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SOME SUZUKI-TYPE BEST PROXIMITY POINT
RESULTS ON METRIC SPACES ENDOWED A GRAPH

SOOMIEH KHALEGHIZADEH

ABSTRACT. In this paper, the researcher proved the best proximity
point theorem for Suzuki type mappings in the setting of metric
spaces endowed a graph. In particular, some earlier results in the
literature on both best proximity theory and metric fixed point
theory were enriched, extended, and at last generalized.
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1. INTRODUCTION

In the last decade, the answers of the following question turns into
one of the core subjects of applied mathematics and nonlinear func-
tional analysis: Is there a point xg in a metric space (X, d) such that
d(xzo,Txo) = dist(A, B) where A, B are nonempty subsets of a met-
ric space X and T : A — B is a non-self-mapping with dist(A, B) =
inf{d(z,y) : x € A,y € B}?. Here, the point xg € X is called the best
proximity point. The object of best proximity theory is to determine
to the minimal conditions on a non-self-mapping 1" to guarantee the ex-
istence and uniqueness of the best proximal point. The setting of best
proximity point is richer and more general than the theory of metric
fixed point in two sense. Firstly, usually the mappings considered in
fixed point theory are self-mappings which are not necessary in the the-
ory of best proximity. Secondly, if one takes A = B in the above setting,
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the best proximity point becomes fixed point. It is also well known that
fixed point theory combine various disciplines of mathematics, such as
topology, operator theory, geometry to show the existence (and usually
uniqueness) of a solution of certain equation under proper conditions.
Moreover, best proximity theory gives chance to handle some problems
in which fixed point theory techniques are not adequate. Consequently,
best proximity point has a huge application potential due to the richness
applications of fixed point theory, for more details see e.g. [1-3,7-17,20-
25]. Desides, some essential notations, required definitions and primary
results to coherence with the literature were recollected.

Suppose that A and B are two non-empty subsets of metric space
(X,d). Throughout the paper, we use the notation d(A, B) instead of
dist(A, B) and further

d(a,B) :=inf{d(a,b) : b € B}, a € A,
Ay :={a € A:d(a,b) =d(A, B) for some b € B},
By :={be€ B:d(a,b) = d(A, B) for some a € A}.

Under the assumption of Ag # ), we say that the pair (A, B) has the
P-property [13] if the following condition holds:
d(.%'l, yl) = d(A, B),
=d =d
d(.%'g,yQ) _ d(A,B), (.171,.%2) (91,3/2),

for all x1, 29 € Ag and y1,y2 € By.

Recently, Zhang et al. [28] introduced the notion of weak P-property
as follows.

Under the assumption of Ay # (), we say that the pair (A, B) has the
weak P-property [13] if the following condition holds:

d(xl,yl) = d(A,B),
d(.ﬁl)g,yQ) = d(A,B),

for all x1, x5 € Ag and y1,y2 € By.

Consistent with Jachymski [9], let (X,d) be a metric space and A
denotes the diagonal of the Cartesian product X x X. Consider a di-
rected graph G such that the set V(G) of its vertices coincides with
X, and the set E(G) of its edges contains all loops, ie., E(G) 2 A.
We assume G has no parallel edges, so we can identify G with the pair
(V(G), E(G)). Moreover, we may treat G as a weighted graph (see [[4],
p. 309]) by assigning to each edge the distance between its vertices. If

= d(z1,72) < d(y1,y2),
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and y are vertices in a graph G, then a path in G from x to y of length
N (N € N) is a sequence {z;}Y, of N + 1 vertices such that zy = =,
xy =yand (x,—1,2,) € E(G)fori=1,--- ,N. A graph G is connected
if there is a path between any two vertices. G is weaklyconnected if G
is connected (see for details [6,9].

Recently, some results have appeared providing sufficient conditions
for a mapping to be a Picard Operator if (X, d) is endowed with a graph.
The first result in this direction was given by Jachymski [9].

Definition 1.1 (9). We say that a mapping 7' : X — X is a Banach
G-contraction or simply G-contraction if T" preserves edges of G, i.e.:
Va,y € X((z,y) € E(G) = (T'(),T(y)) € E(G)),
and T decreases weights of edges of GG in the following way:
Ja € (0,1),Vz,y € X((2,y) € E(G) = d(T(x),T(y)) < ad(z,y)).

