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THE USE OF MATLAB PLATFORM TO COMPTE

SOME GEOMETRIC QUANTITIES OF 3-MANIFOLD

SOL3

NEMAT ABAZARI AND MASOUD SAHRAIY

Abstract. In this paper we use MATLAB platform [7, 8] to cal-
culate some quantities of 3-manifold sol3 like Christoffel symbols,
curvatures, Einstein tensor and plot the geodesics of this space.
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1. Introduction

The space sol3 is a simply connected homogeneous 3-dimensional man-
ifold whose isometry group has dimension 3 and it is one of the eight
models of geometry of Thurston [4, 5, 6]. The space sol3 can be viewed
as R3 with this metric

ds2 = e2zdx2 + e−2zdy2 + dz2.

In this paper we calculate some geometric quantities like Christoffel sym-
bols, Riemannian curvature tensor, Ricci tensor, scalar curvature and
Einstein tensor in sol3 space by building MATLAB files [7, 8] that com-
pute all of these quantities. For example in 2.5 we introduce MZSOL6
function in MATLAB. This function is able to calculate Einstein tensor
in sol3 space and each of Gjk’s can be obtain by calling this function.
In 2.6 we construct the geodesic equations and solve these equations
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58 N. Abazari and M. Sahraiy

by MATLAB to plot the geodesics in sol3 space. MATLAB files are
included in appendix at the end of the paper.

2. Calculate some geometric quantities and plot the
geodesics of 3-manifold sol3

This metric in 3-manifold sol3 is the form [5, 6]

ds2 = e2zdx2 + e−2zdy2 + dz2.

So the metric coefficients and the invers of matrix coefficients are as
follows :

gij =

 e2z 0 0
0 e−2z 0
0 0 1

 , gij =

 e−2z 0 0
0 e2z 0
0 0 1

 .

2. 1. Christoffel Symbols
The Christoffel symbols of first kind are defined by [3]:

Γm
ij =

1

2
gkm

(
−∂gij
∂xk

+
∂gik
∂xj

+
∂gjk
∂xi

)
.

So in sol3 space we design function file MZSOL1 to compute Christoffel
symbols. The function file MZSOL1 has 3 arguments. The first two
arguments are lower indexes in Γm

ij and the third argument is upper

index in Γm
ij . for example to compute Γ3

11 it is enough to call MZSOL1

with (1,1,3) or type MZSOL1 (1,1,3) in MATLAB , so we have:
≫ MZsol1(1,1,3)
The christoffel symbol(gama 11ˆ3) is:

ans =
-exp(2*z)
So we will have this equality: Γm

ij=MZSOL1(i,j,m)
By this process we have obtained Christoffel symbols. The nonzero
components are the following:

Γ1
13 = 1,Γ1

31 = 1,Γ2
23 = −1

Γ2
32 = −1,Γ3

11 = −e2z,Γ3
22 = e−2z.

2. 2. Riemannian Curvature Tensor
The Riemannian curvature tensor is given by [3]:

Rs
ijk =

∂Γs
ij

∂xk
−

∂Γs
ik

∂xj
+ Γr

ijΓ
s
rk − Γr

ikΓ
s
rj , Rijkl = gsiR

s
jkl.
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It is clear that to compute Riemannian curvature we should calculate
Christoffel symbols and metric coefficient. We have metric coefficient
and obtained Christoffel symbols in 2.1. To compute Ri

jk we construct
MZSOL2 in sol3 space. MZSOL2 is a function with 4 arguments .The
first 3 arguments are lower indexes and the forth argument is upper
indexes of Rs

ijk for example to compute R1
313 it is enough to call MZSOL2

in MATLAB or type MZsol2(3, 1, 3, 1) in MATLAB, we have:
≫ MZsol2(3,1,3,1)
The curvature (R 313ˆ1) is:
ans = -1

So we have:
Rs

ijk = MZsol2(i, j, k, s)

With this method we have obtained Rs
ijk in sol3 space that nonzero

components are follows:

R2
112 = −e2z, R3

113 = e2z, R2
121 = e2z,

R3
131 = −e2z, R2

212 = e−2z, R1
221 = −e−2z,

R3
223 = e−2z, R2

232 = −e−2z, R1
313 = −1,

R2
323 = −1, R1

331 = 1, R2
332 = 1.

