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ON FUZZY SOFT RINGS

B. PAZAR VAROL∗, A. AYGÜNOǦLU AND H. AYGÜN

Abstract. In the present paper, we introduce the concept of fuzzy
soft ring and study several algebraic properties. Thereafter, we
define the notions of fuzzy soft ideal of a fuzzy soft ring, idealistic
fuzzy soft ring and soft homomorphism between fuzzy soft rings
and discuss some of their properties.
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1. Introduction

Exact solutions to the mathematical models are needed in classical
mathematics. If the model is so complicated that we can not set an
exact solution, we can derive an approximate solution. In 1999, Rus-
sian researcher Molodtsov [11] initiated the concept of soft set theory
and started to develop the basics of the corresponding theory as a new
approach for modeling uncertainties. A soft set can be considered as
an approximate description of an object. Soft set theory has a rich po-
tential for applications in several directions. At present, works on soft
set theory and its applications are progressing rapidly. Maji et al.[9]
presented some new definitions on soft sets. Pei et al.[14] discussed the
relationship between soft sets and information systems. In 2001, Maji
et al.[8] combined the fuzzy set and soft set models and introduced the
concept of fuzzy soft set. To continue the investigation on fuzzy soft
sets, Ahmad and Kharal [2] presented some more properties of them.
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The algebraic structure of soft sets has been studied increasingly in
recent years. Aktaş and Caǧman [3] defined the notion of soft groups
and derived some properties. They also compared soft sets to the related
concepts of fuzzy sets and rough sets. In 2010, Acar et al.[1] introduced
basic notions of soft rings, which are actually a parametrized family of
subrings of a ring. By using t−norm the concept of fuzzy soft groups was
introduced by Aygünoǧlu and Aygün [4]. Furthermore, Jun and Park
[6] introduced and investigated the notion of soft BCK/BCI algebras
and soft subalgebras and then derived their basic properties. Nazmul
and Samanta [12] defined soft topological group, normal soft topological
group and homomorphism.

The concept of fuzzy ring was introduced by Liu [7] in 1982. Sub-
sequently, Martinez [10] and Dixit et al. [5] studied on fuzzy ring and
obtained certain ring theorical analogues.

In this work we study the algebraic properties of fuzzy soft sets in
ring theory. This paper is organized as follows: In the first section as
preliminaries, we give the concepts of soft set and fuzzy soft set. In
section 3, we introduce fuzzy soft rings and study their characteristic
properties. In sections 4 and 5, we introduce the notions of fuzzy soft
ideal and idealistic fuzzy soft rings and in the last section, we define
soft homomorphism between fuzzy soft rings. We prove that image and
pre-image of a fuzzy soft ring are also fuzzy soft rings.

2. Preliminaries

In this section as a preparation, we will present the basic definitions
and notations as introduced by Maji et al. [8] and Ahmad et al.[2].

Throughout this paper, let X be an initial universe and E be a set of
parameters for the universe X and let I be the closed unit interval, i.e.,
I = [0, 1]. Denote the power set of X by P (X).

Definition 2.1. [11] A pair (F,E) is called a soft set over X, where
F : E −→ P (X) is set-valued function.

In what follows we denote a soft set (F,E) over X as a triple (F,E,X).

Definition 2.2. [8] Let IX denote the set of all fuzzy sets on X and
consider A ⊂ E.

A triple (f,A,X) is called a fuzzy soft set, where f is a mapping from
A into IX ,i.e., f : A −→ IX .

That is, for each a ∈ A, f(a) = fa : X −→ I, is a fuzzy set on X.
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Remark 2.3. Obviously, a classical soft set (F,E,X) can be seen as a
fuzzy soft set (f,E,X) according to this manner, for e ∈ E, the image
of e under f is defined as the characteristic function of the set F (e), i.e.,

fe(a) = χF (e)(a) =

{
1, if a ∈ F (e);

0, otherwise.
.

Definition 2.4. [8] Let (f,A,X) and (g,B,X) be fuzzy soft sets. Then
(f,A,X) is called a fuzzy soft subset of (g,B,X) and write (f,A,X) v
(g,B,X) if

(i) A ⊂ B and
(ii) For each a ∈ A, fa 6 ga, that is, fa is fuzzy subset of ga.