2. MAIN RESULTS

We start to this section with the following definition.
A function ¢ : [0,00) — [0,00) is called Bianchini-Grandolfi gauge
function [5,18,19] if the following conditions holds:
(i) 1 is nondecreasing;
(ii) There exist kg € N and a € (0,1) and a convergent series of
nonnegative terms » - ; v5 such that:

YEL () < ayt(t) + o,
for k > ko and any t € RT.
In some sources, Bianchini-Grandolfi gauge function is known as (c)-
comparison functions (see e.g. [4]). We denote by ¥ the family of

Bianchini-Grandolfi gauge functions. The following lemma illustrate the
substance of these functions.

Lemma 2.1. (See [4]) If vp € U, then the followings hold:

(i) (Y"(t))nen converges to 0 as n — oo for allt € RT;
(ii) Y (t) < t, for any t € (0,00);
(i) 1 is continuous at 0;
(iv) The series Y ne, W*(t) converges for anyt € RF.

Assume that A and B are two non-empty subsets of metric space
(X,d). Let Z denote the set of all functions ¢ : [d(A, B),00)* — R
satisfying:
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: (21) £ is continuous;

: ( 2) f(tl,tg,tg,d(A,B) = (0 for all t1,ta,t3 € [d(A, B),OO)

Ezample 2.2. The following functions belong to =

(i) §(t1,t2,t3, t4) = Lmin{tl,tg,tg,t4 — d(A, B)} where L > 0;
(ii) §(t1,t2,t3, t4) = Lt1t2t3(t4 — d(A, B)) where L Z 0;

(iii) §(t1,t2,t3, t4) = ln(l + Ltltgtg(t4 — d(A, B)) where L > 0;
(i) &(ty,t,tz,ty) = eltit2ts(ta=d(A.B)) _ 1 where L > 0.

Definition 2.3. Let (X,d) be a metric space endowed with a graph
G. Also suppose that A and B are two non-empty subsets of metric
space (X, d). A non-self-mapping T': A — B is said to be a Suzuki type
G — (&,v)-proximal contraction, if:

(z,y) € E(G),
d(u,Tx) =d(A,B), = (u,v)€ E(G)
d(v,Ty) = d(A, B)

for some z, y, u, v € A and there exists r € (0, 1) such that:

1

= d(Tz, Ty) < Y(d(z,y)) + &(d(z, Tx), d(y, Ty), d(z, Ty), d(y, Tz)),
for all z, y € A with (z,y) € E(G) where d*(z,y) = d(z,y) — d(A, B),
feZand ¢ € V.

The following is the first result of this section.

Theorem 2.4. Let (X,d) be a complete metric space endowed with a
graph G. Also suppose that A and B are two non-empty subsets of
metric space (X,d). Let T : A — B be a Suzukitype G — (§,)-prozimal
contraction satisfying the following conditions:

(i) T(Ap) C By and (A, B) satisfies the weak P-property;
(i) There exist elements xg and x1 in Ay such that:

d(z1,Txo) = d(A, B) and (zo,x1) € E(Q),

(i1i) T is a continuous mapping.

Then T has a best proximity point.
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Proof. Due to assumption (iii), there exist elements xg and x7 in Ay such
that:
d(x1,Txo) = d(A, B) and (zg,21) € E(G).
Owing to the fact that T'(Ap) C By, there exists xo € Ag such that:
d(zg,Tz1) = d(A, B).

Since T is Suzuki type G— (&, ¥)-proximal contraction, we have (z1, z2) €
E(G). Again, by using the fact that T(Ag) C By, we guarantee that
there exists x3 € Ag such that:

d(xg, ng) = d(A, B)
So we conclude that:
d(:l?g, T$1) = d(A, B), d(:l,‘g, Txg) = d(A, B), (xl, xg) S E(G)

Again by recalling that fact that the map 7' is Suzuki type G — (§,)-
proximal contraction, we derive that (z2,z3) € F(G), that is:

d(xz3,Txe) = d(A, B), (x2,23) € E(G).
By repeating this process, we observe that:
(2.1)  d(znt1,Tzn) = d(A, B), (zn, Tnt1) € E(G) for all n € N{0}.
By triangle inequality, we have:
d(xp—1,Trn_1) < d(Tpn,Tn—1) + d(xpn, T2n_1) = d(Tp,xn—-1) + d(A, B),

which implies:
1 *
id*(xn—lvT-rn—l) <d (xn—l,Txn—l) < d(ﬂ?n, xn—l)-

From (11) and (iv), we derive that:

(2.2)
d(Txp—1,Trn) < Y(d(@n_1,2n)) +&d(xn_1,Txn_1),d(xn, Txn),d(@n_1,Txyn),d(xn, TTn_1)

< Y(d(zn—1,2n)) +&d(xn-1,TTn-1), d(xn, TTyn),d(xn-1, T2y ), d(A, B)
< (d(zn—1,2n)) +0=Y(d(Zn-1,2n)).

