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PRICING FORMULA FOR EXCHANGE OPTION IN

FRACTIONAL BLACK-SCHOLES MODEL WITH

JUMPS

KYONG-HUI KIM, MYONG-GUK SIN AND UN-HUA CHONG

Abstract. In this paper pricing formula for exchange option in a
fractional Black-Scholes model with jumps is derived. We found out
some errors in proof of pricing formula for European call option [7].
At first we revise these errors and then extend this result to pricing
formula for exchange option in fractional Black-Scholes model with
jumps.
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1. Introduction

Fractional Black-Scholes model with jumps is as follows [7].

dB(t) = (rd − rf )B(t)dt, B(0) = 1,

dS(t) = S(t)
(
(µ− λµξ)dt+ σdBH(t) + (eξ − 1)dN(t)

)
,(1.1)

S(0) = S,

where rd, rf are the short-term domestic interest rate and foreign in-
terest rate respectively, and these are known. S(t) denotes the spot
exchange rate at time t and µ, σ are assumed to be constants. BH(t) is
a fractional Brownian motion and N(t) is a Poisson process with rate
λ. ξ(t) is jump size percent at time t which is sequence of independent
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identically distributed, and
(
eξ(t) − 1

)
∼ N

(
µξ(t), σ

2
ξ(t)

)
. In addition,

all three sources of randomness, the fractional Brownian motion BH(t),

the Poisson process N(t) and jump size eξ(t) − 1 are assumed to be
independent.

Currencies are different with stocks; moreover since geometric Brown-
ian motion cannot represent movement currency returns precisely, some
papers have provided evidence of mispricing for currency options by
standard option price model [1]. Merton proposed a jump-diffusion pro-
cess with Poisson jump to match the abnormal fluctuation of stock price
[3, 5].

Non-normality, non-independence and nonlinearity were discovered
in empirical researches of currency return processes. To capture these
non-normal behaviors, scholars have considered other distributions with
fat tails such as Pareto-stable distribution and tried to interpret long
memory and self-similarity using fractional Brownian motion. Research
interest for interpreting these abnormal phenomena was re-encouraged
by new insights in stochastic analysis based on the Wick integration [2].
Neucula and Meng et al. derived fractional Black-Scholes formula for
option pricing using geometric fractional Brownian motion [6, 4]. Model
(1.1), the combination of Poisson jumps and fractional Brownian motion
was introduced and pricing formula for European call option was derived
in [7], but we found out some errors in evaluation of quasi-expectation.
In this paper we revise pricing formula for European call option and
derive pricing formula for exchange option in fractional Black-Scholes
model with jumps and so generalize previous pricing formula for Euro-
pean call option.

2. Preliminaries

We describe some necessary lemmas.

Lemma 2.1. ([6]) (Geometric fractional Brownian motion) Consider
the fractional differential equation

dX(t) = X(t) (µdt+ σdBH(t)) , X(0) = x.

We have that

X(t) = x exp

(
σBH(t) + µt− 1

2
σ2t2H

)
.
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Lemma 2.2. ([6]) f be a function such that E [f(BH(T ))] < ∞. Then
for every t < T we have

Ẽt [f(BH(T ))] =

∫
R

1√
2π(T 2H − t2H)

exp

(
− (x−BH(t))2

2(T 2H − t2H)

)
f(x)dx,

where Ẽ[·] denotes quasi-conditional expectation with respect to FH
t =

B(BH(s), s < t). That is for G =
∑∞

n=0

∫
Rn gndB

⊗n
H ∈ G∗ we define as

Ẽt[G] := Ẽ
[
G|FH

t

]
=

∞∑
n=0

∫
Rn

gn(s)χ0≤s≤t(s)dB
⊗n
H (s).

