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UPPER BOUNDS AND ATTACHED PRIMES OF TOP

LOCAL COHOMOLOGY MODULES DEFINED BY A

PAIR OF IDEALS

SH. PAYROVI AND S. KARIMI

Abstract. Throughout R is a Noetherian local ring. In this paper
we study cohomological dimension of an R-module M with respect
to a pair of ideals and some of its relations with the attached prime
ideals of M and the cohomological dimension of M with respect to
an ideal. Furthermore, we generalize some results of [5] in particu-
lar, Theorem 2.8.
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1. Introduction

Throughout R is a commutative Noetherian local ring with non-zero
identity, I, J are two ideals of R and M is an R-module. For notations
and terminologies not given in this paper, the reader is referred to [2]
and [7], if necessary.

As a generalization of the usual local cohomology modules, the local
cohomology modules with respect to a system of ideals was introduced
by Bijan-Zadeh in [1]. As a special case of these extended modules,
Takahashi, Yoshino and Yoshizawa in [7] defined the local cohomol-
ogy modules with respect to a pair of ideals. To be more precise, let
W (I, J) = {p ∈ (R) : In ⊆ p + J for some positive integer n} . For
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R-module M , the (I, J)-torsion submodule ΓI,J(M) of M , which con-
sists of all elements x of M with Supp(Rx) ⊆ W (I, J), is considered.
Let i be an integer. The local cohomology functor H i

I,J with respect

to (I, J) is defined to be the i-th right derived functor of ΓI,J . The
i-th local cohomology module of M with respect to (I, J) is denoted
by H i

I,J(M). When J = 0, then H i
I,J coincides with the usual local

cohomology functor H i
I with the support in the closed subset V (I).

In this paper we study some properties of cohomological dimension
of an R-module M with respect to a pair of ideals I and J , cd(I, J,M),
the supremum of all integers r for which Hr

I,J(M) ̸= 0. When J = 0

this integer coincides with cd(I,M).
Recall that for an R-module K, a prime ideal p of R is said to be

an associated prime ideal of K if p = Ann(x) for some element x of
K. We denote the set of associated prime ideals of K by AssR(K).
Furthermore, for an R-module K, a prime ideal p of R is said to be an
attached prime ideal of K if p = Ann(K/N) for some submodule N of
K. We denote the set of attached prime ideals of K by AttR(K). When
K has a secondary representation, this definition agrees with the usual
definition of attached primes. One of the main results of this paper is to
relate these two items, the cohomological dimension of an R-module M
with respect to a pair of ideals and the set of attached prime ideals of top
local cohomology module ofM . In 3.1 we relate these two items. We also
relate the cohomological dimension with respect to a pair of ideals and
the cohomological dimension with respect to an ideal in 2.1(ii), 2.4 and
3.4. For relate three concepts (cohomological dimension with respect to
a pair of ideals, cohomological dimension with respect to an ideal and
the set of attached prime ideals of an R-module M) we exhibit 3.9.

In addition, Proposition 3.2 in [4] shows the change of the cohomolog-
ical dimension of an R-module under taking submodule. In this paper
we state this change when we have inclusions on ideals I and J in 2.2
and 2.3. But for showing this relationship we need a generalization of [5,
Theorem 2.8]. In [5, Theorem 2.8], M. T. Dibaei and R. Jafari showed,
when R is complete, that if T ⊆ Assh(M), then there exists an ideal a
of R such that T = Att(Hn

a (M)). In 3.6 we show that if T is a non-
empty subset of Att(Hn

I (M)), then there exists an ideal J of R such
that T = Att(Hn

I,J(M)).
Finally we offer some results which are related to annihilator and

attached prime ideals of top local cohomology modules. Note that for
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an Artinian R-module A, the set of all minimal elements of AttA is
exactly the set of all minimal prime ideals containing AnnA.

2. Upper bounds for local cohomology modules

Throughout this section R is a Noetherian local ring with maximal
ideal m, I, J are ideals of R and M is a non-zero finitely generated R-
module. Let cd(I, J,M) denote the supremum of all integers r for which
Hr

I,J(M) ̸= 0. We call this integer the cohomological dimension of M

with respect to ideals I, J . In [4, Corollary 3.3] it is shown that

cd(I, J,M) = inf{i | H i
I,J(R/p) = 0 for all p ∈ SuppR(M)} − 1.

The following are some basic facts about cohomological dimension of M
with respect to ideals I, J .

Theorem 2.1. Let M be a finitely generated R-module of dimension n
and let Hn

I,J(M) ̸= 0. Then there exists a

(i) submodule N of M such that Hn
I,J(M) ∼= Hn

I (M/N) and cd(I, J,N)
< n.