Also to calculate Rijkl in sol3 space we construct MZSOL3 with 4 ar-
guments. These arguments are Rijkl indexes. For example to cal-
culate R2332 it is enough to call MZSOL3 with (2, 3, 3, 2) or type
MZsol3(2, 3, 3, 2) In MATLAB and we have:
≫ MZsol3(2,3,3,2)
The curvature( R 2332) is:
ans =
1/exp(2*z)
So we will have this equality:Rijkl = MZSOL3 (i, j, k, l) .
By this process we have obtained Rijkl in sol3 space that nonzero com-
ponents are the following:

R1212 = 1, R1221 = −1, R1313 = −e2z,

R1331 = e2z, R2112 = −1, R2121 = 1,

R2323 = −e−2z, R2332 = e−2z, R3113 = e−2z,

R3131 = −e2z, R3223 = e−2z, R3232 = −e−2z.

Also with this method we can see that these R′
ijkls satisfying the follow-

ing equalities:
Rijkl = −Rjikl = −Rijlk = Rklji.
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2. 3. Ricci Tensor
From [2] we know that the components of Ricci curvature tensor are

defined by
Rjk = Ri

jkl.

To compute Ricci tensor in sol3 space we construct function file MZSOL4
with two arguments and these arguments are Rjk indexes. For example
to compute R33 it is enough to call MZSOL4 with arguments (3, 3) or
type the MZsol4 (3, 3) and we have:
≫ MZsol4(3,3 (
The Ricci tensor (R 33) is:
ans =
-2

So we will have:
Rjk = MZSOL4 (j, k) ,

Finally the Ricci tensor is the following:

Rij =

 0 0 0
0 0 0
0 0 −2

 .

2. 4. Scalar Curvature
The scalar curvature is defined by [1]:

S = Rjkg
kj .

To compute scalar curvature in sol3 space we construct MATLAB script
MZSOL5 and it is enough to run MZSOL5 to obtain scalar curvature.
So we have:
≫ MZsol5
The scalar curvature is:
-2

We can see that the scalar curvature in sol3 space is equal with -2.
2. 5. Einstein Tensor

The Einstein tensor is defined by [1]:

Gjk = Rjk −
s

2
gjk.

In this equation the Rjk’s are Ricci tensor that we calculated in 2.4 and

jk’s are metric coefficients. To compute Einstein tensor in sol3 space we

construct MZSOL6 with two arguments and these arguments are G
′
jks

Indexes. For example to compute G11 It is enough to call MZSOL6 with
(1, 1) argument or type MZSOL6(1,1) in MATLAB and we have:
≫ MZsol6(1,1)
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The Einstein tensor (G 11) is:
ans =
exp(2*z)
So we will have:

Gjk = MZSOL6(j, k)

By this process we have obtained G
′
jks that nonzero components are the

following:

G11 = e2z, G22 = e−2z, G33 = −1.

So the Einstein tensor in sol3 space is:

Gjk =

 e2z 0 0
0 e−2z 0
0 0 −1

 .

2. 6. Geodesic
Definition: A parameterized curve γ : I → M is a geodesic at t0 ∈ I

if D
dt

(
d γ
dt

)
= 0 at the point t0 . If γ is a geodesic at, for all t ∈ I , we

say that γ is a geodesic.
Also we know that in local coordinates the curve γ (t) = (x1 (t) , . . . , xn (t))

is a geodesic if and only if it satisfies in geodesic equation:

d2xk
dt2

+
∑
i,j

Γk
ij

dxi
dt

dxj
dt

= 0.

So the geodesic equations of sol3 space are:
d2x(t)

dt
+ 2

d x(t)

dt

d z(t)

dt
= 0,

d2y(t)

dt
− 2

d y (t)

dt

d z (t)

dt
= 0,

d2z(t)

dt
− e2z(t)

dx (t)

dt

dx (t)

dt
+ e−2z(t)dy (t)

dt

dy (t)

dt
= 0.

To solve the geodesic equations we use numerical solution of ODEs in
MATLAB. First we build the function file MZSOL7 containing the ge-
odesic equations and then we build the MATLAB script MZSOL8 with
ODE45 to solve the geodesic equations and plot the result.

These pictures are geodesics of sol3 space. The first two pictures are
side view of geodesics in 3-dimensional and the picture in second row is
geodesic of sol3 space in 2-dimensional XY.
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3. Conclusion

In this paper we illustrated the possibility of the study of geodesic
motion and geometric objects for sol3 space using the graphical facili-
ties of computer platform. This method by MATLAB can be used to
compute many quantities in geometry and other sciences.

