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1. Introduction

The fixed point theory was revealed as a powerful tool in the study
of nonlinear analysis. In fact the technique of fixed point also have been
applied in different fields such as biology, physics, engineering, chem-
istry, game theory, economics, computer science etc.

Fixed point theory plays an important role not only in the field of
analysis, but also used to find out solutions of different mathematical
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problems like integral equations, differential equations, convex minimiza-
tion problems, image recovery, signal processing (refer [6, 7, 19]) etc.

There are lots of fixed point results in different spaces. One of the
most important and fruitful result in metric space was given by Banach
[4] called ”Banach Contraction Principle”. This principle was general-
ized and its several variants were studied by mathematicians in different
spaces.

The relationship between the geometric properties of a space and xed
point theory makes it possible to obtain eective and useful results. In
particular, geometric properties of a space play an important role in
metric xed point theory. It is well known in the literature that Banach
spaces have been studied extensively, because Banach spaces always have
convex structures. However, metric spaces do not have this structure.
Therefore, there is a need to introduce and define convex structures.

Hyperbolic spaces are rich in geometrical structure and it is suitable
to obtain new results in topology, graph theory, multi-valued analysis
and metric fixed point theory. The study of fixed point theory for non-
expansive mappings in the framework of hyperbolic spaces was initiated
by Takahashi [23]. The concept of hyperbolic space was introduced by
Kohlenbach [13] in 2005. Leustean [15] showed that CAT(0) spaces are
uniformly convex hyperbolic metric spaces.

Recall that a subset K of a metric space (X, d) is called proximal, if
there exists an element y ∈ K such that

d(x, y) = d(x,K) = inf
z∈K

d(x, z)

for all x ∈ X. Let CB(K) and P (K) be the collection of all non-empty
closed bounded subsets and the collection of all non-empty proximal
bounded closed subsets of K, respectively. A mapping T : K → X is
called nonexpansive if

d(Tx, Ty) ≤ d(x, y),

for all x, y ∈ K.

Example 1.1. Consider the mapping T : X → X defined by Tx = x+ z
where z 6= 0. Then T is nonexpansive mapping.
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In [17], for any metric space (X, d), the Hausdorff metric is defined
by

dH(A,B) = max{sup d(x,B), sup d(A, y)},
where A,B ∈ CB(X), and d(x,A) = infa∈A d(x, a).

Example 1.2. Let X = {1, 2, ..., 10} ⊂ R, A,B ⊂ R such that A = {1, 5},
B = {2, 6}. Suppose that d is metric on X defined by d(x, y) = |x− y|.
Now d(A, x) = infa∈A d(a, x) = 0. Similarly d(x,B) = infb∈B d(x, b) =
0. Therefore dH(A,B) = max{sup d(x,B), sup d(A, y)} = 0.
Now for y ∈ A, d(x, y) = d(A, x) = 0, therefore y = 1 is proximal point
of A. Similarly y = 2 is proximal point of B.

In 2008, Suzuki [22] introduced a generalization of nonexpansive map-
pings, which he named condition (C), is as follows:
A mapping T defined on a subset K of a Banach space X is said to
satisfy condition (C), if

1

2
||x− Tx|| ≤ ||x− y|| ⇒ ||Tx− Ty|| ≤ ||x− y||,

for x, y ∈ K. Note that T is generalization of nonexpansive mapping in
the sense of Suzuki. It is obvious that every nonexpansive mapping sat-
isfies condition (C), but the converse is not true. Consider the following
examples:

Example 1.3. Let T : [0, 2]→ [0, 2] defined by

(1.1) Tx =

{
0, x 6= 2,

2, x = 2.

It is clear that T is Suzuki nonexpansive mapping and also nonexpansive.

Example 1.4. Let X = R and K = [0, 5
2 ] is subset of X. Let d : X×X →

R such that d(x, y) = |x − y|. Clearly (X, d) is metric space. Let T be
a mapping defined on K such that

(1.2) Tx =

{
0, x ∈ [0, 2],

4x− 12, x ∈ [0, 5
2 ].

Then T is Suzuki nonexpansive mapping. However it is not nonexpansive
mapping.

A mapping T : X → CB(X) is called multi-valued nonexpansive
mapping if

dH(Tx, Ty) ≤ d(x, y),
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for x, y ∈ X and it is called quasi-nonexpansive mapping if F (T ) 6= ∅
and

dH(Tx, y) ≤ d(x, y),

for all y ∈ F (T ).

Example 1.5. [9] Let X = R with usual metric d. Define

Tx = {x− tan−1 x,
x

2
− tan−1 x}, x ∈ X.

Then T is multi-valued nonexpansive mapping.

A point x ∈ K is called fixed point of multi-valued mapping T , if
x ∈ Tx. Here we denote the set of fixed point of T by F (T ).

In 2010, Akbar and Islamian [2] introduced Suzuki condition for multi-
valued mapping as follows:

A multi-valued mapping T : X → CB(X) is said to satisfy condition
(C), provided that

1

2
d(x, Tx) ≤ d(x, y)⇒ dH(Tx, Ty) ≤ d(x, y)

for x, y ∈ X, where dH is Hausdorff metric derived from d.

