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PRICING FORMULA FOR EXCHANGE OPTION IN
FRACTIONAL BLACK-SCHOLES MODEL WITH
JUMPS

KYONG-HUI KIM, MYONG-GUK SIN AND UN-HUA CHONG

ABSTRACT. In this paper pricing formula for exchange option in a
fractional Black-Scholes model with jumps is derived. We found out
some errors in proof of pricing formula for European call option [7].
At first we revise these errors and then extend this result to pricing
formula for exchange option in fractional Black-Scholes model with
jumps.
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1. INTRODUCTION
Fractional Black-Scholes model with jumps is as follows [7].
dB(t) = (rq — rf)B(t)dt, B(0) =1,
(1.1)  dS(t) = S(t) ((u — Ae)dt + odBy(t) + (¢ — 1)dN(t)> ,
5(0) =5,

where 74,77 are the short-term domestic interest rate and foreign in-
terest rate respectively, and these are known. S(t) denotes the spot
exchange rate at time ¢t and p, o are assumed to be constants. By (t) is
a fractional Brownian motion and N (t) is a Poisson process with rate
A. &(t) is jump size percent at time ¢ which is sequence of independent
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identically distributed, and (e!® —1) ~ N (,ug(t),og(t)). In addition,
all three sources of randomness, the fractional Brownian motion By (t),
the Poisson process N(t) and jump size e¢®) — 1 are assumed to be
independent.

Currencies are different with stocks; moreover since geometric Brown-
ian motion cannot represent movement currency returns precisely, some
papers have provided evidence of mispricing for currency options by
standard option price model [1]. Merton proposed a jump-diffusion pro-
cess with Poisson jump to match the abnormal fluctuation of stock price
3, 5]

Non-normality, non-independence and nonlinearity were discovered
in empirical researches of currency return processes. To capture these
non-normal behaviors, scholars have considered other distributions with
fat tails such as Pareto-stable distribution and tried to interpret long
memory and self-similarity using fractional Brownian motion. Research
interest for interpreting these abnormal phenomena was re-encouraged
by new insights in stochastic analysis based on the Wick integration [2].
Neucula and Meng et al. derived fractional Black-Scholes formula for
option pricing using geometric fractional Brownian motion [0, 4]. Model
(1.1), the combination of Poisson jumps and fractional Brownian motion
was introduced and pricing formula for European call option was derived
in [7], but we found out some errors in evaluation of quasi-expectation.
In this paper we revise pricing formula for European call option and
derive pricing formula for exchange option in fractional Black-Scholes
model with jumps and so generalize previous pricing formula for Euro-
pean call option.

2. PRELIMINARIES

We describe some necessary lemmas.

Lemma 2.1. ([6]) (Geometric fractional Brownian motion) Consider
the fractional differential equation

dX(t) = X(t) (udt + odBg(t)), X(0) = x.
We have that

1
X(t) =z exp <0BH(t) + pt — 202t2H> :
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Lemma 2.2. ([0]) f be a function such that E [f(Bg(T))] < co. Then
for every t <T we have

- B 2
W= [, T (s ) 1@

where E [[] denotes quasi-conditional expectation with respect to Ffl =
B(Bu(s),s <t). That is for G =Y 0" [pn gndBy" € G* we define as

E[f(

E[G) = E [G|F/] Z/ 9n(s)Xo<s<t(8)dBE" (s).
Let 8 € R. Consider the process

t
By (t) = By (t) + 0t = By (t) +/ 2HOT* = Ydr, 0<t < T
0

This process is a fractional Brownian motion under new measure u*

by fractional Girsanov theorem, where measure p* is defined as % =

Z(t) = exp (—QBH(t) - %tQH) We will denote by Ef[] the quasi-
conditional expectation with respect to p*.

Lemma 2.3. ([0]) Let f be a function such that E[f(Bp(T))] < oc.
Then for every t <T

1

%Et [f(BH(T))Z(T)] .