Definition 2.5. [8] Let (f,A,X) and (g,B,X) be two fuzzy soft sets
with A

⋂
B 6= ∅. The intersection of (f,A,X) and (g,B,X) is the fuzzy

soft set (h,C,X) where C = A ∩B and hc = fc ∧ gc, ∀c ∈ C.
We write (f,A,X) u (g,B,X) = (h,C,X).

Definition 2.6. [8] Let (f,A,X) and (g,B,X) be two fuzzy soft sets.
The union of (f,A,X) and (g,B,X) is the fuzzy soft set (h,C,X) where
C = A ∪B and

h(c) =

 fc, if c ∈ A−B
gc, if c ∈ B −A

fc ∨ gc, if c ∈ A ∩B
, ∀c ∈ C.

We write (f,A,X) t (g,B,X) = (h,C,X).

Definition 2.7. [2] Let (fi, Ai, X)i∈J be a family of fuzzy soft sets with⋂
i∈J Ai 6= ∅. The intersection of these fuzzy soft sets is a fuzzy soft set

(h,C,X) where C =
⋂
i∈J

Ai and h(c) =
∧
i∈J

fi(c), ∀c ∈ C.

We write ui∈J(fi, Ai, X) = (h,C,X).

Definition 2.8. [2] Let (fi, Ai, X)i∈J be a family of fuzzy soft sets. The

union of these fuzzy soft sets is a fuzzy soft set (h,C,X), C =
⋃
i∈J

Ai

and for all c ∈ C, h(c) =
∨

i∈J(c)

fi(c), where J(c) = {i ∈ J : c ∈ Ai}.

We write
⊔
i∈J

(fi, Ai, X) = (h,C,X).

Definition 2.9. [8] If (f,A,X) and (g,B,X) are two fuzzy soft sets,
then (f,A,X) AND (g,B,X) is denoted by (f,A,X)∧̃(g,B,X).
(f,A,X)∧̃(g,B,X) is defined as (h,A×B) where h(a, b) = ha,b = fa∧gb,
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for every (a, b) ∈ A×B.

Definition 2.10. [8] If (f,A,X) and (g,B,X) are two fuzzy soft sets,
then (f,A,X) OR (g,B,X) is denoted by (f,A,X)∨̃(g,B,X).
(f,A,X)∨̃(g,B,X) is defined by (h,A×B) where h(a, b) = ha,b = fa∨gb,
∀(a, b) ∈ A×B.

Definition 2.11. [1] Let (F,A,X) be a soft set. The set Supp(F,A,X) =
{x ∈ A : F (x) 6= ∅} is called support of the soft set (F,A,X).

A soft set is called non-null if its support is not equal to the empty
set.

Definition 2.12. Let (f,A,X) be a fuzzy soft set. The set Supp(f,A,X)
= {x ∈ A : f(x) = fx 6= 0X} is called the support of the fuzzy soft set
(f,A,X).

A fuzzy soft set is called non-null if its support is not equal to the
empty set.

3. Fuzzy soft rings

Acar et al.[1] introduced the notion of soft rings. In this section we
introduce the definition of fuzzy soft rings and give some fundamental
properties of them.

From now on, R denotes a commutative ring and all fuzzy soft sets
are considered over R.

Definition 3.1. [1] Let (F,A,R) be a non-null soft set. Then (F,A,R)
is said to be a soft ring over R iff F (a) is a subring of R for each a ∈ A.

Definition 3.2. Let (f,A,R) be a non-null fuzzy soft set. Then (f,A,R)
is called a fuzzy soft ring over R iff f(a) = fa is a fuzzy subring of R for
each a ∈ A, i.e.,
fa(x− y) > fa(x) ∧ fa(y)
fa(x · y) > fa(x) ∧ fa(y) , ∀x, y ∈ R.
That is, for each a ∈ A, fa is a fuzzy subring in Liu’s sense [7].

Example 3.3. Since each soft set can be considered as a fuzzy soft set
and since each characteristic function of a subring of a ring is a fuzzy
subring, we can consider a soft ring as fuzzy soft ring.

Example 3.4. Let N be the set of all natural numbers and define f :
N −→ IR by f(n) = fn : R −→ I, for each n ∈ N, where
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fn(x) =

{
1
n , if x = k2n, ∃k ∈ Z;

0, otherwise.
, where Z is the set of all integers.

Then the triple (f,N,R) forms a fuzzy soft set, and the fuzzy soft set
(f,N,R) is a fuzzy soft ring.