Example 1.6. Let X = [0, 3] and d is metric on X such that d(x, y) =
|x− y|. Let T : [0, 3]→ CB([0, 3]) defined by

(1.3) Tx =

{
[0, x3 ] x 6= 3,

{1}, x = 3.

We claim that T is multi-valued Suzuki nonexpansive mapping. Con-
sider the following cases:

Case I: when x = 3, we have

1

2
d(x, Tx) =

1

2
d(3, {1})

= 1.

and d(x, y) = d(3, y) = |3− y| ≤ 3 + |y|. Now suppose that 1
2d(x, Tx) ≤

d(x, y). Then 1 ≤ 3 + |y| ⇒ −2 < 0 ≤ |y| for any y ∈ X. Also
dH(Tx, Ty) = 0 ≤ d(x, y).
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Case II: when x 6= 3. we have

1

2
d(x, Tx) =

1

2
d(x, [0,

x

3
])

=
1

2
|x− x

3
|

=
|x|
3

< |x|
≤ |x|+ |y| = |x− y| = d(x, y).

Also dH(Tx, Ty) ≤ d(x, y). Hence T is Suzuki nonexpansive mapping.
However it is not nonexpansive mapping.

Fixed point theorems are developed for single-valued as well as multi-
valued functions in different spaces. The study of the fixed points
for multi-valued nonexpansive mappings is difficult rather than single-
valued nonexpansive mappings. The multi-valued version of Banach
contraction principle was given by Nadler [18] in 1969. Sastry and Babu
[20] introduced multi-valued version of Mann [16] and Ishikawa [10] it-
eration and proved convergence theorems for nonexpansive mappings in
Hilbert space. In 2016 Kim et al. [12] introduced multi-valued version of
Thakur iteration [24] and proved convergence results in uniformly con-
vex Banach space.

In recent years, lots of fixed point results were established by several
researcher in hyperbolic spaces. In 2016, Alagoz et al. [1] proved strong
convergence of a finite family of nonexpansive multi-valued mappings in
hyperbolic spaces. They studied the convergence of following iteration
scheme:
Let K be a non-empty convex subset of a hyperbolic space X. Let
{Ti : i = 1, 2, ..., k} be a family of multi-valued mappings such that Ti :
K → P (K) and PTi(x) = {y ∈ Tix : d(x, y) = d(x, Tx)} is nonexpansive
mapping. Suppose that αnk ∈ [0, 1] for all n = 1, 2, ... and i = 1, 2, ..., k
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for x0 ∈ K and let {xk} be the sequence generated by the following:

(1.4)



xk+1 = W (u(n−1)k, y(n−1)k, αnk)

y(n−1)k = W (u(n−2)k, y(n−2)k, α(n−1)k)

.

.

.

y2k = W (u1k, y1k, α2k)

y1k = W (u0k, y0k, α1k)

where uik ∈ PTi+1(yik) for i = 0, 1, ...k − 1 and y0k = xk.

In 2017, Bello et al. [5] studied some fixed point results and es-
tablished demiclosedness principle for mean nonexpansive mappings by
using iteration scheme (1.4) in hyperbolic space.

Inspired by work of Bello et al. [5], in this paper we have established
strong convergence and ∆− convergence of the sequence {xk} defined
by (1.4) for multi-valued Suzuki nonexpansive mapping in complete hy-
perbolic space.

2. Preliminaries

This section starts with some basic concepts and also contains some
useful results, which are required to get main results.

Definition 2.1. [13] A hyperbolic space (X, d,W ) is a metric space
(X, d) together with a convexity mapping W : X ×X × [0, 1]→ X such
that for all x, y, z ∈ X and α, β ∈ [0, 1], we have

(i) d(u,W (x, y, α)) ≤ (1− α)d(u, x) + αd(u, y),
(ii) d(W (x, y, α),W (x, y, β)) = |α− β|d(x, y),

(iii) W (x, y, α) = W (y, x, 1− α)
(iv) d(W (x, z, α),W (y, w, α)) ≤ (1− α)d(x, y) + αd(z, w).

Example 2.2. Let X = R be a Banach space. Let d : X ×X → [0,∞)
be a mapping defined by

d(x, y) = ||x− y||.
It is clear that d is metric on X. Let K = [0, 1] be a subset of X. Further
we define a mapping W : X ×X × [0, 1] by

W (x, y, α) = αx+ (1− α)y,
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for all x, y ∈ X and α ∈ [0, 1]. Then (X, d,W ) is hyperbolic space.

Definition 2.3. [8] A non-empty subset K of a hyperbolic space X is
said to be convex, if W (x, y, α) ∈ K for all x, y ∈ K and α ∈ [0, 1].

