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CHARACTERIZATIONS OF FUZZY M-I-HEMIRINGS

DENG PAN AND JIANMING ZHAN*

ABSTRACT. In this paper, the concepts of M-fuzzy left h-ideals
(right h-ideals, h-bi-ideals, h-quasi-ideals) in M-I-hemirings are
introduced. Some new properties of these kinds of M-fuzzy h-
ideals are also given. Finally, we show that h-hemiregular, h-
intra-hemiregular and h-quasi-hemiregular M-I'-hemirings can be
described by M-fuzzy left(right) h-ideals, M-fuzzy h-bi-ideals and
M-fuzzy h-quasi-ideals, respectively.
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1. INTRODUCTION

Semirings play an important role in studing matrices and determi-
nants, have been recently found particular useage in solving problems in
applied mathmatics and information sciences. We note that the ideals of
semirings also play a crucial role in the structure theory. Although ideals
in semirings are useful for ways, they do not in general coincide with the
ideals of a ring. For this reason, the usage of ideals in semirings is some-
what limited. In 2004, Jun [9] defined the fuzzy h-ideals of hemirings.
Then, the A-hemiregular hemirings were described by Zhan by using the
fuzzy h-ideals [27]. Furthermore, Yin introduced the concepts of fuzzy
h-bi-ideals and fuzzy h-quasi-ideals of hemirings in [22]. After that, Ma
[T2] introduced the concepts of (€, €, Vgs)-fuzzy h-bi-ideals (resp., h-
quasi-ideals) of a hemiring and investigated some of their properties.
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Recently, Ma [I0] introduced the concepts of (€., € Vgs)-fuzzy h-bi-
(h-quasi-)ideals of hemirings. In particular, some characterizations of
the h-intra-hemiregular and h-quasi-hemiregular hemirings were inves-
tigated by these kinds of fuzzy h-ideals. The general properties of fuzzy
h-ideals have been considered by Dudek, Jun, Ma, Zhan, and others.
The reader is refereed to [2, B, [@, [T, T4, 26, 21].

The concept of I'-rings was first introduced in 1964 by Barnes [I],
a concept more general than a ring. After the paper of Barnes, many
researchers are engaged in studying some special I'-rings. In 1992, apply-
ing the concept of fuzzy sets to the theory of I'-ring, Jun and Lee gave the
notion of fuzzy ideals in I'-ring and some properties of fuzzy ideals of I'-
ring. After that, Hong and Jun defined the normalized fuzzy ideals and
fuzzy maximal ideals in a I'-ring and Jun further characterized the fuzzy
prime ideals of a I'-ring. In particular, Dutta-Chanda studied the fuzzy
ideals of a I'-ring and characterized the I'-fields and Notherian I'-ring by
considering the fuzzy ideals via operator rings of I'-ring. The concept of
I'-semirings was then introduced by Rao in [T9] and some properties of
such I'-semirings have been studied, for example, see [G, B, 20]. Recently,
Ma and Zhan [I3, 27] introduced the concept of h-hemiregular of a I'-
hemiring and gave a characterization of h-hemiregular I'-hemirings in
terms of fuzzy h-ideals. In 2007, Zhan and Davvaz[?5] gave the fuzzy h-
ideals with operators in hemirings and some properties are investigated.
Then applying Zhan’s idea, Pan[7] gave the concept of M-I'-hemiring,
and established a new fuzzy left h-ideal with operators.

The present paper is organized as follows. In Section 2, we recall some
concepts and properties of M-I'-hemirings and fuzzy sets. In Section 3,
we introduce the concept of M-fuzzy h-ideals (h-bi-ideals, h-quasi-ideals)
of M-I'-hemirings and gave some related properties. In Section 4, we
describe the characterizations of h-hemiregular (h-intra-hemiregular, h-
quasi-hemiregular) M-I'-hemirings in terms of these kinds of generalized
M-fuzzy h-ideals. Some conclusions and future work are presented in
the last section of the paper.

2. PRELIMINARIES

Let S and I' be two commutative additive semigroups. Then S is said
to be a I'-semiring if there exists a mapping S x I' x § — S (images
are denoted by aab for a,b € S and a € I') satisfying the following
conditions:

(i) aa(b+ c) = aab + aac;
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(ii) (a + b)ac = aac + bac;

(iii) a(a + B)c = aac + afc;

(iv) aa(bBc) = (aab)pe.

By a zero of a I'-semiring S, we mean an element 0 € S such that
Oax =za0 =0and 0+ =2+0=ux, forallz € Sand a € I'. A
I'-semiring with a zero is said to be a I'-hemiring[27].

Throughout this paper, S is a I'-hemiring and we use the symbol Og
to denote the zero element of S.

A left (resp., right) ideal of a I'-hemiring S is a subset A of S which
is closed under addition such that STA C A (resp., AI'S C A), where
STA = {zay |z € S,y € A,a € T'}. Naturally, a subset A of S is called
an ideal of S if it is both a left and a right ideal of S. A subset A of S
is called a bi-ideal if A is closed under addition such that AI'A C A and
AT'STA C A. A subset A of S is called a quasi-ideal of S if A is closed
under addition and STAN AI'S C A.