Let θ ∈ R. Consider the process

B∗
H(t) = BH(t) + θt2H = BH(t) +

∫ t

0
2Hθτ2H−1dτ, 0 ≤ t ≤ T

This process is a fractional Brownian motion under new measure µ∗

by fractional Girsanov theorem, where measure µ∗ is defined as dµ∗

dµ =

Z(t) = exp
(
−θBH(t)− θ2

2 t
2H
)
. We will denote by Ẽ∗

t [·] the quasi-

conditional expectation with respect to µ∗.

Lemma 2.3. ([6]) Let f be a function such that E [f(BH(T ))] < ∞.
Then for every t < T

Ẽ∗
t [f(BH(T ))] =

1

Z(t)
Ẽt [f(BH(T ))Z(T )] .

Lemma 2.4. ([6]) (fractional risk-neutral evaluation) The price at every
t ∈ [0, T ] of a bounded FH

T -measurable claim F ∈ L2(µ) is given by

F (t) = e−r(T−t)Ẽt[F ].

3. Main results

Theorem 3.1. In fractional Black-Scholes model (1.1) with jumps, pric-
ing formula for European call option is as follows.

V (S(t), t) =

∞∑
n=0

λn(T − t)n

n!
e−λ(T−t)εn

×

S(t)exp
(
− λµξ(T − t) +

n∑
j=1

ξj

)
Φ(d+)−Ke−(rd−rf )(T−t)Φ(d−)

 ,
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where εn denotes the expectation operator over the distribution of exp(∑n
j=1 ξj

)
and

d± =
ln(S(t)/K) +

∑n
j=1 ξj + (rd − rf − λµξ)(T − t)

σ
√
T 2H − t2H

±1

2
σ
√

T 2H − t2H .

Proof. It was proved in [2] that model (1.1) is complete and does not

have an arbitrage opportunity. Thus under risk-neutral measure P̂H

model (1.1) can be expressed as

(3.1) dS(t) = S(t)
{
(rd − rf )dt+ σdB̂H(t) + (eξ − 1)dN(t)

}
,

where risk-neutral measure P̂H is defined as

dP̂H

dPH
= exp

{
−θBH(t)− θ2

2
t2H
}
,

under this measure process B̂H(t) = BH(t)+θt2H is a fractional Brown-
ian motion and θ = (µ−λµξ+rf −rd)/σ. By [7] the solution of Eq.(3.1)
is expressed as

S(T ) = S(t)exp

(rd − rf − λµξ)(T − t)− 1

2
σ2(T 2H − t2H)

+σ(B̂H(T )− B̂H(t)) +

N(T−t)∑
j=1

ξj

 ,

By Lemma 2.4 the price at t for European call option F = (S(T )−K)+

is

V (S(t), t) = e−(rd−rf )(T−t)Ẽt[F ] = e−(rd−rf )(T−t)ẼP̂H
[F |FH

t ].

If we define as

Sn(T ) = S(t)exp

(rd − rf − λµξ)(T − t)− 1

2
σ2(T 2H − t2H)

+σ(B̂H(T )− B̂H(t)) +

n∑
j=1

ξj

 ,
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then

V (S(t), t) = e−(rd−rf )(T−t)ẼP̂H
[(S(T )−K)+|FH

t ]

= e−(rd−rf )(T−t)
∞∑
n=0

λn(T − t)n

n!
e−λ(T−t)ẼP̂H

(3.2)

[(Sn(T )−K)+|FH
t ].

Since

ẼP̂H
[(Sn(T )−K)+|FH

t ] = ẼP̂H
[Sn(T )χ{Sn(T )>K}|FH

t ]

−KẼP̂H
[χ{Sn(T )>K}|FH

t ],(3.3)

we firstly estimate ẼP̂H
[χ{Sn(T )>K}|FH

t ]. From Lemma 2.2, we have

ẼP̂H
[χ{Sn(T )>K}|FH

t ] = ẼP̂H
[χ{B̂H(T )>d∗−}|F

H
t ]

=
1√

2π(T 2H − t2H)

∫ ∞

d∗−

exp

(
− (x− B̂H(t))2

2(T 2H − t2H)

)
dx

=
1√
2π

∫ ∞

d∗−−B̂H (t)
√

T2H−t2H

exp

(
−y2

2

)
dy(3.4)

= Φ

(
B̂H(t)− d∗−√
T 2H − t2H

)
= Φ(d−),

where

d∗− =

ln(K/S(t))− (rd − rf − λµξ) (T − t) +
1

2
σ2
(
T 2H − t2H

)

−
n∑

j=1

ξj + σB̂H(t)

 /σ.