Leustean [14] introduced the concept of uniformly convex hyperbolic
spaces. Later [21] defined uniformly convex hyperbolic spaces in the
following way:

Definition 2.4. [21] A hyperbolic space X is said to be uniformly con-
vex if for any r > 0 and ε ∈ (0, 2], there exists a δ ∈ (0, 1] such that for
all x, y, z ∈ X,

d(W (x, y,
1

2
), z) ≤ (1− δ)r,

provided d(x, z) ≤ r, d(y, z) ≤ r and d(x, y) ≥ εr.

Definition 2.5. [5] Let K be a non-empty subset of a metric space
X and {xk} be any bounded sequence in K. For x ∈ X, there is a
continuous functional r(., {xk}) : X → [0,∞) defined by

r(x, {xk}) = lim sup
k→∞

d(xk, x).

The asymptotic radius r(K, {xk}) of {xk} with respect to K is given by

r(K, {xk}) = inf{r(x, {xk}) : x ∈ K}.
A point x ∈ K is said to be an asymptotic center of the sequence {xk}
with respect to K, if

r(x, {xk}) = inf{r(y, {xk}) : y ∈ K}.
The set of all asymptotic centres of {xk} with respect to K is denoted
by A(K, {xk}).

Remark 2.6. In uniformly convex Banach spaces and CAT (0) spaces,
bounded sequences have unique asymptotic center with respect to closed
convex subset.

Definition 2.7. [5] A sequence {xk} in X is said to be ∆− converge
to x ∈ X, if x is the unique asymptotic center of {xkn} of {xk}. In this
case ∆− limk→∞ xk = x.

Definition 2.8. [21] Let X be a hyperbolic space. A map η : (0,∞)×
(0, 2] → (0, 1] which provides such a δ = η(r, ε) for a given r > 0 and
ε ∈ (0, 2] is known as a modulus of uniform convexity ofX. The mapping
η is said to be monotone, if it decreases with r.
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Lemma 2.9. [15] Let X be a complete uniformly convex hyperbolic space
with monotone modulus of uniform convexity η. Then every bounded
sequences {xk} in X has a unique asymptotic center with respect to any
non-empty closed convex subset K of X.

Lemma 2.10. [8] Let X be a complete uniformly convex hyperbolic space
with monotone modulus of uniform convexity η and let {xk} be a bounded
sequence in X with A({xk}) = {x}. Suppose that {xkn} is any subse-
quence of {xk} with A({xkn}) = {x1} and {d(xk, x1)} converges, then
x = x1.

Lemma 2.11. [11] Let (X, d,W ) be a complete uniformly convex hyper-
bolic space with monotone modulus of uniform convexity η. Let x∗ ∈ X
and {tk} be a sequence in [a, b] for some a, b ∈ (0, 1). If {xk} and {yk}
are sequences in X such that lim supk→∞ d(xk, x

∗) ≤ c,
lim supk→∞ d(yk, x

∗) ≤ c, and limk→∞ d(W (xk, yk, tk, )x
∗) ≤ c, for some

c > 0. Then limk→∞ d(xk, yk) = 0.

Lemma 2.12. [8] Let (X, d,W ) be a complete hyperbolic space, K be a
non-empty closed convex subset of X. Let T : K → P (K) be a multi-
valued mapping with F (T ) 6= ∅. Let PT : K → 2K be a multi-valued
mapping defined by

PT (x) = {y ∈ Tx : d(x, y) = d(x, Tx)}, x ∈ K.
Then the following conclusion holds:

(a) PT is multi-valued mapping from K to P (K).
(b) F (T ) = F (PT ).
(c) PT (p) = {p}, for each p ∈ F (T ).
(d) For each x ∈ K, PT (x) is a closed subset of Tx and so it is

compact.
(e) d(x, Tx) = d(x, PT (x)) for each x ∈ K.

Definition 2.13. [5] Let K be a non-empty closed subset of a complete
metric space X and {xk} be a sequence in K. Then {xk} is called Fejer
monotone sequence with respect to K, if for all x ∈ K and k ∈ N,

d(xk+1, x) ≤ d(xk, x).

Proposition 2.14. [5] Let {xk} be a sequence in X and K be a non-
empty subset of X. Suppose T : K → K is any nonlinear mapping and
the sequence {xk} is Fejer monotone with respect of K, then we have
the following:

(i) {xk} is bounded.
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(ii) The sequence {d(xk, x
∗)} is decreasing and converges for all x∗ ∈

F (T ).
(iii) limk→∞ d(xk, F (T )) exists.

Lemma 2.15. [3] Let K be a non-empty closed subset of a complete
metric space X and {xk} be a Fejer monotone with respect of K. Then
{xk} converges to some x∗ ∈ K if and only if limk→∞ d(xk,K) = 0.

Lemma 2.16. [17] Let (X, d) be a complete R tree and A,B ∈ CB(X).
Then for any z ∈ X, d(x, y) ≤ dH(A,B), where the points x, y are
respectively the unique closet points to z in A and B.