A left ideal (right ideal, ideal) A of S is called a left h-ideal (right
h-ideal, h-ideal) of S, respectively, if, for any z, z € S and a, b € A,
T+ a+ z=>b+ z implies that x € A.

The h-closure A of A in S is defined by A ={x € S|z + a1+ 2z =
as + z for some aj,az € A,z € S}.

Clearly, if A is a left ideal of S, then A is the smallest left h-ideal
of S containing A. We also have A = A, for each A C S. Moreover,
A C B C S implies A C B.

A bi-ideal B of S is said to be an h-bi-ideal of S if BTB C B,
BI'STB C B and x +a+ z = b+ z implies that x € A, for all
x,z € S;a,be A.

A quasi-ideal A of S is called an h-quasi-ideal of S if STANATLS C A
and x +a+ 2z =b+ z implies that x € A, for all z,z € S,a,b € A.

Definition 2.1. [I3, 27] (i) Let p and v be fuzzy subsets of S. Then
the h-product of p and v is defined by

(uLhv)(z) = V min{u(a1), plag), v(b1), v(b2)}

z+a1y1b1+z=az2v2b2+2

(uI'pv)(z) = 0 if  cannot be expressed as x + a171b1 + 2z = azy2b2 + 2.
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(ii) Let p and v be fuzzy subsets of S. Then the h-intra-product of u
and v is defined by

(uThv)(z) = V min{p(as), p(aj), v(bi), v(b;)}

m n
x4+ 3 aivibite= 3 ajvibi+z
i=1 j=1

~ m n
(uI'pv)(x) = 0if x cannot be expressed as x+i§1 a;ivibi+z = ];1 aly;b+
z.

A fuzzy set is a function p: S — [0, 1]. For any A C S, we denote the
characteristic function of A by x4

1 itzeA,
Xa= { 0 ifa¢A
Proposition 2.2. [13,27] Let A, B C S. Then, the following statements
holds:
(1) AC B < xa C x5-
(2) xANXB = XAnB-
(3) xATnXB = Xar5-
(4) xaUhXB = XATH"

3. M-FuzzY h-IDEALS IN M-I'-HEMIRINGS

In this section, we consider M-fuzzy h-bi-ideals of M-I'-hemirings.
3.1. M-fuzzy left h-ideals.

Definition 3.1.1. An h-bi-ideal I of an M-I'-hemiring S is called an M-
h-bi-ideal of S if max € I for allm € M,z € [ and a € T.

Definition 3.1.2. A fuzzy set p over M-I'-hemiring S is called an M-fuzzy
h-bi-ideal over S if it satisfies the following conditions (F1la),(Flc),(F1d)
and:

(F2a) p(xay) > min{u(x), u(y)} for all z,y € S, € T,

(F2b) p(zayBz) > min{u(x), u(z)} for all z,y,z € S and o, 5 € T.

Note that if u is an M-fuzzy h-bi-ideal of S, then p(0) > u(x),Vx € S.

Ezample 3.1.3. Let (S,+) and (I', +) be two semigroups, where S and I’
are the sets of all non-negative integers and the operations are the usual
additive operations. Define a mapping S xI'x S — S by avyb=a-~-b,
for all a,b € S and v € I', where “.” is the usual multiplication. Then
it can be easily verified that .S, under the above multiplication and the
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structure I'-mapping, is a I-hemiring, then let M = {1}, it is clear that
S is an M-I'-hemiring. Let r,s € [0,1) be such that r < s. Define a
fuzzy set p over S by

()= [ 5 Hoe<2>
ME) =9 otherwise,

Then p is an M-fuzzy h-bi-ideal over S.

Lemma 3.1.4. A fuzzy set p in an M-I'-hemiring S is an M-fuzzy h-bi-
ideal of S if and only if the each nonempty level subset U(u;t), t € (0, 1),
of p is an M-h-bi-ideal of S.

Proof. 1t is similar to the proof of Theorem 3.5 in [4].

Theorem 3.1.5. A fuzzy set p in an M-I'-hemiring S is an M-fuzzy h-
bi-ideal of S if and only if the each nonempty level subset U(u;t) of u
is a left M-h-bi-ideal of S.

Proof. Let p be an M-fuzzy h-bi-ideal of S, and assume that U (u;t) # ()
for t € [0,1]. Then by Lemma 3.2.4, U(u;t) is a h-bi-ideal of S. For
every x € U(u;t), a € T, and m € M, we have

p(maz) = p(x) > t,

and so max € U(u;t). Hence U(p;t) is an M-h-bi-ideal of S. Con-
versely, suppose that U(u;t) # 0 is an M-h-bi-ideal of S. Then u is
a fuzzy h-bi-ideal of S by Lemma 3.2.4. Now assume that there exist
ye€ S, fel and n € M such that

w(nBy) < p(y).

Taking

to = 5 (u(nBy) + (),
we get to € [0, 1] and
u(nBy) <to < p(y)

This implies that nfy ¢ U(u;to) and y € U(u;to), this leads a contra-
diction. And therefor

n(nBy) = p(y),
forally € S, 8 € I' and n € M. This completes the proof.
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3.2. M-fuzzy h-quasi-ideals.