Theorem 3.5. Let (f,A,R) and (g,B,R) be two fuzzy soft rings. If
(f,A,R)∧̃(g,B,R) is non-null, then it is a fuzzy soft ring.

Proof. Let (f,A,R)∧̃(g,B,R) = (h,A× B,R), where ha,b = fa ∧ gb for
all (a, b) ∈ A× B. Since (h,A× B,R) is non-null, there exists the pair
(a, b) ∈ A×B such that ha,b = fa ∧ gb 6= 0R.

We know that fa, ∀a ∈ A and gb,∀b ∈ B are fuzzy subrings of R.
Since intersection of two fuzzy subrings of R is a fuzzy subring of R,
then h(a, b) = ha,b is a fuzzy subring of R. Hence (h,A × B,R) =
(f,A,R)∧̃(g,B,R) is fuzzy soft ring. �

Theorem 3.6. Let (f,A,R) and (g,B,R) be two fuzzy soft rings. If
(f,A,R) u (g,B,R) is non-null, then it is a fuzzy soft ring.

Proof. Let (f,A,R) u (g,B,R) = (h,C,R), where C = A ∩B and hc =
fc ∧ gc for all c ∈ C. Since (h,C,R) is non-null, there exists c ∈ C such
that hc(x) 6= 0 for some x ∈ R. We have that fc ∧ gc is a fuzzy subring
of R, since hc 6= 0R and fc, gc are fuzzy subrings of R. Consequently,
(h,C,R) = (f,A,R) u (g,B,R) is a fuzzy soft ring over R. �

Theorem 3.7. Let (fi, Ai, R)i∈J be a family of fuzzy soft rings. Then
we have the followings:

(i) If
∧̃
i∈J(fi, Ai, R) is non-null, it is a fuzzy soft ring.

(ii) If ui∈J(fi, Ai, R) is non-null, it is a fuzzy soft ring.

(iii)If {Ai : i ∈ J} are pairwise disjoint and
⊔
i∈J

(fi, Ai, R) is non-null,

then it is a fuzzy soft ring.

Proof. (i) Let
∧̃
i∈J(fi, Ai, R) = (g,B,R), where B =

∏
i∈J

Ai and gb =∧
i∈J

fi(bi), ∀b = (bi)i∈J ∈ B. Suppose that the fuzzy soft set (g,B,R)

is non-null. If b = (bi)i∈J ∈ Supp(g,B,R), then gb =
∧
i∈J

fi(bi) 6= 0R.

Since (fi, Ai, R) is a fuzzy soft ring for all i ∈ J , then fi(bi) is a fuzzy
subring of R. Hence gb is a fuzzy subring of R for all b ∈ Supp(g,B,R).

Therefore
∧̃
i∈J(fi, Ai, R) = (g,B,R) is a fuzzy soft ring.
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(ii) Let ui∈J(fi, Ai, R) = (g,B,R) whereB =
⋂
i∈J

Ai and gb =
∧
i∈J

fi(bi)

for all b ∈ B. Suppose that (g,B,R) is non-null. If b ∈ Supp(g,B,R),

then gb =
∧
i∈J

fi(bi) 6= 0R. Since (fi, Ai, R) is a fuzzy soft ring, then fi(b)

is a fuzzy subring of R for all i ∈ J . Hence gb is a fuzzy subring of R
for all b ∈ Supp(g,B,R) and consequently, ui∈J(fi, Ai, R) = (g,B,R) is
a fuzzy soft ring.

(iii) Let
⊔
i∈J

(fi, Ai, R) = (g,B,R). Then B =
⋃
i∈J

Ai and for all a ∈ B,

ga =
∨

i∈J(a)

fi(a), where J(a) = {i ∈ J : a ∈ Ai}. Since Supp(g,B,R) =⋃
i∈J

Supp(fi, Ai, R) 6= ∅, (g,B,R) is non-null.

Let a ∈ Supp(g,B,R). Then ga =
∨

i∈J(a)

fi(a) 6= 0R. So, we have

fio(a) 6= 0R for some io ∈ J(a). From the hypothesis, we have that
(Ai)i∈J are pairwise disjoint. Hence io is unique. Then ga coincides
with fio(a). Moreover, since (fio , Aio) is a fuzzy soft ring over R, we infer
that fio(a) is a fuzzy subring of R. It follows that ga = fio(a) is a fuzzy

subring of R for all a ∈ Supp(g,B,R). Hence
⊔
i∈J

(fi, Ai, R) = (g,B,R)

is a fuzzy soft ring. This completes the proof. �

Definition 3.8. [4] Let (f,A,R) be a fuzzy soft set. For each α ∈
(0, 1], the soft set (f,A,R)α = (fα, A,R) is called an α-level soft set of
(f,A,R), where fα(a) = (fa)

α = {x ∈ R | fa(x) > α} for each a ∈ A.
Obviously, (f,A,R)α is a soft set.