3. Main Results

3.1. Structure of fixed point set of multi-valued Suzuki nonex-
pansive mapping.

Lemma 3.1. Let K be a non-empty closed convex subset of a complete
hyperbolic space X. Let Ti : K → CB(K) (i = 1, 2, ..., k) be a finite
family of multi-valued mappings such that F (T ) = ∩ki=1F (Ti) 6= ∅ and
PTi : K → 2K are multi-valued Suzuki nonexpansive mappings. Then T
is quasi-nonexpansive mapping.

Proof. Let F (T ) 6= ∅ with p ∈ F (T ). Then from Lemma 2.12, we have
p ∈ F (PT ) and PT (p) = {p}. Since PT is Suzuki nonexpansive mapping,
we have

1

2
d(x, Tp) ≤ 1

2
[d(x, p) + d(p, Tp)]

≤ 1

2
d(x, p)

⇒ d(x, Tp) ≤ d(x, p).

�

Lemma 3.2. Let K be a non-empty closed convex subset of a complete
hyperbolic space X. Let Ti : K → CB(K) (i = 1, 2, ..., k) be a finite
family of multi-valued mappings such that F (T ) = ∩ki=1F (Ti) 6= ∅ and
PTi : K → 2K are multi-valued Suzuki nonexpansive mappings. Then
F (T ) is closed and convex.

Proof. Let F (T ) 6= ∅ with p ∈ F (T ). First we show that F (T ) is closed.
Let {xk} be a sequence in F (T ) such that {xk} converges to some y ∈ K.
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From Lemma 2.12, we have p ∈ F (PT ) and PT (p) = {p}. By using
Lemma 2.16, we have

d(xk, Ty) ≤ d(xk, p) + d(p, Ty)

≤ d(xk, p) + dH(PT (p), PT (y))

≤ d(xk, p) + dH(Tp, Ty)

≤ d(xk, p) + d(p, y)

≤ d(xk, y)

Taking limk→∞ on both sides, we have

lim
k→∞

d(xk, Ty) = 0.

By uniqueness of limit, we have y ∈ Ty. Hence F (T ) is closed.

Next we will show that F (T ) is convex. Let x, y ∈ F (T ) and α ∈ [0, 1].
By using Lemma 2.16, we have

d(x, T (W (x, y, α))) ≤ dH(PT (x), PT (W (x, y, α)))

≤ d(x,W (x, y, α)).

Hence

(3.1) d(x, T (W (x, y, α))) ≤ d(x,W (x, y, α))

Using similar argument, we have

(3.2) d(y, T (W (x, y, α))) ≤ d(y,W (x, y, α)).

By using Lemma 2.16, (3.1) and (3.2), we have

d(x, y) ≤ d(x, T (W (x, y, α))) + d(T (W (x, y, α)), y)

≤ dH(PT (x), PT (W (x, y, α))) + dH(PT (W (x, y, α)), PT (y)))

≤ d(x,W (x, y, α)) + d(y,W (x, y, α))

= d(x, y).

Therefore

(3.3) d(x, y) ≤ d(x, y).

Hence, we conclude that (3.1) and (3.2) are d(x, T (W (x, y, α))) =
d(x,W (x, y, α)) and d(y, T (W (x, y, α))) = d(y,W (x, y, α)), because if
we take strictly less than sign <, then from (3.3), we comes to the
contradiction that d(x, y) < d(x, y). Therefore

T (W (x, y, α)) = W (x, y, α),
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for all x, y ∈ F (T ) and α ∈ [0, 1]. Thus W (x, y, α) ∈ F (T ), which
implies that F (T ) is convex. �

Corollary 3.3. Let K be a non-empty closed convex subset of a com-
plete hyperbolic space X. Let Ti : K → CB(K) (i = 1, 2, ..., k) be a
finite family of multi-valued mappings such that F (T ) = ∩ki=1F (Ti) 6= ∅
with p ∈ F (T ) and PTi : K → 2K are multi-valued Suzuki nonex-
pansive mappings. Let {xk} be a bounded sequence in K such that
limk→∞ d(xk, Txk) = 0. Then F (T ) is closed and convex.

Proof. Let {xk} be a bounded sequence in F (T ) such that {xk} con-
verges to some y ∈ K. From Lemma 3.1, T is quasi-nonexpansive, we
have

d(xk, Ty) ≤ d(xk, Txk) + d(Txk, p) + d(p, Ty)

≤ d(xk, Txk) + dH(PT (xk), PT (p)) + dH(PT (p), PT (y))

≤ d(xk, Txk) + d(xk, p) + d(p, y)

≤ d(xk, Txk) + d(xk, y).

Taking limk→∞ on both sides, we have

lim
k→∞

d(xk, T y) = 0.

Hence F (T ) is closed. Rest are the same as of the proof in Lemma
3.2. �

Theorem 3.4. Let K be a non-empty closed convex subset of a com-
plete uniformly convex hyperbolic space X with monotone modulus of
convexity η. Let Ti : K → CB(K) (i = 1, 2, ..., k) be a finite family of
multi-valued mappings such that F (T ) = ∩ki=1F (Ti) 6= ∅ with p ∈ F (T )
and PTi : K → 2K are multi-valued Suzuki nonexpansive mappings. Let
{xk} be a bounded sequence in K such that limk→∞ d(xk, Txk) = 0 and
∆− limk→∞ xk = x∗. Then x∗ ∈ F (T ).