Definition 3.2.1. An h-quasi-ideal I of an M-I-hemiring S is called a
left M-h-quasi-ideal of S if max € I for allm € M,z € I and a € T".

Definition 3.2.2. A fuzzy set p over M-I'-hemiring S is called an M-fuzzy
h-quasi-ideal over S if it satisfies the following conditions (F1la),(Flc),
(F1d) and:

(F3a) (u'Mxar) N (xp T p) € pe

Note that if p is an M-fuzzy h-quasi-ideal of S, then p(0) > p(x),Va €
S.

Ezample 3.2.3. Consider the M-I'-hemiring S as given in Example 3.2.3.
Define a fuzzy set u over S by

(w):{ 0.5 ifre<2>,

0.1 otherwise,
Then p is an M-fuzzy h-quasi-ideal over S.
The following proposition is obvious.

Lemma 3.2.4. A fuzzy set p in an M-I'-hemiring S is an M-fuzzy h-
quasi-ideal of S if and only if the each nonempty level subset U(u;t),
€ (0,1), of u is an M-h-quasi-ideal of S.

Theorem 3.2.5. Let p and v be M-fuzzy right h-ideal and M-fuzzy left
h-ideal of M-T'-hemiring S, respectively. Then p N v is an M fuzzy
h-quasi-ideal of S, where p N v is defined by

(uNv)(x) =min{u(x),v(z)} =€ S.
Proof. For a,b € S,

(uNv)(a+b) min{y(a + b),v(a+b)}
min{min{s(a), u(b)}, min{v(a),v(b)}}
Inin{rnhn{ﬂ(a),v(a)} min{z(b), v(b)}}

min{(xNv)(a), (LN v)(d)}.
Now, let a,b,z,z € S be such that x + a+ 2z = b+ 2. Then

(nNv)(2) = minfu(e),v(z)}

min{min{y(a), u(b)}, min{v(a), v(b)}}
min{min{p(a), v(a)}, min{a(b), v(5)}}
min{ (1N v)(a), (1N V) (B)}-

1V

IIAVAN]
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On the other hand, we have

(e N w)Thxar) N Ty (N w)) S (Wl xan) N (euly'v) S pnw.
Therefore N v is a fuzzy h-quasi-ideal of S. Let m € M, a € T" we
have
min{u(max),v(mazx)}
min{u(z), v(z)}
(kNv)().

Consequently, uNv is an M fuzzy h-quasi-ideal of S.

(nOv)(maz)

v

Theorem 3.2.6. Any M-fuzzy h-quasi-ideal of an M-I'-hemiring S is an
M-fuzzy h-bi-ideal of S.

Proof. Let p be any M-fuzzy h-quasi-ideal of S. It is sufficient to show
that

p(zayBz) = minfu(x), u(z)}
and
p(woy) = min{pu(z), u(y)}
for all x,y,z € S,a,B €T
In fact, we have

p(rayBz) > (WM xar) N (xp DY 1)) (zayBz)
= min{(ul) xar) (xayBz), (xmTy ) (zayBz)}
min{ V p(ma) A p(ma),

zayBz+miyiar+z=may2a2+2

V par) A plaz)}

zayBz+miyial+z=may2a2+2

min{(0) A pu(z), n(0) A p(2)}

min{a(z), 1(2)}.

(since zxayfz+0v1a14+0 = za(yBz)+0 and zayBz+mi1710+0 = (vay)sz+0)
Similarly, we can show that p(xay) > min{u(x), u(y)} for all z,y,z €
S,a, 8 € I'. Hence, v is an M-fuzzy h-bi-ideal of S.

Lemma 3.2.7. Let S be an M-T'-hemiring and A C S. Then, the follow-
ing statements holds:

(1) A is a left (resp. right) M-h-ideal of S if and only if x4 is an
M-fuzzy left (resp. right) h-ideal of S.

(2) Ais an M-h-bi-ideal of S if and only if x 4 is an M-fuzzy h-bi-ideal
of S.

(3) A is an M-h-quasi-ideal of S if and only if x4 is an M-fuzzy
h-quasi-ideal of S.

v
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4. CHARACTERIZATIONS OF M-T'-HEMIRINGS

In this section, we divide the results into three parts. In subsection
4.1, we describe the characterizations of h-hemiregular M-I"-hemirings
in terms of these kinds of generalized M-fuzzy h-ideals. In subsec-
tion 4.2, we investigate the characterizations of h-intra-hemiregular M-
I'-hemirings in terms of these kinds of generalized M-fuzzy h-ideals.
Finally, we discuss the characterizations of h-quasi-hemiregular M-I'-
hemirings in terms of these kinds of generalized M-fuzzy h-ideals in
subsection 4.3.

4.1. h-hemiregular M-I'-hemirings.

Definition 4.1.1. An M-T'-hemiring S is said to be h-hemiregular if for
each x € S, there exist a, d’, 2 € S, o, o/, 8, 3 € I' and m € M such
that z + maafz + z = md'd' Bz + 2.

Lemma 4.1.2. If A and B are a right M-h-ideal and a left M-h-ideal of
M-T-hemiring S, respectively, then MT'(AI'B) C AN B.