Theorem 3.9. Let (f,A,R) be a fuzzy soft set. Then (f,A,R) is a fuzzy
soft ring if and only if for all a ∈ A and for arbitrary α ∈ (0, 1] with
(fa)

α 6= ∅, the α-level soft set (f,A,R)α is a soft ring in the classical
case.

Proof. Let (f,A,R) be a fuzzy soft ring. Then for each a ∈ A, fa is
a fuzzy subring of R. Let x, y ∈ (fa)

α for arbitrary α ∈ (0, 1] with
(fa)

α 6= ∅. Then fa(x) > α and fa(y) > α. Therefore, fa(x − y) >
fa(x) ∧ fa(y) > α. Hence, x− y ∈ (fa)

α.
Similarly, we have fa(x · y) > fa(x)∧ fa(y) > α. Hence, x · y ∈ (fa)

α.
So, we obtain that (fa)

α is a subring of R. Consequently, (f,A,R)α is
a soft ring in classical case.
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Conversely, let (f,A,R)α be a soft ring for each α ∈ (0, 1]. Let α =
fa(x)∧ fa(y) for each a ∈ A and x, y ∈ R, then x, y ∈ (fa)

α. Since (fa)
α

is a subring of R, then x− y ∈ (fa)
α and x · y ∈ (fa)

α. This means that
fa(x− y) > α = fa(x) ∧ fa(y) and fa(x · y) > α = fa(x) ∧ fa(y), i.e., fa
is a fuzzy subring of R. According to Definition 3.2, (f,A,R) is a fuzzy
soft ring. This completes the proof. �

Definition 3.10. Let (f,A,R) and (g,B,R) be two fuzzy soft rings.
Then (g,B,R) is said to be a fuzzy soft subring of (f,A,R) if the fol-
lowings are satisfied:

(i) B ⊂ A
(ii) gc is a fuzzy subring of fc, for all c ∈ Supp(g,B,R).

Example 3.11. Let N be the set of all natural numbers and define fn(x)
as in Example 3.2 and g : 2N −→ IR by g(n) = gn : R −→ I, for each
n ∈ 2N, where

gn(x) =

{
1

2n , if x = k2n, ∃k ∈ Z;

0, otherwise.
, where Z is the set of all integers.

Then the triples (f,N,R) and (g, 2N,R) are two fuzzy soft rings and
the fuzzy soft ring (g, 2N,R) is a fuzzy soft subring of (f,N,R).

Theorem 3.12. Let (f,A,R) and (g,B,R) be two fuzzy soft rings. If
gx 6 fx, for all x ∈ B ⊂ A, then (g,B,R) is a fuzzy soft subring of
(f,A,R).

Proof. Straightforward. �

Theorem 3.13. Let (f,A,R) and (g,B,R) be two fuzzy soft rings. If
(f,A,R)u(g,B,R) is non-null, then it is a fuzzy soft subring of (f,A,R)
and (g,B,R).

Proof. Let (f,A,R) u (g,B,R) = (h,C,R), where C = A ∩B and hc =
fc ∧ gc, ∀c ∈ C.

Since C = A ∩ B ⊂ A and hc = fc ∧ gc is a fuzzy subring of fc, then
(h,C,R) is a fuzzy soft subring of (f,A,R). Similarly, we obtain that
(h,C,R) is a fuzzy soft subring of (g,B,R). �

4. The fuzzy soft ideal of a fuzzy soft ring

If B is an ideal of a ring R, we write B CR.

Definition 4.1. Let (f,A,R) be a fuzzy soft ring. A non-null fuzzy
soft set (g,B,R) is called a fuzzy soft ideal of (f,A,R), denoted by
(g,B,R)C̃(f,A,R), if it satisfies the following:
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(i) B ⊂ A
(ii) gb is a fuzzy ideal of fuzzy ring fb, for all b ∈ Supp(g,B,R).
That is, for each b ∈ Supp(g,B,R), gb is a fuzzy ideal in Martinez’ s

sense [10], i.e.,
gb(x− y) > gb(x) ∧ gb(y)
gb(x · y) > gb(x) ∧ gb(y)
gb(x) 6 fb(x), ∀x, y ∈ R.