Proof. Since {xk} is a bounded sequence in K, hence from Lemma 2.9,
{xk} has a unique asymptotic center in K. Since ∆− limk→∞ xk = x∗,
we have A({xk}) = {x∗}. Observe that

d(xk, Tx
∗) ≤ d(xk, Txk) + d(Txk, Tx

∗)

≤ d(xk, Txk) + d(Txk, p) + d(p, Tx∗)

≤ d(xk, Txk) + dH(PT (xk), PT (p)) + dH(PT (p), PT (x∗)).

≤ d(xk, Txk) + d(xk, p) + d(p, x∗).
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Taking limk→∞ on both sides, we have

lim
k→∞

d(xk, Tx
∗) ≤ lim

k→∞
d(xk, x

∗).

Since

r(Tx∗, {xk}) = lim sup
k→∞

d(xk, Tx
∗)

≤ lim sup
k→∞

d(xk, x
∗)

= r(x∗, {xk}).

By uniqueness of asymptotic center of {xk}, we have Tx∗ = x∗. Hence
x∗ ∈ F (T ). �

3.2. Strong convergence and ∆− convergence of a sequence in
hyperbolic space.

Lemma 3.5. Let K be a non-empty closed convex subset of a com-
plete uniformly convex hyperbolic space X. Let Ti : K → CB(K)
(i = 1, 2, ..., k) be a finite family of multi-valued mappings such that
F (T ) = ∩ki=1F (Ti) 6= ∅ with p ∈ F (T ) and PTi : K → 2K are multi-
valued Suzuki nonexpansive mappings. Let {xk} be a sequence in K
defined by (1.4) and let y0k = xk, then

(i) d(yik, p) ≤ d(xk, p), for i = 1, 2, ..., k − 1,
(ii) limk→∞ d(xk, p) exists for all p ∈ F (T ).
(iii) limk→∞ d(xk, F (T )) exists.

Proof. (i) We proceed by induction on i.

d(y1k, p) = d(W (u0k, y0k, α1k), p)

≤ (1− α1k)d(u0k, p) + α1kd(y0k, p)

≤ (1− α1k)dH(PT1(y0k), PT1(p)) + α1kd(y0k, p)

≤ (1− α1k)d(y0k, p) + α1kd(y0k, p)

= d(y0k, p)

= d(xk, p).
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Hence, we have d(y1k, p) ≤ d(xk, p). Assuming that d(yik, p) ≤
d(xk, p) holds for some 1 ≤ i ≤ k − 2. Now

d(y(i+1)k, p) = d(W (uik, yik, α(i+1)k), p)

≤ (1− α(i+1)k)d(uik, p) + α(i+1)kd(yik, p)

≤ (1− α(i+1)k)dH(PT(i+1)
(yik), PT(i+1)

(p)) + α(i+1)kd(yik, p)

≤ d(xk, p).

We now show that d(yik, p) ≤ d(xk, p), for i = 1, 2, ..., k − 1.

d(y(k−1)k, p) = d(W (u(k−2)k, y(k−2)k, α(k−1)k), p)

≤ (1− α(k−1)k)d(u(k−2)k, p) + α(k−1)kd(y(k−2)k, p)

≤ (1− α(k−1)k)dH(PT(k−1)
(y(k−2)k), PT(k−1)k

(p))

+ α(k−1)kd(y(k−2)k, p)

≤ (1− α(k−1)k)(d(y(k−2)k, p) + α(k−1)kd(y(k−2)k, p)

≤ d(xk, p).

Thus by induction d(yik, p) ≤ d(xk, p), for i = 1, 2, ..., k − 1.
(ii)

d(xk+1, p) = d(W (u(n−1)k, y(n−1)k, αnk), p)

≤ (1− αnk)d(u(n−1)k, p) + αnkd(y(n−1)k, p)

≤ (1− αnk)dH(PTn(y(n−1)k), PTn(p)) + αnkd(y(n−1)k, p)

≤ (1− αnk)(d(y(n−1)k, p) + αnkd(y(n−1)k, p)

≤ d(xk, p).

This implies that {xk} is Fejer monotone with respect to F (T ),
so by Proposition 2.14, limk→∞ d(xk, p) exists.

(iii) By Proposition 2.14, limk→∞ d(xk, F (T )) exists.
�

Theorem 3.6. Let K be a non-empty closed convex subset of complete
uniformly convex hyperbolic space X with monotone modulus of con-
vexity η. Let Ti : K → CB(K) (i − 1, 2, ..., k) be a finite family of
multi-valued mappings such that F (T ) = ∩ki=1F (Ti) 6= ∅ with p ∈ F (T )
and PTi : K → 2K are multi-valued Suzuki nonexpansive mappings. Let
{xk} be a sequence in K defined by (1.4), then limk→∞ d(xk, Tixk) = 0,
for i = 1, 2, ..., k.
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Proof. From Lemma 3.5, we have limk→∞ d(xk, p) exists for all p ∈ F (T ).
So suppose that limk→∞ d(xk, p) = w, where w ≥ 0. If w = 0, then the
proof is obvious. Let w > 0. Since

lim
k→∞

d(xk, p) = w ⇒ lim sup
k→∞

d(xk, p) ≤ w.