Proof. Let x € MT'(AT'B). Then there exist a,a’ € A, b,b € B,z €
S, a,d, 8,8 €T and m,m’ € M such that = + ma(afb) + z =
m'a/ (a'B'Y) + 2.

Since A is a right M-h-ideal of S, we have ma(aBb), m'a/(d'f'V) € A,
and in consequence, x € A. Similarly, we also can prove that x € B.
Thus, x € AN B, this shows that MT'(AT'B) C AN B.

Lemma 4.1.3. An M-I'-hemiring S is h-hemiregular if and only if for any
right M-h-ideal A and any left M-h-ideal B, we have MT'(AI'B) = ANB.

Proof. Assume that S be an h-hemiregular M-I'-hemiring. For any = €
AN B, we have x € A and x € B. Since S is h-hemiregular, there exist
a,a’,z €8, a,d, B, 8 €' and m € M such that x + maaBz + z =
ma’a’ B’z + z. Since A is a right M-h-ideal of S, maa € A, a € A and
so afz € AU'B, thus ma(afz) € MT(AT'B), similarly, mao/(d'f'z) €
MT(AT'B). These implies © € MT'(AI'B), which means that AN B C
MT(AT'B). This, by Lemma 4.1.2, gives MT'(AI'B) = AN B.

Lemma 4.1.4. Let S be an M-I'-hemiring, A, B are a right M-h-ideal and

a left M-h-ideal of S, respectively, A, B C S. Then we have XMT(ATE) =

xal'Myp.



104 Deng Pan and Jianming Zhan

Proof. Let x € S. If x € MT(AI'B), then Xaargy = 1 and o +
I(pdq)+2z =1~ (p'9'q) +2 for some p,p’ € A,q,q' € B,1,I' € M,v,v,6,
0’ €T and z € S. Thus we have
(xal'y'x5)(x)
1w

= \% (min{xa(maa), xa(m'a’a’), xg(mab), xz(m'a't)})
z+ma(aBb)+z=m'a’(a’B'b )42z

> V (min{xa(lvp), xa('Y'P"), x(vq), x5(I'Y'd)})
zHly(pdq)+z=l'v'(p'd'q’ ) +=

> V (min{xa(p), xa(p') x5(2), x5(¢")}) =1
w+ly(pdq)+z=l'v"(p'6'q")+2
and so (xal'Mxp)(z) =1 = Xm(az). If x ¢ MT'(AT'B), then
Xm(x) = 0. If possible, let (xal'arxp)(z) # 0. Then

(xal'mnxs)(x)

= V (min{xa(maa), xa(m'a’a’), xg(mab), xz(m'a't)})

z+ma(aBb)+z=m'a’(a’B'b )+2z
£0.

Hence there exist p,p’,q,¢,z € S,7v,7',6,0' € ' and [,I’ € M such
that = 4 ly(pdq) + z = 'y (p'8'q’) + z, that is = + (Iyp)d(lvq) + z =
(I"y'P)"(IY'q') + =, so

min{xa(lvp), xa(l'y'p"), x5(1va), x5(I'Y'q)}

> min{xa(p), xa(®"), x5(a),x5(d)} #0,

we can get xa(p) = xa() = xB(¢) = xB(¢) = 1, hence p,p’ €
A,q,¢d € B, and so lyp,I'y'p’ € MT'A and lyq,l'yq¢ € MI'B, thus
x € (MTI'A)I'(MI'B) = MT'(AT'B), which contradicts Xm@) =0.
Then we have (XAFhMXB)(ﬂL‘) =0= Xm(x).
In any case, we have (xaI'Myp)(z) = Xm(m). This completes the

proof.

Theorem 4.1.5. An M-T'-hemiring S is h-hemiregular if and only if N
v= ,uFﬁ/[ v, for any fuzzy right M-h-ideal p and fuzzy left M-h-ideal v.

Proof. Let S be an h-hemiregular M-I-hemiring, p and v be M-fuzzy
right h-ideal and M-fuzzy left h-ideal of S, respectively, then, ,U,F% v C
,thMXM C u and MF,];/[V - XMF,Q/[V C v. So, ,thMV C uNwv. For any
x € 9, there exist a,a’,z € S, o, o, 8, 3 € I' and m € M such that
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x + maaBx + z = ma’d’f'x + z since S is h-hemiregular. Then
(ulpv) () (min{u(maa), p(ma'a’), v(z)})

r+maafr+z=ma'a’ f'r+z

min{p(mazx), p(ma'z),v(x)}

min{ju(z), v(2))

(Lnv)(z).

That is, uNv C thMV, therefor pNv = thMV.

Conversely, let A and B be any right M-h-ideal and left M-h-ideal
of S, respectively. Then by Lemma 3.3.7, the characteristic functions
x4 and xp of A and B are an M-fuzzy right h-ideal and M-fuzzy left
h-ideal of S, respectively. Now by Lemma 4.1.4, we have

IIAVAY

M
Xarrcars) = XALn XB = XA N XB = XAnB-

It follows from Proposition 2.2, we have MT'(AT'B) = AN B. Hence, S
is h-hemiregular by Lemma 4.1.3.