4. Appendix (M-Files)

MZsol1:
function gama nm k =MZsol1(n,m,k)
%Description: compute the christoffel symbol of sol3 space
if ((n>3) |(n<1)) |((m>3) |(m<1)) |((k>3) |(k<1))
disp(’ error : notice that 1 <= n,m,k <= 3 because dimension is 3 .’ )
elseif n<=3 && m<=3 && k<=3
syms x y z;
g=[exp(2*z) 0 0;0 exp(-2*z) 0;0 0 1];
G=inv(g);X=[x y z];
gama nm k=0;
for s=1:3
W=1/2*G(s,k)*(diff(g(m,s),X(n))+diff(g(s,n),X(m))-diff(g(n,m),X(s)));
gama nm k=W+gama nm k;
end
v1=’ the christoffel symbol’;
v2=’gama ’;v3=’ is :’;
disp([v1 ’(’ v2 num2str(n) num2str(m) ’ˆ’ num2str(k) ’)’ v3]);
sum(gama nm k);
end
————————————————————————————————

MZsol2:
function R ABC D =MZsol2(A,B,C,D)
%Description: compute the curvature(R ikjˆs) of sol3 space
x=sym(’x’,’real’);y=sym(’y’,’real’);
z=sym(’z’,’real’);X=[x y z];
L 1=diff(gama(A,C,D),X(B))-diff(gama(A,B,D),X(C));
L 3=0;R ABC D=0;
for S=1:3
L 2=((gama(A,C,S))*(gama(S,B,D)))-((gama(A,B,S))*(gama(S,C,D)));
L 3=L 3+L 2;
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end
R ABC D=L 1+L 3+R ABC D;
function gama nm k = gama(n,m,k)
%compute christoffel symbols
g=[exp(2*z) 0 0;0 exp(-2*z) 0;0 0 1];
G=inv(g);X=[x y z];
gama nm k=0;
for s=1:3
q=1/2*G(s,k)*(diff(g(m,s),X(n))+diff(g(s,n),X(m))-diff(g(n,m),X(s)));
gama nm k=q+gama nm k;
end
sum(gama nm k);
end
w1=’ the curvature’;w2=’ R ’;w3=’ is : ’;
disp([w1 ’(’ w2 num2str(A) num2str(B) num2str(C) ’ˆ’ num2str(D) ’)’
w3]);
sum(R ABC D);
end
————————————————————————————————

MZsol3:
function R aABC =MZsol3(a,A,B,C)
%Description: compute the curvature (Rikjs) of sol3 space
x=sym(’x’,’real’);y=sym(’y’,’real’);z=sym(’z’,’real’);
g=[exp(2*z) 0 0;0 exp(-2*z) 0;0 0 1];
R aABC=0;
for w=1:3
F=g(a,w).*(masoud102(A,B,C,w));
R aABC= R aABC+F;
end
function R ABC D = masoud102(A,B,C,D)
%compute R ijkˆs of sol3 space.
X=[x y z];
L 1=diff(gama(A,C,D),X(B))-diff(gama(A,B,D),X(C));
L 3=0;R ABC D=0;
for S=1:3
L 2=((gama(A,C,S))*(gama(S,B,D)))-((gama(A,B,S))*(gama(S,C,D)));
L 3=L 3+L 2;
end
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R ABC D=L 1+L 3+R ABC D;
function gama nm k = gama(n,m,k)
%compute christoffel symbols.
g=[exp(2*z) 0 0;0 exp(-2*z) 0;0 0 1];
G=inv(g);X=[x y z];gama nm k=0;
for s=1:3
q=1/2*G(s,k)*(diff(g(m,s),X(n))+diff(g(s,n),X(m))-diff(g(n,m),X(s)));
gama nm k=q+gama nm k;
end
sum(gama nm k);
end
sum(R ABC D);
end
p1=’ the curvature’;p2=’ R ’;p3=’ is : ’;
disp([p1 ’(’ p2 num2str(a) num2str(A) num2str(B) num2str(C) ’)’ p3]);
sum( R aABC);
end
————————————————————————————————