Also from Lemma 3.5,

d(yik, p) ≤ d(xk, p),

we have

(3.4) lim sup
k→∞

d(yik, p) ≤ w, for i = 1, 2, ..., k − 1.

Note that for i = 1, 2, ..., k

d(u(i−1)k, p) ≤ dH(PTi(y(i−1)k), PTi(p))

≤ d(y(i−1)k, p).

Which implies that

(3.5) lim sup
k→∞

d(u(i−1)k, p) ≤ w.

Since limk→∞ d(xk+1, p) = w, we have

(3.6) lim
k→∞

d(W (u(n−1)k, y(n−1)k, αnk), p) = w.

From Lemma 2.11, (3.4), (3.5) and (3.6), we have

lim
k→∞

d(y(k−1)k, u(k−1)k) = 0.

Note that for i = 1, 2, ..., k − 1, we have

d(xk+1, p) ≤ d(yik, p),

therefore

w ≤ lim inf
k→∞

d(yik, p).

Also

d(W (u(i−2)k, y(i−2)k, α(i−1)k), p) = d(y(i−1)k, p),

therefore

lim
k→∞

d(W (u(i−2)k, y(i−2)k, α(i−1)k), p) = w.

Thus by induction, we have

(3.7) lim
k→∞

d(y(i−1)k, u(i−1)k) = 0, for i = 1, 2, ..., k.
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Also we have

d(yik, y(i−1)k) = d(W (u(i−1)k, y(i−1)k, αik), y(i−1)k)

≤ (1− αik)d(u(i−1)k, y(i−1)k) + αikd(y(i−1)k, y(i−1)k)

⇒ lim
k→∞

d(yik, y(i−1)k) = 0.

d(xk, y1k) = d(xk,W ((u0k, y0k, α1k)))

≤ (1− α1k)d(xk, u0k) + α1kd(xk, y0k)

= (1− α1k)d(xk, u0k) + α1kd(xk, xk)

⇒ lim
k→∞

d(xk, y1k) = 0.

Since

d(xk, yik) ≤ d(xk, y1k) + d(y1k, y12) + ...+ d(y(i−1)k, yik),

we have

(3.8) lim
k→∞

d(xk, yik) = 0, for i = 1, 2, ..., k − 1.

Now from (3.7) and (3.8), we have

d(xk, Tixk) ≤ d(xk, y(i−1)k) + d(y(i−1)k), (u(i−1)k) + d(u(i−1)k, Tixk)

≤ d(xk, y(i−1)k) + d(y(i−1)k), (u(i−1)k)

+ dH(PTi(y(i−1)k), PTi(xk))

≤ d(xk, y(i−1)k) + d(y(i−1)k), (u(i−1)k) + d(y(i−1)k, xk)

⇒ lim
k→∞

d(xk, Tixk) = 0.

�

Theorem 3.7. Let K be a non-empty closed convex subset of com-
plete uniformly convex hyperbolic space X with monotone modulus of
convexity η. Let Ti : K → CB(K) (i − 1, 2, ..., k) be a finite fam-
ily of multi-valued mappings such that F (T ) = ∩ki=1F (Ti) 6= ∅ with
p ∈ F (T ) and PTi : K → 2K are multi-valued Suzuki nonexpansive
mappings. Let {xk} be a sequence in K defined by (1.4), then {xk}
converges strongly to p ∈ F (T ) if and only if limk→∞ d(xk, F (T )) = 0,
where d(xk, F (T )) = inf{d(xk, p) : p ∈ F (T )}.

Proof. If {xk} converges strongly to p ∈ F (T ), then limk→∞ d(xk, p) = 0.
Since 0 ≤ d(xk, F (T )) = inf{d(xk, p) : p ∈ F (T )}, we have

lim
k→∞

d(xk, F (T )) = 0.
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Conversely, suppose that limk→∞ d(xk, F (T )) = 0. From Lemma 3.5,
we have

d(xk+1, p) ≤ d(xk, p),

which implies that

d(xk+1, F (T )) ≤ d(xk, F (T )).

This implies that limk→∞ d(xk, F (T )) exists. Therefore by our assump-
tion, limk→∞ d(xk, F (T )) = 0. Next we will show that {xk} is Cauchy
sequence in K. For k > n,

d(xk, xn) ≤ d(xk, p) + d(p, xn)

≤ 2d(xk, p).

Taking inf on right hand side, we have

d(xk, xn) ≤ 2d(xk, F (T )).

Hence, we have d(xk, xn) → 0 as k, n → ∞. Hence {xk} is Cauchy
sequence in K, therefore it converges to some q ∈ K. Next we show
that q ∈ F (T1)). Since d(xk, F (T1)) = infy∈F (T1) d(xk, y). So for each
ε∗ > 0, there exists pk ∈ F (T1) such that

d(xk, pk) < d(xk, F (T1)) +
ε∗

2
.