Lemma 4.1.6. Let S be an M-I'-hemiring. Then the following conditions
are equivalent:

(1) S is h-hemiregular.

(2) B = MTST'B, for every M-h-bi-ideal B of S.

(3) Q@ = MTI'ST'Q, for every M-h-quasi-ideal Q of S.

Proof. (1) = (2) Assume that (1) holds. Let B be any M-h-bi-ideal of
S and z any element of B. Then there exist a,a’,2 € S, a, o, 8, 8/ €T
and m € M such that z + maafz + z = m'd’d'f'z + 2. Tt is easy to
see that maafz,m'a’d’'f'r € MT'ST'B, and so v € MT'ST'B. Hence
B C MT'STB. On the other hand, since B is an M-h-bi-ideal of S,
we have MTSTB C BI'STB C B, so MI'STB C B = B. Therefor
B = MTSTB.

(2) = (3) This part is obvious.

(3) = (1) Let A, B are any right M-h-ideal and any left M-h-ideal
of S, respectively. Then we have MT(AI'B) C A'B C AnB C
ANB = AN B, and thus A N B is an M-h-quasi-ideal of S. We
have AN B = MIST(ANB) € MIST(ANDB) N MIST(ANB) C
MTSTANMTSTB C MTANMTB C (MTA)T(MTB) = MT(ATB).
So, MT'(AT'B) = AN B. Hence, S is an h-hemiregular by Lemma 4.1.3.

Theorem 4.1.7. Let S be an M-I'-hemiring. Then the following condi-
tions are equivalent:
(1) S is h-hemiregular.
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(2) g = xuT¥xsT¥p for every M-fuzzy h-bi-ideal u of S.
(3) = xuT¥xsTMpu, for every M-fuzzy h-quasi-ideal u of S.

Proof. (1) = (2) Let p be an M-fuzzy h-bi-ideal of S. Then for any
x € 9, there exist a,a’,z € S, o, o, 8, 3 € I' and m € M such that
x +maafz + 2z = ma'a’ B’z + z since S is h-hemiregular. Then we have

(T xsTy ) (z) = V (min{xar(m:), (xsT7" 1) (b:)})
z+miy1b1+2=may2b2+2

> min{u(z), (xsT p)(maz), (xsTM ) (m'a’z)}
— min{u(z), V min(y(b;)),
mazr+a1vy1b1+z=azy2b2+2
V min(u(b;))}
m/ o’ x+a1y1b1+z=azv2b2+2
> min{u(x), p(maaBz), p(ma'a'8'z)}
> u(z).

This implies that pu C XMFhMXSF%,u. Since p is an M-fuzzy h-bi-
ideal of S, XMF%XSF%M - thMXSF,]y,u, C w. This shows that pu =
xu LY xsTH .

(2) = (3) This part is obvious.

(3) = (1) Let @Q be any M-h-quasi-ideal of S, then x¢ is an M-
fuzzy h-quasi-ideal of S by Lemma 3.3.7, thus, xq = XMFhMXSF%XQ =
XMTSTQ"

This implies that Q = MI'ST'Q. So, S is h-hemiregular by Lemma
4.1.6.

Theorem 4.1.8. Let S be an M-I'-hemiring. Then the following condi-
tions are equivalent:

(1) S is h-hemiregular.

2) pnNv = XMI‘%VF%M for every M-fuzzy h-bi-ideal u and every
M-fuzzy h-ideal v of S.

(3) unv = xpuIMuTMy, for every M-fuzzy h-quasi-ideal p and every
M-fuzzy h-ideal v of S.

Proof. (1) = (2) Let p and v be an M-fuzzy h-bi-ideal and M-fuzzy h-
ideal of S. Then for any x € S, there exist a,a’,2 € S, o, o/, 8, 8 €T
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and m € M such that x + maafSx + 2z = ma'd’ 'z + z since S is h-
hemiregular. Then we have

ey ) () = V (min{xar(m;), W 1) (6i)})
r+m1vy1b1+z=may2ba+z

> min{u(r), WL 0 maz), (T ) (mo/2))
= min{pu(x), \ min(v(a;), u(bi)),
max+a1y1b1+z=azy202+2
V min(v(a;), n(bi))}
m/a’r+a1y1b1+2=a2v2b2+2
> min{min{u(x), v(mazBa),v(mazf'a’)},
min{u(z),v(mazxfa),v(m'a’zBa")}}
min{u(z),v(z)}

v

(nOv)(z).

This implies that pNv C XMFhMVF,]y,u.

On the other hand, we have XMF}]‘LJVFhM,u - thMZ/FhMu C p and
XMFth/I‘,]y,u C xMFhMuF,Afo C v, and so XMFhMyI‘hM,u C pNv. Thus
pNy = XMFhMVFQ/Iu.

(2) = (3) This part is obvious.

(3) = (1) Let u be any M-fuzzy h-quasi-ideal of S, then we have
w=puNyxs = XMFhMXSFhM,u, therefor S is h-hemiregular by Theorem
4.1.7.