Due to the fact that the pair (A, B) has the weak P-property together
with (2), we conclude that:

d(xn, tpt1) < d(Txp—1,Txy,) for all n € N.
Consequently, from (3), we obtain:

(2.3) d(xn, Tnt1) < Y(d(xp—1,2,)) for all n € N.
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If x,,, = Tpy+1 for some ng € N, then, the proof is completed. Indeed,
(2) yields that:

d(Xng, T'Tny) = d(Tngt1, Trn,) = d(A, B),
that is, =, is a best proximity point of 7. Hence, we assume that:
(2.4) d(xpy1,2n) > 0 for all n € NU{0}.
We find that:
d(xp, Tpt1) < " (d(x1,20)) for all n € NU {0},

by using the fact that v is nondecreasing together with the assumption
(11), inductively. Fix € > 0, there exists N € N such that:

Z Y™ (d(xo,x1)) < e for all n € N.
n>N

Let m, n € N with m > n > N. On the other hand, by the triangular
inequality, we have:

m—1
d(n, Tm) Z d(zr, wrpr) < Y P (d(wo, 21)) < D ¢ (d(xo, 21)) <,
k=n

n>N
which yields that limy, » 4o d(2n,xm) = 0. Hence, {z,} is a Cauchy
sequence. Since X is complete, there is z € X such that x,, — z. By
the continuity of T', we derive that Tz, — Tz as n — co. Hence, we get
the desired result:

d(A,B) = li_)m d(xpi1, Txy) = d(2,Tz).

In the following theorem, we get an analog of Theorem 2.1, by removing
the continuity condition on Suzuki type G — (§, 1)-proximal contraction

mapping.
Theorem 2.5. Let (X,d) be a complete metric space endowed with a
graph G. Also suppose that A and B are two mon-empty subsets of

metric space (X,d). LetT : A — B be a Suzuki type G — (&, ¢)-proximal
contraction satisfying the following conditions:

(i) T(Ap) C By and (A, B) satisfies the weak P-property;
(i) There exist elements xg and x1 in Ay such that:
d(z1,Txo) = d(A, B) and (zo,x1) € E(G),

(111) If {xn} is a sequence in A such that (zp,zn41) € E(G) with
Tn = x €A asn — oo, then (z,,z) € E(G) for alln € N.
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Then T has a unique best proximity point.

Proof. Following the lines in the proof of Theorem 2.1, we conclude the
sequence {z,} is Cauchy sequence, and there is z € X such that z,, € z
since X is complete.

Suppose that the condition (v) holds, that is, (z,,z) € E(G) for all
n € N. From (4) and (5) we obtain that:

d(Tp, Tpt1) < d(Tp—1,Tn),

for all n € N. By using (2), we have:

(2.5)

d*(xpn, Txy) = d(zp, Txy) — d(A, B) < d(xn, Tnt1) + d(zps1, Tzy) — d(A, B)
= d(xn;xn—l—l)a

and:

d* (41, TTn11)
= d(l'nJrly Txn+1) - d(A, B) < d(l'nJrl» $n+2) +d($n+2> T$n+1) - d(Av B)

= d(ZEn+1, mn+2) < d(.CEn, :L'nJrl)-
Hence, (6) and (7) implies that:

1
(2.6) i[d*(:nn, Tzy) + d* (xns1, Trn1)] < d(Tn, Tpi1).

holds for all n € N. We suppose that there exists ng € N such that the
following inequalities hold:

1
id*(‘rnm Tﬂjno) > d(xnov Z)v

and:

1
§d*(xno+1vTxno+l) > d(xno-i-l’ z).
Hence, by using (8) we can write:

d(xmw mm-ﬁ-l) < d(xnov Z) + d(xno-i-la Z)
1
< i[d*<xnoaTxNO) + d*(xno-i-laT‘Tno-i-l)] < d(xnmxno-i-l)?
which is a contradictions. Hence, for all n € N, we have either:
1
Ed*(:cn,Txn) < d(xp,z),

or:

1

§d*($n+1, Trpi1) < d(Tny1, 2).
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Regarding (11) we obtain either:
(2.7)
d(Txy, Tz) < Y(d(xp,2)) + Ed(xn, Txy),d(2,T2),d(xn, T2),d(z, Tzy,),

or:
(2.8)
d(Txn-l-la TZ) < w(d(xn+17 Z)) + gd(xn—i-l: Tl‘n+1), d(Z, TZ), d(xn-‘rla TZ), d(Z, Txn—f—1)~

On the other hand we know that:
d(A,B) < li_>m d(z,Txpy1) < li_>m d(z, Tpi2) + li_>m d(xpt2, Txny1) = d(A, B).