MZsol4:
function ricci =MZsol4(u,v)
%Description: compute the ricci tensor of sol3 space
x=sym(’x’,’real’);y=sym(’y’,’real’);z=sym(’z’,’real’);
R uv=0;
for o=1:3
t=sum(masoud102(u,o,v,o));
R uv=t+R uv;
end
function R ABC D = masoud102(A,B,C,D)
%compute of R ikjˆs of sol3 space.
X=[x y z];
L 1=diff(gama(A,C,D),X(B))-diff(gama(A,B,D),X(C));
L 3=0;R ABC D=0;
for S=1:3
L 2=((gama(A,C,S))*(gama(S,B,D)))-((gama(A,B,S))*(gama(S,C,D)));
L 3=L 3+L 2;
end
R ABC D=L 1+L 3+R ABC D;
function gama nm k = gama(n,m,k)
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%compute christoffel symbols.
g=[exp(2*z) 0 0;0 exp(-2*z) 0;0 0 1];
G=inv(g);X=[x y z];
gama nm k=0;
for s=1:3
E=1/2*G(s,k)*(diff(g(m,s),X(n))+diff(g(s,n),X(m))-diff(g(n,m),X(s)));
gama nm k=E+gama nm k;
end
sum(gama nm k);
end
end
h1=’ the ricci tensor’;h2=’ R ’;h3=’ is :’;
disp([h1 ’(’ h2 num2str(u) num2str(v) ’)’ h3]);
sum(R uv)
end
————————————————————————————————

MZsol5:
%Description: compute scalar curvature of sol3 space
clear all;clc;
x=sym(’x’,’real’);y=sym(’y’,’real’);z=sym(’z’,’real’);
g=[exp(2*z) 0 0;0 exp(-2*z) 0;0 0 1];
G=inv(g);X=[x y z];
R=[0 0 0;0 0 0;0 0 -2];
S=0;
for j=1:3
for k=1:3
S1=(R(j,k))*(G(k,j));
S=S+S1;
end
end
t1=’ the scalar curvature is : ’;
disp(t1)
disp(S)
————————————————————————————————

MZsol6:
function G ab =MZsol6(j,k)
%Description: compute the Einstein tensor of sol3 space
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S=-2;G ab=0;
Q=masricc(j,k)-((-2/2)*g(j,k));
G ab=Q+G ab;
function R uv=masricc(u,v )
% compute of ricci tensor (R jk)
x=sym(’x’,’real’);y=sym(’y’,’real’);z=sym(’z’,’real’);
R uv=0;
for o=1:3
t=sum(masoud102(u,o,v,o));
R uv=t+R uv;
end
function R ABC D = masoud102(A,B,C,D)
%compute of R ikjˆs of sol3 space.
X=[x y z];
L 1=diff(gama(A,C,D),X(B))-diff(gama(A,B,D),X(C));
L 3=0;R ABC D=0;
for p=1:3
L 2=((gama(A,C,p))*(gama(p,B,D)))-((gama(A,B,p))*(gama(p,C,D)));
L 3=L 3+L 2;
end
R ABC D=L 1+L 3+R ABC D;
function gama nm k = gama(n,m,k)
%compute christoffel symbols.
g=[exp(2*z) 0 0;0 exp(-2*z) 0;0 0 1];
G=inv(g);X=[x y z];
gama nm k=0;
for s=1:3
E=1/2*G(s,k)*(diff(g(m,s),X(n))+diff(g(s,n),X(m))-diff(g(n,m),X(s)));
gama nm k=E+gama nm k;
end
sum(gama nm k);
end
end
sum(R uv);
end
w1=’ the einstein tensor ’;w2=’ G ’;w3=’ is :’;
disp([w1 ’(’ w2 num2str(j) num2str(k) ’)’ w3]);
end
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————————————————————————————————

MZsol7:
function dy = MZsol7(t,y)
%input arg of ODE45 - for geodesic differential equations of sol3 space
dy=zeros(6,1);
dy(1)=y(2);
dy(2)=-2*(y(2))*(y(6));
dy(3)=y(4);
dy(4)=2*(y(4))*(y(6));
dy(5)=y(6);
dy(6)=(exp(2*y(5)))*(y(2)ˆ2)-(exp(-2*y(5)))*(y(4)ˆ2);
end
————————————————————————————————

%Description: plot geodesic of sol3 space
clear all;clc;
tspan = [0 3];
y0 = [0;1;0;1;0;1];
[t, y] = ode45(@MZsol7, tspan, y0)
plot3(y(:,1),y(:,3),y(:,5),’linewidth’,3,’color’,’b’);
axis square;
xlabel(’X’);ylabel(’Y’);zlabel(’Z’);
grid on;box on;
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