Example 4.2. Let R = A = Z4 = {0, 1, 2, 3} and B = {0, 1, 2}. Let
define the function f : A → IR such that f(0) = {0

1 ,
1
1 ,

2
1 ,

3
1}, f(1) =

{ 0
0.5 ,

1
0 ,

2
0 ,

3
0}, f(2) = { 0

0.8 ,
1

0.8 ,
2

0.8 ,
3

0.8}, f(3) = { 0
0.2 ,

1
0 ,

2
0.2 ,

3
0}.

All these sets are fuzzy subrings of R. Hence, (f,A,R) is a fuzzy soft
ring. Now, consider the function g : B → IR where

gx(y) =

{
fx(y), if x · y = 0;

0, otherwise.

Thus, g(0) = {0
1 ,

1
1 ,

2
1 ,

3
1}, g(1) = { 0

0.5 ,
1
0 ,

2
0 ,

3
0}, g(2) = { 0

0.8 ,
1
0 ,

2
0.8 ,

3
0}.

Hence, g(0), g(1) and g(2) are fuzzy ideals of fuzzy rings f(0), f(1)
and f(2), respectively. Consequently, (g,B,R) is a fuzzy soft ideal of
(f,A,R).

Theorem 4.3. Let (g1, B1, R) and (g2, B2, R) be fuzzy soft ideals of a
fuzzy soft ring (f,A,R). Then (g1, B1, R) u (g2, B2, R) is a fuzzy soft
ideal of (f,A,R) if it is non-null.

Proof. Let (g1, B1, R)C̃(f,A,R) and (g2, B2, R)C̃(f,A,R). By the Def-
inition 2.4, we write (g1, B1, R) u (g2, B2, R) = (g,B,R), where B =
B1 ∩ B2 and g(b) = g1(b) ∧ g2(b) for all b ∈ B. Since B1 ⊂ A and
B2 ⊂ A, we have B1 ∩B2 = B ⊂ A.

Suppose that (g,B,R) is non-null. If b ∈ Supp(g,B,R), then g(b) =
g1(b) ∧ g2(b) 6= 0R.

Since (g1, B1, R)C̃(f,A,R) and (g2, B2, R)C̃(f,A,R), we infer that
g1(b) and g2(b) are both fuzzy ideals of f(b). Hence, g(b) is a fuzzy ideal
of f(b) for all b ∈ Supp(g,B,R). Therefore, (g1, B1, R) u (g2, B2, R) =
(g,B,R) is a fuzzy soft ideal of (f,A,R). �

Theorem 4.4. Let (g1, B1, R) and (g2, B2, R) be fuzzy soft ideals of a
fuzzy soft ring (f,A,R). If B1 and B2 are disjoint, then (g1, B1, R) t
(g2, B2, R) is a fuzzy soft ideal of (f,A,R).
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Proof. Let (g1, B1, R)C̃(f,A,R) and (g2, B2, R)C̃(f,A,R). By the Def-
inition 2.5, we write (g1, B1, R) t (g2, B2, R) = (g,B,R), where B =
B1 ∪B2 and for all b ∈ B

gb =

 g1(b), if b ∈ B1 −B2

g2(b), if b ∈ B2 −B1

g1(b) ∨ g2(b), if b ∈ B1 ∩B2

Obviously, we have B ⊂ A. Since B1 and B2 are disjoint, b ∈ B1−B2

or b ∈ B2 −B1 for all b ∈ Supp(g,B,R).
Let b ∈ B1 −B2. Since (g1, B1, R)C̃(f,A,R), then g(b) = g1(b) 6= 0R

is a fuzzy ideal of f(b). Similarly, if b ∈ B2−B1, then g(b) = g2(b) 6= 0R
is a fuzzy ideal of f(b).

Thus, for all b ∈ Supp(g,B,R), g(b) C f(b). Consequently, (g,B,R)
is a fuzzy soft ideal of (f,A,R). �

Theorem 4.5. Let (gi, Bi, R)i∈J be a family of fuzzy soft ideals of fuzzy
soft ring (f,A,R). Then we have the followings:

(i)
∧̃
i∈J(gi, Bi, R) is a fuzzy soft ideal of (f,A,R) if it is non-null.