That is, lim,, 00 d(2, Txpy1) = d(A, B). Now, if we take the limit as
n — +oo in each of these inequalities (i.e., (9) or (10)), then we have:

Tx, - Tzor Ty — Tz asn — oo.

Consequently, there exists a subsequence {zy, } of {x,} such that Tz, —
T, as xp, — 2.
Therefore:
d(A,B) = lim d(xp,+41,T2n,) = d(2,T2).

k—o0
Therefore, T has a best proximity point. [J
Ezample 2.6. Let X = R endowed with metric d(z,y) = |x — y|. Let
A =[-4,4] and B = (—o0, —5] U [5,00). Define, T': A — B by:

/

-5, if z € [-4,-3)
27 4+ 32° + 223 -8, ifze€[-3,-2)

Tz = { i +10 if z € [-2,-1)
xt 4222 + 14 if x € [-1,0)
5, if z € [0,4]

Also define the graph G by E(G) = [0,4] x [0, 4].
Clearly, d(A,B) = 1, Ay = {—4,4}, By = {—5,5} and T4y C By.
Further, define:

£:]d(A,B) =1,00)* - RT,

by 5(t1,t2,t3,t4) = tltgtg(t4 — 1). Let d(xl,yl) = d(A,B) = 1 and
d(za,y2) = d(A, B) = 1. Then:

(x1>y1)7 (x27y2) € {(_4? _5)? (47 5)}



138 S. Khaleghizadeh

Now if (z1,41) # (2%,°) then (z1,41) = (=4, —5) and (z2,y2) = (4,5)
or (z1,y1) = (4,5) and (x2,y2) = (—4, —5) which implies:

d(z1,29) = d(—4,4) = d(4, —4) =8 < 10 = d(—5,5) = d(5, —5) = d(y1, o).

Moreover, if (21, y1) = (x2,y2) then d(z1,22) = 0 = d(y1, y2). Therefore,
the pair (A, B) satisfiesthe weak P-property. Let:

(z,y) € E(G) = [0,4] x [0,4]

d(u,Tx) =d(A,B) =1

d(v,Ty) =d(A,B) =1
then, u = v = 4. That is, (u,v) € E(G). Also, suppose that, (z,y) €
E(G). Hence, x,y € [0,4], which implies:

d(Tx, Ty) = 0 < ¢(d(z,y)) + {(d(z, Tx), d(y, Ty), d(x, Ty), d(y, Tx)).

Therefore, T is a Suzuki type G — (§,1)-proximal contraction mapping.
Let, {z,,} be a sequence in A such that (z,,z,+1) € E(G) with z,, —
x € Aasn — oo. Then, {z,} C [0,4]. This implies, z € [0,4]. Thus,
(xn,z) € E(G) for all n € NU{0}. Hence, all conditions of Theorem 2.2
holds and T has a best proximity point. Here, x = 4 is best proximity
point of T

3. BEST PROXIMITY POINTS OF SUZUKI TYPE (&, )-PROXIMAL
CONTRACTION INPARTIALLY ORDERED METRIC SPACES

Definition 3.1. ([22]). Let (X, d, <) be a partially ordered metric space.
We say that a nonself-mapping T : A — B is a proximally ordered-
preserving if and only if, for all x1, z9, u1,us € A,

xrp X X2
d(ul,Txl) :d(A,B) = up = u.
d(ug, Txe) = d(A, B)
Definition 3.2. Let (X, d, <) be a partially ordered metric space. Also
suppose that A and B are two non-empty subsets of metric space (X, d).
A non-self-mapping 7' : A — B is said to be a Suzuki type (§,)-
proximal contraction, if there exists r € (0,1) such that:
3d*(z, T) < d(z,y)
= d(Tz,Ty) < P(d(z,y)) + &(d(z, Tx),d(y, Ty), d(z, Ty), d(y, Tz)),
for all z,y € A with x < y where d*(z,y) = d(z,y) — d(A, B),§ € E
and ¢ € V.
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Let (X, d, =) be a partially ordered metric space. Define the graph G
by:

(3.1) EG)={(z,y) e X x X :xz 2 y}.