Next we estimate ẼP̂H
[Sn(T )χ{Sn(T )>K}|FH

t ]. Let B∗
H(t) = B̂H(t) −

σt2H , then from fractional Girsanov formula, there exists a probability
measure P ∗

H such that B∗
H(t) is a fractional Brownian motion. In fact,

the probability measure P ∗
H is defined as follows:

dP ∗
H

dP̂H

= exp

{
σdB̂H(t)− 1

2
σ2t2H

}
= Z(t).
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From Lemma 2.3 we have

ẼP̂H
[Sn(T )χ{Sn(T )>K}|FH

t ]

= Sexp
(
(rd − rf − λµξ)T +

n∑
j=1

ξj

)
× ẼP̂H

[Z(T )χ{Sn(T )>K}

∣∣∣FH
t ]

= Sexp
(
(rd − rf − λµξ)T +

n∑
j=1

ξj

)
× Z(t)ẼP ∗

H
[χ{B̂H(T )>d∗−}

∣∣∣FH
t ]

= Sn(t)exp
(
(rd − rf − λµξ)(T − t)

)
(3.5)

× ẼP ∗
H
[χ{B̂H(T )>d∗−}

∣∣∣FH
t ]

= S(t)exp
(
(rd − rf − λµξ)(T − t) +

n∑
j=1

ξj

)
× ẼP ∗

H
[χ{B∗

H(T )>d∗+}

∣∣∣FH
t ]

= S(t)exp
(
(rd − rf − λµξ)(T − t) +

n∑
j=1

ξj

)
Φ(d+),

where

d∗+ = d∗− − σT 2H , d+ =
B∗

H(t)− d∗+√
T 2H − t2H

= d− + σ(T 2H − t2H).

Now substituting Eq.(3.4) and Eq.(3.5) into Eq.(3.2) and Eq.(3.3) im-
plies the statement of the theorem. □

Theorem 3.2. In fractional Black-Scholes model (1.1) with jump noise,
pricing formula for exchange option of two foreign currencies is as fol-
lows.

V (S(t), t) =
∞∑
n=0

λn(T − t)n

n!
e−λ(T−t)

S1(t)exp
(
− λµξ(T − t)

+
n∑

j=1

ξ
(1)
j

)
Φ(d̃+)− S2(t)exp

(
− λµξ(T − t) +

n∑
j=1

ξ
(2)
j

)
Φ(d̃−)

 ,
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where εn denotes the expectation operator over the distribution of exp(∑n
j=1 ξj

)
and

d̃± =
ln
(
S1(t)
S2(t)

)
+ 1

2(σ1 − σ2)
2(T 2H − t2H) +

∑n
j=1

(
ξ
(1)
j − ξ

(2)
j

)
(σ1 − σ2)

√
T 2H − t2H

.

Proof. Under the risk-neutral measure P̂H , Exchange rates for two for-
eign currencies S1(t), S2(t) satisfy the following equations:

dS1(t) = S1(t)
{
(rd − rf )dt+ σ1dB̂H(t) + (eξ

(1) − 1)dN(t)
}
,

dS2(t) = S2(t)
{
(rd − rf )dt+ σ2dB̂H(t) + (eξ

(2) − 1)dN(t)
}
.