Ef [f(Bu(T))] =

Lemma 2.4. ([0]) (fractional risk-neutral evaluation) The price at every
t € [0,T) of a bounded FH-measurable claim F € L*(u) is given by
F(t) = e " T-OE[F].

3. MAIN RESULTS

Theorem 3.1. In fractional Black-Scholes model (1.1) with jumps, pric-
ing formula for European call option is as follows.

AT =) o
V(S(t),t) :Z(n')e AMT=t)g,,
n=0 ’

% S(t)exp( Ae(T —t +Z§J) Ke ra=m)T=0g(4_)
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where e, denotes the expectation operator over the distribution of exp

(E?=1 53‘) and

In(S(t)/K)+ >0 &+ (ra—ry —Aue)(T —1t) 1

Ay — (S(t)/K) 23_153 (ra—ry e ) ( ):I:fa\/lm.
o/ T2H _ ¢2H 2

Proof. Tt was proved in [2] that model (1.1) is complete and does not

have an arbitrage opportunity. Thus under risk-neutral measure Py
model (1.1) can be expressed as

(3.1)  dS(t) = S(t) {(rd —rp)dt + odBy(t) + (¢f — 1)dN(t)} :
where risk-neutral measure PH is defined as

dPy 02 on
dPH—eXp{—QBH(t)—2t s

under this measure process By (t) = B (t)+ 0t is a fractional Brown-
ian motion and 6 = (u— Mg +7ry—rq)/o. By [7] the solution of Eq.(3.1)
is expressed as

S(T) = S(t)exp (rq —rf — Ape) (T —t) — %(TQ(T2H — 121

~

N(T—t)
+o(Bu(T) - Bu(t)+ Y. &o.
j=1

By Lemma 2.4 the price at ¢ for European call option F' = (S(T) — K)*
is

V(S(t),t) = e Ta T F] = e’("d*rf)(T’t)EpH [FIFH].

If we define as

Su(T) = S(t)exp  (ra — rj — Aue)(T — ) — %ﬁ(:ﬁﬂf _ g2

N

+o(Bu(T) - Bu(0) + 3.6 ¢,
j=1
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then
V(S(t),t) = e T E, [(S(T) — K)F|F/]
e Tty e N(T =)\ =
_ (rg—r)(T—t ALY XNT-)
(3.2) — e~ (ra=rs)( )Z - e~ )EPH
n=0

[(Sa(T) — K) T |F/].

Since

Ep, [(Su(T) = K)YF{] = Ep_[Sn(T)x(5,1)> K} |F]
(3.3) - KEPH X8, (my>x3 | F ],

we firstly estimate E [X{Sn(T)>K}‘Ft ]. From Lemma 2.2, we have

EPH [X{Sn(T >K}‘Ft ] = EPH [X{BH(T >d* } Ft ]

_ B 2
/ exp (z Y BT e} u(t dx
o T2H —2H) J g 2(T )

(3.4) \/L & Byt eXp< y2> dy
2m V/T2H _2H 2
5 (BH<>d>
NeEe
— o(d_),
where

& = [ (K/S(t)) = (ra—rs — Mue) (T — 1) + 302 (T2H _ 2H)

n
> & +0Byu(t) | /o
j=1
Next we estimate EPH [Sn(T)X{(s,(T)> Kk} Fi]. Let By (t) = By (t) —
ot? | then from fractional Girsanov formula, there exists a probability

measure Pj; such that B}, (t) is a fractional Brownian motion. In fact,
the probability measure P}; is defined as follows:

dPs; - 1
H — exp {adBH(t) - 02t2H} = Z(t).
Py 2
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From Lemma 2.3 we have
Ep, [Sn(T)x5,1)> K} FL]
= Sexp((rd —rp— )T + Z fj)
j=1

x Ep [Z(T)X{SH(T)>K}‘ F{']

= Sexp((rd —rp— Aug)T + Z §j>

j=1
X Z(1)Epy Xy (1> 3| F1')
(3.5) = S(t)exp((ra — ry — M) (T — 1))

Fl]

x Epy, [X{BH(T)>d* }

:S(t)exp<(rd—rf—)\u5 T —1t) —i—ZEJ)