(ii) ui∈J(gi, Bi, R) is a fuzzy soft ideal of (f,A,R) if it is non-null.

(iii) If {Bi : i ∈ J} are pairwise disjoint, then
⊔
i∈J

(gi, Bi, R) is a fuzzy

soft ideal of (f,A,R) if it is non-null.

Proof. (i) It is obvious from the fact that the intersection of an arbitrary
nonempty family of fuzzy ideals of a fuzzy ring is a fuzzy ideal of it.

The proof of (ii) and (iii) are similar to those of the corresponding
parts of Theorem 3.3. �

5. Idealistic fuzzy soft rings

Definition 5.1. Let (f,A,R) be a non-null fuzzy soft set. Then (f,A,R)
is said to be an idealistic fuzzy soft ring if fa is a fuzzy ideal of R for all
a ∈ Supp(f,A,R).

That is, for each a ∈ Supp(f,A,R), fa is a fuzzy ideal of R as defined
in [5], i.e.,
fa(x− y) > fa(x) ∧ fa(y)
fa(x · y) > fa(x) ∨ fa(y) , ∀x, y ∈ R.

Example 5.2. Let R = A = Z3 = {0, 1, 2}. Let define the function
f : A→ IR such that
f(0) = {0

1 ,
1
1 ,

2
1}, f(1) = { 0

0.5 ,
1
0 ,

2
0}, f(2) = { 0

0.8 ,
1

0.8 ,
2

0.8}.
(f,A,R) is an idealistic fuzzy soft ring since f(a) is a fuzzy ideal of

R for all a ∈ A.
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Remark 5.3. Every idealistic fuzzy soft ring is a fuzzy soft ring but
the inverse of this statement is not true in general. It is shown by the
following example:

Example 5.4. Let R = A and define f : A→ IR by f(a) = fa = R→ I,
for each a ∈ A, where

fa(x) =

{
1, if ax = xa;

0, otherwise.

Then the triple (f,A,R) is a fuzzy soft ring but not an idealistic fuzzy
soft ring.

Proposition 5.5. Let (f,A,R) be a fuzzy soft set and B ⊂ A. If
(f,A,R) is an idealistic fuzzy soft ring, then (f,B,R) is an idealistic
fuzzy soft ring whenever it is non-null.

Proof. Straightforward. �

Theorem 5.6. Let (f,A,R) and (g,B,R) be two idealistic fuzzy soft
rings. Then (f,A,R) u (g,B,R) is an idealistic fuzzy soft ring if it is
non-null.

Proof. Let (f,A,R) u (g,B,R) = (h,C,R) where C = A ∩ B and hc =
fc ∧ gc for all c ∈ C.

Suppose that (h,C,R) is non-null fuzzy soft set. If c ∈ Supp(h,C,R),
then hc = fc ∧ gc 6= 0R. Thus, fc and gc are both fuzzy ideals of R. It
follows that hc is a fuzzy ideal of R for all c ∈ Supp(h,C,R). Hence,
(h,C,R) = (f,A,R)u(g,B,R) is an idealistic fuzzy soft ring over R. �

Theorem 5.7. Let (f,A,R) and (g,B,R) be two idealistic fuzzy soft
rings. If A and B are disjoint, then (f,A,R) t (g,B,R) is an idealistic
fuzzy soft ring.

Proof. Let (f,A,R)t (g,B,R) = (h,C,R) where C = A∪B and for all
c ∈ C,

hc =

 fc, if c ∈ A−B
gc, if c ∈ B −A

fc ∨ gc, if c ∈ A ∩B
Suppose that A∩B = ∅. Then for all c ∈ Supp(h,C,R) we have that

either c ∈ A−B or c ∈ B −A.
If c ∈ A − B, then hc = fc is a fuzzy ideal of R since (f,A,R) is an

idealistic fuzzy soft ring.
If c ∈ B − A, then hc = gc is a fuzzy ideal of R since (g,B,R) is an

idealistic fuzzy soft ring.
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Thus, for all c ∈ Supp(h,C,R), hc is a fuzzy ideal of R. Consequently,
(h,C,R) = (f,A,R) t (g,B,R) is an idealistic fuzzy soft ring. �

If A and B are not disjoint in Theorem 5.7, then the theorem is not
true in general, because the union of two different fuzzy ideals of a ring
R may not be a fuzzy ideal of R.