Using Lemma 2.4, we have the price of exchange option at t

V (S1(t), S2(t), t) = e−(rd−rf )(T−t)ẼP̂H

[
(S1(T )− S2(T ))

+
∣∣FH

t

]
= e−(rd−rf )(T−t)

∞∑
n=0

λn(T − t)n

n!
e−λ(T−t)ẼP̂H

(3.6)

×
[
(S1n(T )− S2n(T ))

+
∣∣FH

t

]
,

where

Sin(T ) = Si(t)exp
{
(rd − rf − λµξ)(T − t)− 1

2
σ2
i (T

2H − t2H)

+ σi(B̂H(T )− B̂H(t)) +

n∑
j=1

ξ
(i)
j

}
.

Also we see that the following facts hold:

ẼP̂H

[
(S1n(T )− S2n(T ))

+
∣∣FH

t

]
= ẼP̂H

[
S2n(T )

(
S1n(T )

S2n(T )
− 1

)+
∣∣∣∣∣FH

t

]
.

Now let

dQH

dP̂H

= exp

{
σ2B̂H(t)− 1

2
σ2
2t

2H

}
= Z̃(t).



162 Kyong-Hui Kim, Myong-Guk Sin and Un-Hua Chong

Then under this measure QH , B̃H(t) = B̂H(t) − σ2
2t

2H is a fractional
Brownian motion and from Lemma 2.3 we have

ẼP̂H

[
S2n(T )

(
S1n(T )

S2n(T )
− 1

)+
∣∣∣∣∣FH

t

]

= ẼP̂H

S2exp

(rd − rf − λµξ)T +

n∑
j=1

ξ
(2)
j

 Z̃(T )

×
(
S1n(T )

S2n(T )
− 1

)+
∣∣∣∣∣FH

t

]

= S2exp

(rd − rf − λµξ)T +

n∑
j=1

ξ
(2)
j

 Z̃(t)ẼQH

×

[(
S1n(T )

S2n(T )
− 1

)+
∣∣∣∣∣FH

t

]
(3.7)

= S2n(t)exp
{
(rd − rf − λµξ)(T − t)

}
ẼQH

×

[(
S1n(T )

S2n(T )
− 1

)+
∣∣∣∣∣FH

t

]

= S2(t)exp

(rd − rf − λµξ)(T − t) +

n∑
j=1

ξ
(2)
j

 ẼQH

×

[(
S1n(T )

S2n(T )
− 1

)+
∣∣∣∣∣FH

t

]
.

Setting t = 0, T = t and considering the expression of Sin(T ), we have

S1n(t)

S2n(t)
=

S1

S2
exp

(σ1 − σ2)dB̂H(t)− 1

2
(σ2

1 − σ2
2)t

2H +
n∑

j=1

(
ξ
(1)
j − ξ

(2)
j

)
=

S1

S2
exp

(σ1 − σ2)dB̂H(t)− 1

2
(σ1 − σ2)

2t2H +
n∑

j=1

(
ξ
(1)
j − ξ

(2)
j

) .
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Thus stochastic process S1n(t)
S2n(t)

satisfies the following stochastic differen-

tial equation

d

(
S1n(t)

S2n(t)

)
=

S1n(t)

S2n(t)

(
(σ1 − σ2)dB̃H(t) +

(
eξ

(1)
j −ξ

(2)
j

)
dN(t)

)
,

so quasi-conditional expectation in Eq.(3.7) can be considered as a price
for European call option with exercise price K=1. Since this is the
special case of Theorem 3.1 with the parameters

Sn(T ) =
S1n(T )

S2n(T )
, rd−rf = 0, σ = σ1−σ2, ξ = ξ(1)−ξ(2), µξ = 0, K = 1,

we have

ẼQH

[(
S1n(T )

S2n(T )
− 1

)+
∣∣∣∣∣FH

t

]

=
S1(t)

S2(t)
exp


n∑

j=1

(
ξ
(1)
j − ξ

(2)
j

)Φ(d̃+)− Φ(d̃−).

Thus substituting above equation into Eq.(3.7) and again into Eq.(3.6),
we obtain the result of theorem. □
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