X Epy [X{B3(T)>d% )

Fi]

:S(t)exp(( ra =1y — M) (T =1 +Z§]>

where
By, (t) — d?
x ok 2H _ H + _ 2H _ 42H
di =d* —oT ,d+—7\/m—d_+a(T ).
Now substituting Eq.(3.4) and Eq.(3.5) into Eq.(3.2) and Eq.(3.3) im-
plies the statement of the theorem. O

Theorem 3.2. In fractional Black-Scholes model (1.1) with jump noise,
pricing formula for exchange option of two foreign currencies is as fol-
lows.

V(S(t),t) = i /\n(z;l‘_t)ne_)‘(T_t) Sp (t)exp< — e (T —t)
n=0 ’

+Z§“) +) = Sa(tyexp( — Ae(T ~ 1) +Zf e
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where e, denotes the expectation operator over the distribution of exp

(Z?:l & ) and

In ($5) + 3o —e2@ — M) 1 370, (6 - ¢7)
(o1 — 09)7 /T2H _ 12H ’

Proof. Under the risk-neutral measure Pp, Exchange rates for two for-
eign currencies S1(t), S2(t) satisfy the following equations:

dS(t) = Si(t) {(rd —rp)dt + o1dBy (t) + (¢ — 1)dN(t)} :

a8 (t) = Sa(t) { (ra — )t + o2d By (t) + (7~ 1)dN () }
Using Lemma 2.4, we have the price of exchange option at ¢

V(Si(t), S2(t), 1) = e_(Td—Tf)(T—t)EPH [(S1(T) = So(T)) T | FY']

(3.6) = a0 3 AT = t)nef)\(Tft)EfDH
n:
n=0

% [(S1a(T) = S2n(T)) | F{T]
where

SinlT) = Si(tyexp{ (ra — vy — Aue) (T — 1) — %a?(TQH _ g2H)

+ai(Bu(T) - Bu(t) + ¢ }.
j=1

Also we see that the following facts hold:

Ep,, [(Sin(T) = Son(T) | FfT] = Ep,

SonlT) 1>+

(1) (

Now let

dQu - 1 50 ~
— = B —_ = :Z .
e exp { a2Bu) - ot (t
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Then under this measure Qg, By (t) = By(t) — 03t* is a fractional
Brownian motion and from Lemma 2.3 we have

n
By, |Son(T) (g;g; _ 1> p
= EPH Saexp {(rd —rp = Aug)T + ij(?)} Z(T)
=1
S1n(T) o
<S2n(T) - 1) Ft
= Ssexp {(Td —rp— Aug)T + Z f](-Q) } Z(t)EQH
=1
_ N
(37 >< (g;:g; 1) |
= Son(t)exp{ (14 — ¢ — Aue)(T — t) } Eg,,

X SlT) _ 1 : F}
<S2n(T) >

= Sy(t)exp {m —rp =) (T — 1)+ Y &P } Eq,
j=1
S1n(T) +
. [(S%(T) - 1)

Setting t = 0,7 = t and considering the expression of S;,(T"), we have

F;!

Stn S A . .
5;8 N éeXp {(01 — 02)dBp(t) - 5(0% —o3)t* + Zl (53(1) B 5](-2))}
=



Pricing formula for exchange option in fractional Black-Scholes model with jumps 163

S1n(t)
S2n(t

Thus stochastic process satisfies the following stochastic differen-

~

tial equation

(40) -8 (- o).

so quasi-conditional expectation in Eq.(3.7) can be considered as a price
for European call option with exercise price K=1. Since this is the
special case of Theorem 3.1 with the parameters

_ S1(T)

S’ﬂ( ) SQn(T)7 Ta—Tf 070 g1 027§ g g y Mg 07 ’

we have

Fo, (%f Fli

Si(t . 2 5 5
=5 ep d ST () — ) L ady) - a(d).
Sa(t) st
Thus substituting above equation into Eq.(3.7) and again into Eq.(3.6),
we obtain the result of theorem. O
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