Theorem 5.8. Let (f,A,R) and (g,B,R) be two idealistic fuzzy soft
rings. Then (f,A,R)∧̃(g,B,R) is an idealistic fuzzy soft ring if it is
non-null.

Proof. Let (f,A,R)∧̃(g,B,R) = (h,A × B,R) where h(a, b) = ha,b =
fa ∧ gb for all (a, b) ∈ A × B. Suppose that (h,A × B,R) is non-null
fuzzy soft set. If (a, b) ∈ Supp(h,A × B,R), then ha,b = fa ∧ gb 6= 0R.
Since (f,A,R) and (g,B,R) are idealistic fuzzy soft rings, we infer that
fa and gb are both fuzzy ideals of R. Hence, ha,b is a fuzzy ideal of R for
all (a, b) ∈ Supp(h,A×B,R). Thus, (h,A×B,R) = (f,A,R)∧̃(g,B,R)
is an idealistic fuzzy soft ring. �

6. Homomorphism of fuzzy soft rings

In this section we show that the homomorphic image and pre-image
of a fuzzy soft ring (fuzzy soft ideal of a fuzzy soft ring) are also fuzzy
soft ring (fuzzy soft ideal of a fuzzy soft ring).

Definition 6.1. [4] Let ϕ : X −→ Y and ψ : A −→ B be two functions,
where A and B are parameter sets for the crisp sets X and Y , respec-
tively. Then the pair (ϕ,ψ) is called a fuzzy soft function from X to
Y .

Definition 6.2. [4] Let (f,A,X) and (g,B, Y ) be two fuzzy soft sets
and let (ϕ,ψ) be a fuzzy soft function from X to Y .

(1) The image of (f,A,X) under the soft function (ϕ,ψ), denoted by
(ϕ,ψ)(f,A,X), is the fuzzy soft set over Y defined by (ϕ,ψ)(f,A,X) =
(ϕ(f), ψ(A), Y ), where

ϕ(f)k(y) =

{∨
ϕ(x)=y

∨
ψ(a)=k fa(x), if x ∈ ϕ−1(y);

0, otherwise.
, ∀k ∈ ψ(A), ∀y ∈

Y .
(2) The preimage of (g,B, Y ) under the fuzzy soft function (ϕ,ψ),

denoted by (ϕ,ψ)−1(g,B, Y ), is the fuzzy soft set over X defined by
(ϕ,ψ)−1(g,B, Y ) = (ϕ−1(g), ψ−1(B), X), where
ϕ−1(g)a(x) = gψ(a)(ϕ(x)), ∀a ∈ ψ−1(B), ∀x ∈ X.
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If ϕ and ψ is injective (surjective), then (ϕ,ψ) is said to be injective
(surjective).

Definition 6.3. Let R and S be two classical rings and (ϕ,ψ) be a fuzzy
soft function from R to S. If ϕ is a homomorphism from R to S then
(ϕ,ψ) is said to be fuzzy soft homomorphism. If ϕ is a isomorphism
from X to Y and ψ is one-to-one mapping from A onto B then (ϕ,ψ)
is said to be fuzzy soft isomorphism.

Theorem 6.4. Let (f,A,R) be a fuzzy soft ring and (ϕ,ψ) be a fuzzy
soft homomorphism from R to S. Then (ϕ,ψ)(f,A,R) is a fuzzy soft
ring over S.

Proof. Let k ∈ ψ(A) and y1, y2 ∈ S. If ϕ−1(y1) = ∅ or ϕ−1(y2) = ∅ the
proof is straightforward. Let assume that there exist x1, x2 ∈ R such
that ϕ(x1) = y1, ϕ(x2) = y2.