Since d(pk, q) ≤ d(xk, pk) + d(xk, q)⇒ limk→∞ d(pk, q) ≤ ε∗

2 . Hence, we
obtain that

d(T1q, q) ≤ d(T1q, pk) + d(pk, q)

≤ dH(PT1(pk), PT1(q)) + d(pk, q)

≤ d(pk, q) + d(pk, q)

≤ 2d(pk, q)

Which implies that d(T1q, q) ≤ ε∗. Hence d(T1q, q) = 0. Similarly
d(Tiq, q) = 0 for i = 1, 2, ..., k. Since F (T ) is closed, we have q ∈
F (T ). �

Theorem 3.8. Let K be a non-empty closed convex subset of complete
uniformly convex hyperbolic space X with monotone modulus of con-
vexity η. Let Ti : K → CB(K) (i − 1, 2, ..., k) be a finite family of
multi-valued mappings such that F (T ) = ∩ki=1F (Ti) 6= ∅ with p ∈ F (T )
and PTi : K → 2K are multi-valued Suzuki nonexpansive mappings. Let
{xk} be a sequence in K defined by (1.4), then {xk} ∆− converges to a
common point p ∈ F (T ).
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Proof. Let p ∈ F (T ), then p ∈ F (Ti), for i = 1, 2, ..., k. Also the se-
quence {xk} has unique asymptotic center, so suppose that A({xk}) =
{x}. From Lemma 3.5, sequence {xk} is bounded and limk→∞ d(xk, p)
exists, so we can find a subsequence {wk} of the sequence {xk} such that
A({wk}) = {x∗} for some x∗ ∈ K.
From the Theorem 3.6, limk→∞ d(wk, Tiwk) = 0, i = 1, 2, ..., k.
We claim that x∗ is a fixed point of T1. For this, let {vk} be another
sequence in T1x

∗. Then

r(vk, {wk}) = lim sup
k→∞

d(vk, wk)

≤ lim sup
k→∞

(d(vk, T1wk) + d(T1wk, wk))

≤ lim sup
k→∞

(dH(PT1(x∗), PT1(wk)) + d(T1wk, wk))

≤ lim sup
k→∞

((x∗, wk) + d(T1wk, wk))

≤ lim sup
k→∞

d(x∗, wk)

= r(x∗, {wk}).
Hence we have |r(vk, {wk})− r(x∗, {wk})| → 0 as k →∞. From Lemma
2.10, we have limk→∞ vk = x∗. Hence either T1x

∗ is closed or bounded.
Therefore limk→∞ vk = x∗ ∈ T1x

∗. Similarly x∗ ∈ Tix∗, for i = 1, 2, ..., k,
i.e., x∗ ∈ F (T ). From Lemma 2.10, we have p = x∗. This implies that
{xk} ∆− converges to p ∈ F (T ). �

4. Numerical Examples

To justify Theorem 3.4, let X = R with metric d(x, y) = |x− y| and
K = [0, 2]. Define W : X ×X × [0, 1]→ X by

W (x, y, ζ) = ζx+ (1− ζ)y,

for x, y ∈ X, ζ ∈ [0, 1]. Then (X, d,W ) is a complete uniformly hy-
perbolic space with monotone modulus of uniform convexity and K is
non-empty compact convex subset of X. Now, we define a mapping
T : [0, 2]→ CB([0, 2]) by

Tx =

{
[0, x2 ] x 6= 2,

{0}, x = 2.

It is easy to proved that T is multi-valued Suzuki nonexpansive map-
ping (refer Example 1.6). Let us choose a sequence {xk} = { 1

k} in K.
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Clearly {xk} is bounded sequence in K = [0, 2] and

d(xk, Txk) = |1
k
− 1

2k
|

=
1

2k
→ 0 as lim

k→∞

Since {xk} = { 1
k} is convergent sequence inK and ∆−limk→∞ d(xk, Txk) =

0 and 0 ∈ F (T ).

Now, in support of the Theorem 3.6, 3.7 and 3.8, we consider the
following example.

Example 4.1. Let X = R with metric d(x, y) = |x − y| and K = [0, 1].
Define W : X ×X × [0, 1]→ X by

W (x, y, ζ) = ζx+ (1− ζ)y,

for x, y ∈ X, ζ ∈ [0, 1]. Then (X, d,W, ) is a complete uniformly hy-
perbolic space with monotone modulus of uniform convexity and K is
non-empty compact convex subset of X. Define a mapping T : [0, 1]→
CB([0, 1]) by

Tx =

{
[0, 1− x], x ∈ [0, 1

6),

[0, x+5
6 ], x ∈ [1

6 , 1].

First, we prove that T is multi-valued Suzuki nonexpansive mapping.
For this, we consider following cases:
Case I: when x ∈ [0, 1

6). Then

1

2
d(x, Tx) =

1

2
d(x, [0, 1− x])

=
1

2
|x− 1 + x|

≤ 1

2
+ |x|.