4.2. h-intra-hemiregular M-I'-hemirings. In this section, we describe
the characterizations of h-intra-hemiregular M-I'-hemirings in terms of
these kinds of generalized M-fuzzy h-ideals.

Definition 4.2.1. An M-T'-hemiring S is said to be h-intra-hemiregular

if, for each x € S, there exist dz,d;,z e s, az,ﬁz,%, J,ﬁg,’yj € I' and

m;, m € M such that x+ Z mie;xBixyd; + 2 = Z m' o xﬁ’m%d’ + 2.
=1
Equivalent definitions:

(1) x € MI'zI'zl'S,Vx € S,
(2) AC MT'STSTS,VAC S.

Ezample 4.2.2. Let S = {0,a,b} be a set with an addition operation (+)
and a multiplication operation (-) as follows:
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Then S is an M-I'-hemiring that is both h-hemiregular and h-intra-
hemiregular, where I' = M = S.

Lemma 4.2.3. Let S be an M-I"-hemiring. Then the following statements
are equivalent:

(1) S is h-intra-hemiregular;

(2) LR C MT'(LI'R), for every left h-ideal L and every right h-ideal
Rof S.

Proof. The proof is similar to Lemma 4.1.3.

Theorem 4.2.4. Let S be an M-I'-hemiring. Then the following condi-
tions are equivalent:

(1) S is h-intra-hemiregular.

(2) pnNv C ufhu for every M-fuzzy left h-ideal p and every M-fuzzy
right h-ideal v of S.

Proof. (1) = (2) Assume that (1) holds. Let p and v be any M-fuzzy
left h-ideal and any M-fuzzy right h-ideal of S, respectively. Now let

z € S, there exist d;, d},z € S, a;, Bi, i, ]75;77] € T and m;, m; € M

such that = + Z mie;xBixyd; + 2 = Z m xﬁ/l‘vjd’ + 2. That is,

i=1
T+ Zl(miaiw)ﬁi(x%' di) + 2z = Zl(mjajff)ﬁ}(x%d;) +z.
i= j=
Then we have

(T3 v) () V (min{p(mi), p(mj), v(bi), v(b5)})

$+Z(mz%. ) )+Z

- o
mln{,u(mlaz ), 1 m]ajx) v(xzyid;), v (x’de,)}
min{yu(z), v(z)}

(nNv)(z).

This implies that pNv C ,uth v.

(2) = (1) Assume that (2) holds. Let P and R be any left M-h-
ideal and right M-h-ideal of S, respectively. Then by Lemma 3.3.7,
the characteristic functions yp and xgr of P and R are an M-fuzzy left
h-ideal and M-fuzzy right h-ideal of S, respectively. Now by Lemma
4.1.4, we have XMT(PTR) = XPF%XR 2O xpNxr = xpng. It follows from

Proposition 2.2, we have MT'(PI'R) O PN R. Hence, S is h-hemiregular
by Lemma 4.2.3.

v Iv
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Theorem 4.2.5. Let S be an M-I'-hemiring. Then the following condi-
tions are equivalent:

(1) S is both h-hemiregular and h-intra-hemiregular.

(2) B = MTI'B, for every M-h-bi-ideal B of S.

(3) @ = MT'Q, for every M-h-quasi-ideal @ of S.

Proof. (1) = (2) Assume that (1) holds. Let B be any M-h-bi-ideal of
S and z any element of B. Then MT'B C BI'B C B C B. Since S is
both h-hemiregular and h-intra-hemiregular, there exist some elements
a1, a2, pi, P}, 45, 43, 2 € S, au, Bt, 1, 0¢ € T and m;, m; € M such that

n

z + Y- (mjarazfigimie)d(mjarq;frarye)

J=1

n
+) (mjagar Bsqysa)da(mjonq)Bazyax)
j=1

m
+ Z(mi&sm Bspivsx)d3(m;asp;Beaivex)
=1
m

+ Y (miuasBrpivre)da(micupifsazyse) + 2
i=1

m

=Y (m}atasfipinia) ) (miaipifhar )
i=1
m

+ Z(mgagal Bipiysx) 05 (mgiap; Brazysx)
i=1

n
+ 3 (mjahar Bia;e) 8 (m)lsd! Bharyie)
7=1

n
+ 3 (mhahasBraivha) Oy (malyd; Byazia) + 2.
j=1
Tnhen we have

>~ (mjarazfigjyie)dr (mjan i fra1ye)
i=1

n
= mjan[(asBrgma)d1(q)B2a1722)] € MTB.
j=1
The case for others can be similarly verified.
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Thus we have © € MT'B and so B C MI'B. Therefor B = MT'B.

(2) = (3) This part is straightforward.

(3) = (1) Let L, R are any left M-h-ideal and any right M-h-ideal
of S, respectively. Then it is clear that L N R is an M-h-quasi-ideal of
S. By the assumption, we have LN R = MT'(LNR) C MT'(LNR) N
MT(LNR) C MTLNMI'P C (MT'L)I'(MT'R) = MT'(LT'R). So, LN
R C MT(LT'R). Hence, S is an h-hemiregular by Lemma 4.2.3.