ϕ(f)k(y1 − y2) =
∨

ϕ(t)=y1−y2

∨
ψ(a)=k

fa(t)

>
∨

ψ(a)=k

fa(x1 − x2)

>
∨

ψ(a)=k

(fa(x1) ∧ fa(x2))

=
∨

ψ(a)=k

fa(x1) ∧
∨

ψ(a)=k

fa(x2)

This inequality is satisfied for each x1, x2 ∈ R, which satisfy ϕ(x1) =
y1, ϕ(x2) = y2. Then we have

ϕ(f)k(y1−y2) >

 ∨
ϕ(t1)=y1

∨
ψ(a)=k

fa(t1)

∧
 ∨
ϕ(t2)=y2

∨
ψ(a)=k

fa(t2)

 =

ϕ(f)k(y1) ∧ ϕ(f)k(y2).
and similarly, we have ϕ(f)k(y1 · y2) > ϕ(f)k(y1) ∧ ϕ(f)k(y2). Thus,

we conclude that (ϕ,ψ)(f,A,R) is a fuzzy soft ring over S. �

Theorem 6.5. Let (g,B, S) be a fuzzy soft ring and (ϕ,ψ) be a fuzzy
soft homomorphism from R to S. Then (ϕ,ψ)−1(g,B, S) is a fuzzy soft
ring over R.

Proof. Let a ∈ ψ−1(B) and x1, x2 ∈ R.
ϕ−1(g)a(x1 · x2) = gψ(a)(ϕ(x1 · x2))

= gψ(a)(ϕ(x1) · ϕ(x2))
> gψ(a)(ϕ(x1)) ∧ gψ(a)(ϕ(x2))

= ϕ−1(g)a(x1) ∧ ϕ−1(g)a(x2).
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and similarly, we have ϕ−1(g)a(x1−x2) > ϕ−1(g)a(x1)∧ϕ−1(g)a(x2).
So, (ϕ,ψ)−1(g,B, S) is a fuzzy soft ring over R. �

Theorem 6.6. Let (f,A,R) be a fuzzy soft ring, (g,B,R)C̃(f,A,R) and
(ϕ,ψ) be a fuzzy soft homomorphism from R to S. Then (ϕ,ψ)(g,B,R)C̃
(ϕ,ψ)(f,A,R).

Proof. By Theorem 6.1, we know that (ϕ,ψ)(f,A,R) is a fuzzy ring over
S. Since (g,B,R) is a fuzzy soft ideal of (f,A,R), we have B ⊂ A and
hence, ψ(B) ⊂ ψ(A).

Let k ∈ Supp(ϕ,ψ)(g,B,R) and y1, y2 ∈ S. If ϕ−1(y1) = ∅ or
ϕ−1(y2) = ∅, the proof is straightforward. Let assume that there ex-
ist x1, x2 ∈ R such that ϕ(x1) = y1, ϕ(x2) = y2.

ϕ(g)k(y1 − y2) =
∨

ϕ(t)=y1−y2

∨
ψ(b)=k

gb(t)

>
∨

ψ(b)=k

gb(x1 − x2)

>
∨

ψ(b)=k

(gb(x1) ∧ gb(x2))

=
∨

ψ(b)=k

gb(x1) ∧
∨

ψ(b)=k

gb(x2)

This inequality is satisfied for each x1, x2 ∈ R, which satisfy ϕ(x1) =
y1, ϕ(x2) = y2. Then we have

ϕ(g)k(y1 − y2) >

 ∨
ϕ(t1)=y1

∨
ψ(b)=k

gb(t1)

 ∧
 ∨
ϕ(t2)=y2

∨
ψ(b)=k

gb(t2)

 =

ϕ(g)k(y1) ∧ ϕ(g)k(y2).
Similarly, we have ϕ(g)k(y1 · y2) > ϕ(g)k(y1) ∧ ϕ(g)k(y2).
Let y ∈ S.

ϕ(g)k(y) =
∨

ϕ(t)=y

∨
ψ(b)=k

gb(t)

6
∨

ϕ(t)=y

∨
ψ(b)=k

fb(t)

= ϕ(f)k(y)
This completes the proof. �

Theorem 6.7. Let (f,A, S) be a fuzzy soft ring, (g,B, S)C̃(f,A, S) and
(ϕ,ψ) be a fuzzy soft homomorphism from R to S. Then (ϕ,ψ)−1(g,B, S)
C̃(ϕ,ψ)(f,A, S)

Proof. Straightforward. �



14 B. P. Varol, A. Aygünoǧlu and H. Aygün

Conclusion. In this paper, the concept of fuzzy soft ring is intro-
duced and its characteristic properties are studied. Further, the notions
of fuzzy soft ideal of a fuzzy soft ring and idealistic fuzzy soft ring are
introduced. The soft homomorphism between fuzzy soft rings are de-
fined and they are proved that image and preimage of fuzzy soft rings
are fuzzy soft rings. To extend this study, one could study the properties
of fuzzy soft sets in other algebraic structures.
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