(ii) quotient module L of M such that Hn
I,J(M) ∼= Hn

I (L) and cd(I, J,M)

= cd(I, L).

Proof. See [3, Theorem 2.3] and its proof. □
Corollary 2.2. Let M be a finitely generated R-module of dimension n
and let I1, I2 be two proper ideals of R such that I1 ⊆ I2. If cd(I1, J,M) =
n, then cd(I2, J,M) = n. In particular, if cd(I, J,M) = n, then cd(m, J,M)
= n.

Proof. The result follows by [3, Theorem 2.5] and the fact that cd(I2, J,M)
≤ n. □
Theorem 2.3. Let M be a finitely generated R-module of dimension n
and let J1, J2 be two ideals of R such that J1 ⊆ J2 and

√
I + J1 = m.

Then cd(I, J2,M) ≤ cd(I, J1,M).

Proof. In view of [7, Theorems 4.5, 4.7(2)] we have

cd(I, J2,M) ≤ dimM/J2M ≤ dimM/J1M = cd(I, J1,M).

□
Corollary 2.4. Let M be a finitely generated R-module of dimension
n. Then cd(m, J,M) ≤ cd(m,M).

Proof. It follows easily by setting J1 = 0 and J2 = J in Theorem 2.3. □
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3. Attached prime ideals of top local cohomology modules

Recall that R is a Noetherian local ring with maximal ideal m, I,
J are ideals of R and M is a non-zero finitely generated R-module of
dimension n. The main results of this section is to relate the cohomo-
logical dimension of an R-module M with respect to a pair of ideals and
the set of attached prime ideals of top local cohomology module of M .

Theorem 3.1. Let M be a finitely generated R-module of dimension n.
Then

AttRH
n
I,J(M) = {p ∈ Supp(M) : cd(I, J,R/p) = n}.

Proof. Assume that p ∈ Supp(M) and cd(I, J,R/p) = n. ThenHn
I,J(R/p)

̸= 0. If J ̸⊆ p, then dimR/(p + J) < n so in view of [7, Theorem
4.3] we have Hn

I,J(R/p) = 0 which is a contradiction. Thus J ⊆ p.

Hence, Hn
I,J(R/p) ∼= Hn

I (R/p) by [7, Corollary 2.5] since R/p is a J-

torsion R-module. Therefore, Hn
I (R/p) ̸= 0 and by [3, Theorem 2.1]

p ∈ AttHn
I,J(M). Assume that p ∈ AttHn

I,J(M). Then by [3, Theo-

rem 2.1] and [7, Theorem 4.3] we have Hn
I (R/p) ∼= Hn

I,J(R/p) so that

cd(I, J,R/p) = n. □

By setting J = 0 we obtain the following corollary which is a main
result of [6].

Corollary 3.2. Let M be a finitely generated R-module of dimension
n. Then

AttRH
n
I (M) = {p ∈ Supp(M) : cd(I,R/p) = n}.

Corollary 3.3. Let M be a finitely generated R-module of dimension
n. If cd(I, J,M) = n, then there exists some p ∈ Assh(M) such that
J ⊆ p.

Proof. It follows easily from the proof of Theorem 3.1. □

Corollary 3.4. Let M be a finitely generated R-module of dimension
n. If cd(I, J,M) = n, then cd(I,M) = n

Proof. By Theorem 3.1 and [3, Theorem 2.1] the result follows. □

Corollary 3.5. Let M be a finitely generated R-module of dimension n
and let J1, J2 be two ideals of R such that J1 ⊆ J2 and cd(I, J2,M) = n.
Then cd(I, J1,M) = n.
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Proof. By [3, Theorem 2.1] we have AttHn
I,J2

(M) ⊆ AttHn
I,J1

(M) since

J1 ⊆ J2. Now by Theorem 3.1, cd(I, J2,M) = n implies AttHn
I,J2

(M) ̸=
∅. So that AttHn

I,J1
(M) ̸= ∅. Now again using Theorem 3.1 we have the

result. □

In the following by using [5, Theorem 2.8] we show that any subset
T of Assh(M) can be written as two ways, as the set of attached prime
ideals of top local cohomology module with respect to an ideal Hn

a (M)
and as the set of attached prime ideals of top local cohomology module
with respect to a pair of ideals Hn

I,J(M) for some ideals a, I and J of R.

Theorem 3.6. Let R be complete and let M be a finitely generated
R-module of dimension n and T be a non-empty subset of AttHn

I (M).
Then there exists an ideal J of R such that T = AttHn

I,J(M).

