space. A
nonempty subset K of X is said to be convex if W (x, y, λ) ∈ K for all
x, y ∈ K and λ ∈ [0, 1] (see [1, 22]).

Let be X a convex metric space. The open balls and the closed balls
are convex subsets of X. If {Cα}α∈J is a family of convex subsets of
X, then

⋂
α∈J Cα is a convex subset of X (see [1, 22] for more details).

All normed spaces and their convex subsets are convex metric spaces.
But there are some examples of convex metric spaces which are not
embedded in any normed space (see [22]).

Definition 1.3. Let K be a convex subset of a convex metric space
X with the structure W . A self-mapping T of K is said to be affine if
T (W (x, y, λ)) = W (Tx, Ty, λ) for each x, y ∈ K and λ ∈ [0, 1] (see [13]).

2. Main results

The following lemma of [11] plays a basic role to prove Theorem 2.3.

Lemma 2.1. Let X be a nonempty set and f : X → X a function. Then
there exists a subset E ⊆ X such that f(E) = f(X) and f : E → X is
one-to-one.

Theorem 2.2. Let K be a nonempty closed convex subset of a complete
convex metric space X, and let T be a self-mapping of K. If T satisfies

(2.1) ad(x, Tx) + bd(y, Ty) + cd(Tx, Ty) ≤ ed(x, y)

for each x, y ∈ K, where (a, b, c, e) ∈ R4 and

2b− | c |≤ e < 2(a+ b+ c)− | c | .
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Then T has a fixed point. Moreover, if e < c, then T has a unique fixed
point.

Proof. By Theorem 3.2 of [18] , F (T ) is nonempty. Suppose e < c and
u, v ∈ F (T ). Inequality ( 2.1) implies (c − e)d(u, v) ≤ 0. Therefore,
u = v. �

Theorem 2.3. Let K be a nonempty subset of a complete convex metric
space X, and let S and T be two self-mappings of K such that S(K) is
closed and convex as well as T (K) ⊆ S(K). If (S, T ) satisfies

(2.2) ad(Sx, Tx) + bd(Sy, Ty) + cd(Tx, Ty) ≤ ed(Sx, Sy)

for each x, y ∈ K, where (a, b, c, e) ∈ R4 and

2b− | c |≤ e < 2(a+ b+ c)− | c | .
Then S and T have a coincidence point. Moreover, if e < c, then the
restriction of the mapping S to C(S, T ) is a constant mapping.

Proof. By Lemma 2.1, there exists a subset E ⊆ K such that S(E) =
S(K) and S : E → K is one-to-one. Now, define a function H : S(E)→
S(E) by H(Sx) = Tx for all x ∈ E. Since S : E → K is one-to-one, H
is well-defined. From( 2.2), we obtain

ad(Sx,H(Sx)) + bd(Sy,H(Sy)) + cd(H(Sx), H(Sy)) ≤ ed(Sx, Sy)

for each x, y ∈ E. By Theorem 2.2, there exists u ∈ E such that
H(Su) = Su. Hence u is a coincidence point of (S, T ). We next show
that the mapping S on C(S, T ) is constant. Let y ∈ K and Sy = Ty.
Since u, y ∈ C(S, T ) and e < c, inequality ( 2.2) implies Su = Ty. �

Theorem 2.4. Let K be a nonempty subset of a complete convex metric
space X. Let S and T be two self-mappings of K such that S(K) is a
closed convex subset of X, and T (K) ⊆ S(K). If (S, T ) is a weakly
compatible pair and satisfies in inequality ( 2.2) and e < c, then S and
T have a common fixed point.

Proof. By Theorem 2.3, C(S, T ) is nonempty. Let u ∈ C(T, S); hence,
Su = Tu = v. Since (S, T ) is weakly compatible, Sv = Tv. From
( 2.2), we obtain cd(v, Tv) ≤ ed(v, Tv). Since e < c, we conclude that
Sv = Tv = v. �

Theorem 2.5. Let K be a nonempty subset of a complete convex metric
space X. Let S and T be two self-mappings of K such that F (S) is
a nonempty closed convex subset of X. Assume that (S, T ) satisfies
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in inequality ( 2.2), and (T, S) is a Banach operator pair. Then the
mappings S and T have at least a common fixed point. In particular, if
e < c, then the mappings S and T have a unique common fixed point.

Proof. Since (T, S) is a Banach operator pair, we have T (F (S)) ⊆ F (S).
By Theorem 2.3, there exists u ∈ F (S) such that Tu = Su = u. So
F (S, T ) is nonempty. Let e < c and v ∈ F (S, T ). From ( 2.2), we get
cd(u, v) ≤ ed(u, v). This implies that u = v. Therefore, F (S, T ) is a
singleton set. �
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