Theorem 4.2.6. Let S be an M-I'-hemiring. Then the following condi-
tions are equivalent:
(1) S is both h-hemiregular and h-intra-hemiregular.
)

(2) p = xmpp, for every M-fuzzy h-bi-ideal p of S.
(3) u = xmIpp, for every M-fuzzy h-quasi-ideal p of S.

Proof. (1) = (2) Assume that (1) holds. Let u be any M-fuzzy h-bi-
ideal of S and x any element of S. Then Xth/i C ,ufhu C p. Since S is
both h-hemiregular and h-intra-hemiregular, there exist some elements
al,ag,pi,p;-,qj,qg»,z €S, ay, Bt, Y, 0 € I' and m;, mj € M such that

x—i-z

n
(mjonazfig117)d1(mjang;fra1yez)
7j=1

n
+) " (mjona1 Bsgjysa) 0o (mjaad) Baazyaz)
=1
m
+> (miazai Bspivse) 03 (micsp}Bear v6)
i=1
m

+ Y (micaasBrpivre)sa(micupifsazyse) + 2
i=1

m
= Y (miadasfipinx) 8 (miepiBha1vse)
i=1

+ > (micha1Bipiysa) 8y (michpBiazysx)

s

s
Il
—

n
+ ) (mhakar By 0 (mlakd) Brarvee)
j=1
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n
+ D (maazBrq;re) 8y (m)elyd; Baxie) + 2.
j=1

Then we have
Oxar D! ) ()

\% (min{z(b;), u(b})})

o+ 30 (Mmivibi)+2= 37 (m)v}b))+z
=1 j=1 -

> min{u(mjang;Bra1yex), p(mjasq;Baazya),
p(mfalsq; Bgarvge), p(m)ald; fyasvse) }
= ().

This implies that u C XMI:%,U- Therefor p = XMfﬁ/[,u.

(2) = (3) This part is straightforward.

(3) = (1) Let @ be any M-h-quasi-ideal of S, then xq is an M-fuzzy
h-quasi-ideal of S by Lemma 3.3.7, thus, xg = XthMXQ = XWTQ- Then
Q = MT'Q. Hence, S is both h-hemiregular and h-intra-hemiregular by
Theorem 4.2.5.

4.3. h-quasi-hemiregular M-I'-hemirings. In this section, we inves-
tigate the characterizations of h-quasi-hemiregular I'-hemirings in terms
of these kinds of generalized M-fuzzy h-ideals.

Definition 4.3.1. (1) A subset A of S is called I'-idempotent if A = AT A

(2) An M-T-hemiring S is called left (resp., right) h-quasi-hemiregular
if every left (resp., right) M-h-ideal is I'-idempotent, and is called h-
quasi-hemiregular if every left M-h-ideal and every right M-h-ideal are
all I'-idempotent.

The following Lemma, is obvious.

Lemma 4.3.2. An M-T'-hemiring S is left h-quasi-hemiregular if and only
if one of the following statements holds:

(1) There exist ¢;, ¢}, 2 € S, a;, Bi,vi, af, 8,75 € I' and my, m; € M
such that

x -+ Z miamﬁici%x + z = Z m;a;a: ;cgfyéx +z
i=1 j=1
for all x € S;
(2) v € MT'zI'ST'z, for all x € S;
(3) AC MT'AT'ST'A, for all A € S,
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(4) INL = ITL, for every M-h-ideal I and every left M-h-ideal L of
S.

Definition 4.3.3. A fuzzy set p over S is called M-fuzzy idempotent if
p= pLpp.

Theorem 4.3.4. An M-T-hemiring S is left (resp., right) h-quasi-
hemiregular if and only if every M-fuzzy left (resp., right) h-ideal over
S is M-fuzzy idempotent.

Proof. Let S be a left h-quasi-hemiregular M-I'-hemiring, p any M-
fuzzy left h-ideal over S. Now let x be any element of S. Since S
is h-quasi-hemiregular, then, by Lemma 4.3.2, there exist ci,c;-,z €S,

m
i, Bisvis o, By, i € I and my, m; € M such that 2+ - meqxBiciviv +
=1

z= i m;-a;ﬂSﬁ;'C;”Y;‘T +z.
Ti;; we have
(uDh 1) ()
_ \/ (minfgu(m;), p(m?), w(bs), p(b})})

x+i72:)1 mnibi—l-z:é:l myyiblitz
> min{pu(miai), (i), plea), u(dyja)}
> min{ ()}
It follows that p C uth w. Since p is an M-fuzzy left h-ideal over .9,
we have uth @ C p. Whence, p = uth . This implies that p is an
M-fuzzy left h-ideal over S which is M-fuzzy idempotent.

Conversely, let L be any left M-h-ideal of S. Then yr is an M-fuzzy
left h-ideal over S. Now, by the assumption, we have yr = x thM XL =
X7rT> it follows from Proposition 2.2 that L = LI'L. Therefore S is left
h-quasi-hemiregular by Definition 4.3.1. The case for the M-fuzzy right
h-ideals can be similarly proved.