Proof. By assumption T is a non-empty subset of Assh(M). Thus there
exists an ideal a of R such that T = AttHn

a (M) see [5, Theorem 2.8].
Set J := ∩p∈AttHn

a (M)p. We show that T = AttHn
a (M) = AttHn

I,J(M).

Assume that q ∈ AttHn
I,J(M). Then by [3, Theorem 2.1] it follows that

J ⊆ q. Thus p ⊆ q for some p ∈ AttHn
a (M). Hence, this fact that p

is in Assh(M) shows that p = q and so q ∈ T = AttHn
a (M). Now, let

q ∈ T = AttHn
a (M). Then J ⊆ q and also q ∈ AttHn

I (M). Therefore,
q ∈ AttHn

I,J(M) by [3, Theorem 2.1]. □

Corollary 3.7. Let R be complete and let M be a finitely generated R-
module of dimension n and T be a non-empty subset of Assh(M). Then
T = AttHn

I,J(M) = AttHn
a (M) for some ideals I, J and a of R.

Proof. It follows easily by [5, Theorem 2.8] and Theorem 3.6. □

Theorem 3.8. Let R be complete and let M be a finitely generated R-
module with dimM = cd(I, J,M) = n. Then for each p ∈ AttHn

I,J(M)

there exists Q ∈ Supp(M) with dim(R/Q) = 1 such that Hn
Q(R/p) ̸= 0.

Proof. Set T = AttHn
I,J(M). Then in view of Corollary 3.7 we have T =

AttHn
a (M) for some ideal a of R. Now from [5, Proposition 2.1] there

exists an integer r such that for all 1 ≤ i ≤ r there exists Qi ∈ Supp(M)
with dim(R/Qi) = 1 such that ∩p∈T p ̸⊆ Qi, in addition we may assume
that a = ∩r

i=1Qi. Assume that p ∈ AttHn
I,J(M). Then p ∈ AttHn

a (M).
In view of

AttHn
a (M) = {q ∈ Supp(M) : cd(a, R/q) = n}
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we have Hn
∩r
i=1Qi

(R/p) ̸= 0. Now from [2, 3.2.3] by setting b = ∩r−1
i=1Qi

and c = Qr we have the following long exact sequence

Hn
b+c(R/p) → Hn

b (R/p)⊕Hn
c (R/p) → Hn

b∩c(R/p) → 0,

where Hn
b∩c(R/p) = Hn

Q1∩···∩Qr
(R/p) ̸= 0. So we have Hn

b (R/p) ⊕
Hn

c (R/p) ̸= 0. Therefore Hn
b (R/p) ̸= 0 or Hn

c (R/p) ̸= 0. If Hn
c (R/p) ̸=

0 we are done. Otherwise from [2, 3.2.3] and by setting b = ∩r−2
i=1Qi and

c = Qr−1 and repeat this method we can get the result. □

Corollary 3.9. Let R be complete and let M be a finitely generated R-
module with dimM = cd(I, J,M) = n. Then for each p ∈ AttHn

I,J(M)

there exists Q ∈ Supp(M) with dim(R/Q) = 1 such that cd(I, J,R/p) =
cd(I,R/p) = cd(Q,R/p).

Proposition 3.10. Let R be complete and let M be a finitely generated
R-module of dimension n. Then

(i) V (AnnHn
I,J(M)) = V (AnnHn

I (M/JM)).

(ii) V (AnnHn
I,J(M)) = V (AnnHn

a (M)) for some ideal a of R.

(iii) J = ∩p∈AttHn
I,J (M)p =

√
AnnHn

I,J(M).

Proof. (i) It is well known that for an Artinian R-module A the set of all
minimal elements of AttA is exactly the set of all minimal prime ideals
containing AnnA. So that

V (AnnHn
I,J(M)) = ∪p∈MinV (AnnHn

I,J (M))V (p)

= ∪p∈MinAttHn
I,J (M)V (p) = ∪p∈MinAttHn

I (M/JM)V (p)

= ∪p∈MinV (AnnHn
I (M/JM))V (p) = V (AnnHn

I (M/JM)),

where by p ∈ MinAttHn
I,J(M) we mean that p is a minimal element of

AttHn
I,J(M).

(ii) It follows from Corollary 3.7.
(iii) It follows from (i) and Theorem 3.6. □

Corollary 3.11. Let R be complete and let M be a non-zero finitely gen-
erated R-module of dimension n such that Supp(M/JM) = AttHn

I,J(M).

Then V (AnnHn
I,J(M)) = V (Ann(M/JM)).

Proof. It follows by the proof of Proposition 3.10 (i). □
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