Suppose that

1

2
d(x, Tx) ≤ d(x, y)

⇒ 1

2
+ |x| ≤ |x|+ |y|

⇒ |y| ≥ 1

2
.
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Hence y ∈ [1
2 , 1] ⊂ [0, 1]. Now for y ∈ [1

2 , 1],

dH(Tx, Ty) = |Tx− Ty|

= |y + 5

6
− (1− x)|

= |y + 6x− 1

6
|

≤ 1

6
,

d(x, y) = |x− y|

≤ 1

2
.

Clearly 1
2d(x, Tx) ≤ d(x, y)⇒ dH(Tx, Ty) ≤ d(x, y).

Case II: when x ∈ [1
6 , 1]. Then

1

2
d(x, Tx) =

1

2
d(x, [0,

x+ 5

6
])

=
1

2
|5− 5x

6
|

=
5

12
|1− x|.

Again, we have two possibilities. If x < y, then by assuming that

1

2
d(x, Tx) ≤ d(x, y)

⇒ 5

12
(1− x) ≤ y − x

⇒ y ≥ 5 + 7x

12
.

Hence y ∈ [37
72 , 1] ⊂ [0, 1].

If x > y, then

1

2
d(x, Tx) ≤ d(x, y)

⇒ 5

12
(1− x) ≤ x− y

⇒ y ≤ 17x− 5

12
.
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Hence y ∈ [−13
72 , 1] ⊂ [1

6 , 1] ⊂ [0, 1]. Therefore for y ∈ [0, 1], we have

y ≤ 17x− 5

12

⇒ x ≥12y + 5

17
.

Hence x ∈ [ 5
17 , 1] ⊂ [0, 1]. So, the case is x ∈ [ 5

17 , 1], y ∈ [0, 1]. Now,

choose x ∈ [ 5
17 , 1], y ∈ [0, 1

6), then

dH(Tx, Ty) = |x+ 5

6
− (1− y)|

= |x+ 6y − 1

6
|

≤ 1

6
,

d(x, y) ≤ 1.

Hence, 1
2d(x, Tx) ≤ d(x, y)⇒ dH(Tx, Ty) ≤ d(x, y).

Next, we assume that {xk} is a sequence in K defined by (1.4). Start
with initial value x1 = y0 = 1

2 and α = 2
3 . Then F (T ) = [0, x+5

6 ]. From

Lemma 2.12, we have F (T ) = F (PT ) = [0, x+5
6 ].

Let u0 ∈ PT (x1 = y0)⇒ u0 ∈ PT (x1+5
6 ), i.e., u0 = 11

12 . Now

y1 = (1− α)u0 + αy0

=
23

36
.

Now choose x2 = y1 = 23
36 , and let u1 ∈ PT (x2) ⇒ u1 ∈ [x2+5

6 ], i.e.,

u1 = 203
216 . Then

y2 = (1− α)u1 + αy1

=
479

648
.

Hence, x3 = y2 = 479
648 . Continuing this process, we get x1 < 1, x2 < 1,

x3 < 1,...,xk < 1, and so on. Hence, sequence {xk} converges strongly
to a common point of F (T ) and this point will be ∆− limit of the se-
quence. Hence, from Theorem 3.7, we have limk→∞ d(xk, F (T )) = 0 and
immediately Theorem 3.6 follows.
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5. Application

Let X = Rn and d : X ×X → R defined by

(5.1) d(x, y) = max |xj − yj |
Let T : X → X defined by

(5.2) Tx = Cx+ b,

where C = [cjk] be a n× n matrix, b is the fixed vector of X. Equation
(5.2) can be written in component form as

(5.3) Txj =
n∑

k=1

cjkxjk + βj ,

b = (βj), j = 1, 2, ..., n. Finding solution of system of equation (5.3) is
equivalent to finding fixed points of T .

Theorem 5.1. Let X = Rn and dH : X ×X → R defined by

(5.4) dH(x, y) = max |xj − yj |
and T : X → CB(X) defined by (5.2) with the assumption that |C| ≤ 1.
Let {xk} be a sequence in X defined by (1.4) such that it ∆− converges
to a common point p ∈ F (T ) which is solution of the system of equation
(5.3).

Proof. By using Lemma 2.16, we have

dH(Tx, Tz) = max |Txj − Tzj |

= max |
n∑

k=1

(cjkxjk − cjkzjk)|

= |
n∑

k=1

cjk|max |xjk − zjk|

= |C|dH(x, z)

≤ d(x, z).

It conclude that T is multivalued nonexpansive mapping. Obviously T
satisfy condition (C), i.e., T is Suzuki nonexpansive mapping. Also by
Lemma 3.1, T is quasi-nonexpansive mapping. Therefore F (T ) 6= ∅. Let
p ∈ F (T ). So by assumption there is a sequence {xk} in X such that
it ∆− converges to a common point p ∈ F (T ) which is solution of the
system of equation (5.3). �
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