Theorem 4.3.5. Let S be an M-I'-hemiring. Then the following are
equivalent:

(1) S is h-quasi-hemiregular;

(2) pNv = ,uf‘hM v, for any M-fuzzy h-ideal p and any M-fuzzy left
h-ideal v of S;
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B)unvC ufijy, for any M-fuzzy h-ideal p and any M-fuzzy h-bi-
ideal v of S; N

(4) pnv C puI'My, for any M-fuzzy h-ideal p and any M-fuzzy h-
quasi-ideal v of S.

Proof. (1) = (3): Let p and v be any M-fuzzy h-ideal and any M-
fuzzy h-bi-ideal over S, respectively. Now let & be any element of S,
since S is left h-quasi-hemiregular, then by Lemma 4.3.2, we have x €

MTzI'STx € MI'MTzI'STzl'STx C MTI'xI'ST'zI'STz, and so there

s / / / !/ / ! / /
exist diadjae'bejaz € S7 aiaBl’arﬂaéi?ni?ajwﬁjvfyj‘v5janj € 'and m’i7mj €

M suchmthat .
T+ > micxBidiviwdieimir +z = Y mialafidiyrdiein s + 2.
i=1 j=1
Then we have

(uTh'v) ()
_ \/ (min{p(as), p(a}), v(bi), v(b})})

m n
x4 30 mivibite= 30 miyib+z
i=1 j=1

> min{p(micizBid;), p(mjazfid;), v(zdeimix), v(xdieiniz)}
> min{p(z), v(x)}
= p(z) Nv(x).
It follows that uNv C uf%u, thus (3) holds.
It is clear that (3) = (4) = (2).
(2) = (1): Let I and L be any M-h-ideal and any left M-h-ideal of S,

respectively. Then y; and xy are an M-fuzzy h-ideal and an M-fuzzy
left h-ideal over S, respectively. Now, we have

X ML) =x1 N xe = xiTh' Xt = X7rt-

It follows from Proposition 2.2 that I N L = ITL. Therefore S is h-
quasi-hemiregular by Lemma 4.3.2.

Now, we can describe an important characterization of h-quasi-
hemiregular M-I'-hemirings.

Theorem 4.3.6. An M -T'-hemiring S is h-quasi-

hemiregular if and only if, .= (X DA )T (xar DA ) (M x )T (DY X ),
for every M -fuzzy h-quasi-ideal over S.
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Proof. Let S be an h-quasi-hemiregular M-I-hemiring, and p any M-
fuzzy h-quasi-ideal over S. We know that y /I’ 24 u and ,thM XM are an
M-fuzzy left h-ideal and an M-fuzzy right h-ideal over S, respectively,
and so both y MFhM w and ,thM xm are M-fuzzy idempotent by Theorem
4.3.4. Hence, we have

O TN )T Oear T ) V(A xan) T (M xar) = Oear Ty )N (T A xar)
C p.

Now for z € S. Since S is left h-quasi-hemiregular, then there exist

dl,d;,z € S, &, Bi,vi, o}, B, € T and m;,m} € M such that = +

n
‘21 m;a;xBidiyir + 2 = 21 mialaBidyie + 2.
1= 1=

Thus, we have

O DN T (e T )
— \ min{ (a3 1) (mi), (X DAL 1) (m),

:E+Z m;8;b;+z= Z m}8ibl 42
=1

O ) (), Oear T 1) ()}
> min{(xa DR ) (micvi), (D ) (mfedse),

Oer D ) (dii), (xar D ) (diy) }
> {u(z)}.

which implies p C (x thM ) (x thM ). Similarly, we can prove
p C (DA )T (T xr)
and so,
S O T Oear Ty 1) 0 (U xan) T (DA xar),
that is,
= O T Oear TR 1) 0 (U xan) T (DA xar)-

Conversely, assume that the given condition holds. Let p be any M-
fuzzy h-quasi-ideal over S. Now, by the assumption, we have

p= O DM )T (xar D 1) O (UM x )T (U xar)

C (DM ) D (em T ) C (DM )T (M ) € (xar DM ) < poe



Fuzzy M-I'-hemirings 115

which implies, p = Mfij w. It follows from Theorem 4.3.4 that S
is left h-quasi-hemiregular. Similarly, we can prove S is right h-quasi-
hemiregular. Therefore, S is h-quasi-hemiregular.

Applying Definitions 4.2.1, 4.3.1 and Lemma 4.3.2, we have the fol-
lowing result:

Lemma 4.3.7. A T-hemiring S is both left h-quasi-hemiregular and h-
intra-hemiregular if and only if, for any x € S, there exist d;, d;-, z €8,
i, Bis iy 0iy o, By, 75, 05 € T and m;, m’; € M such that

m n
T+ Z m;e B2y d;0ix + 2z = Z m;-a;xﬁé-:c%-d;é;w + z.
=1 7j=1

Similar to Theorem 4.3.5, we have the following statements:

Theorem 4.3.8. Let S be an M-I-hemiring. Then the following are
equivalent:

(1) S is both left h-quasi-hemiregular and h-intra-hemiregular;

(2) pNv = ,ul:}]yl/ for any M-fuzzy left h-ideal p and any M-fuzzy
h-bi-ideal v of S;

(3) pNv = uI'Mv for any M-fuzzy left h-ideal pu and any M-fuzzy
h-quasi-ideal v of S.
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