By applying Theorem 2.1, 2.2 and the above graph we have the following
results.

Theorem 3.3. Let (X,d, <) be a complete partially ordered metric
space. Also suppose that A and B are two non-empty subsets of metric
space (X,d). LetT : A — B be a Suzuki type (§,)-prozimal contraction
satisfying the following conditions:
(i) T is prozimally ordered-preserving, T(Ag) C By and (A, B) sat-
isfies the weak P-property;
(i) There exist elements xg and x1 in Ay such that:

d(xz1,Tzg) = d(A, B) and z¢ < 1,

(iii) T is a continuous mapping.
Then T has a best proximity point.
Theorem 3.4. Let (X,d, =) be a complete partially ordered metric
space. Also suppose that A and B are two non-empty subsets of metric

space (X,d). Let T : A — B be a Suzuki type (§,)-prozimal contraction
satisfying the following conditions:

(i) T is prozimally ordered-preserving, T'(Ag) C By and (A, B) sat-
isfies the weak P-property;
(ii) There exists elements xy and x1 in Ao such that:

d(xz1,Txo) = d(A, B) and zg = 7,
(iii) If {x,,} is an increasing sequence in A such that z, — x € A as
n — 0o, then x, =< x for alln € N.

Then T has a best proximity point.

4. APPLICATION TO FIXED POINT THEORY

If in definition of the function ¢ we take A = B = X then we have
the following class of functions:
Let Y denote the set of all functions 7 : [0,00)* — R™ satisfying:
: (Y1) n is continuous;
: (TQ) n(tl,tg,tg,()) =0 for all t1,ta,t3 € [0, OO)
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Definition 4.1. Let (X,d) be a metric space endowed with a graph
G. A self-mapping T : X — X is said to be a Suzuki type G — (n,9)-
contraction, if:

(z,y) € E(G) = (Tz,Ty) € E(Q),
for some z,y € X and there exists € (0, 1) such that:
gd(@, Tx) < d(z,y)
= d(Tz,Ty) < Y(d(z,y)) + n(d(z,Tz),d(y, Ty), d(z, Ty), d(y, Tz),
for all z,y € X with (z,y) € E(G) where n € T and ¢ € V.

Definition 4.2. Let (X, d, <) be a partially ordered metric space. Also
suppose that A and B are two non-empty subsets of metric space (X, d).
A self-mapping 7' : X — X is said to be a Suzuki type (7, ¢)-contraction,
if there exists r € (0, 1) such that:

gd(a, Tx) < d(z,y)

= d(Tz,Ty) < (d(z,y)) +n(d(z,Tz),d(y, Ty), d(z, Ty),d(y, Tx)),
for all x,y € X with z <y where n € T and ¢ € V.

If in Theorem 2.1, 2.2, 3.1 and 3.2 we take A = B = X then we
deduce the following fixed point results.

Theorem 4.3. Let (X,d) be a complete metric space endowed with a
graph G.. Let T be a continuous Suzuki type (n,1))-contraction mapping.
If there exist element xo in X such that, (xo,Txo) € E(G) then T has
a fized point.

Theorem 4.4. Let (X,d) be a complete metric space endowed with a
graph G. Let T be a Suzuki type (n,1)-contraction. Also suppose that
the following assertions holds:
(i) There exists element xg in X such that, (xo,Txo) € E(G),
(ii) If {xn} is a sequence in A such that (xn,xn41) € E(G) with
Tn = x €X asn — 0o, then (zn,x) € E(G) for alln € N.
Then T has a unique best proximity point.

Theorem 4.5. Let (X,d, <) be a complete partially ordered metric
space. Let T be a continuous increasing Suzuki type (n,1))-contraction.
If there exist element xg in X such that, xo = Txg,then T has a fized
point.

Theorem 4.6. Let (X,d, <) be a complete partially ordered metric
space. Let T be a increasing Suzuki type (n,1)-contraction. Also suppose
that the following assertions holds:
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(i) There exists element xo in X such that, xog = Tz
(ii) If {xyn} is an increasing sequence in X such that x,, - x € X as
n — oo, then x, < x for alln € N.

Then T has a fixed point.
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