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Abstract. Let F be an (α, β)-metric which is defined by a left invariant vec-

tor field and a left invariant Riemannian metric on a simply connected real Lie

group G. We consider the automorphism and isometry groups of the Finsler

manifold (G,F ) and their intersection. We prove that for an arbitrary left in-

variant vector field X and any compact subgroup K of automorphisms which

X is invariant under them, there exists an (α, β)-metric such that K is a sub-

group of its isometry group.
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ant (α, β)-metric.

1. Introduction

(α, β)-metrics are one of the most attractive Finsler metrics because they

have many applications in physics (see [2, 11, 13]) and also they have simple

structure. In fact they are expressed in terms of a Riemannian metric α =√
gijyiyj and a 1-form β on a Riemannian manifold (M, g) as follows:

F = αϕ(
β

α
), (1.1)
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where ϕ is a positive smooth map on (−b0, b0) ⊂ R (see [4]). F = αϕ(βα ) is a

Finsler metric if and only if ∥β∥α < b0 and

ϕ(s)− sϕ′(s) + (b2 − s2)ϕ′′(s) > 0, | s |≤ b < b0. (1.2)

Some of famous Finsler metrics such as Randers, Kropina and Matsumoto

metrics belong to this family. In definition of (α, β)-metrics if we put

ϕ(s) = 1 + s, ϕ(s) =
1

s
, or ϕ(s) =

1

1− s
,

then we obtain Randers metric F = α + β, Kropina metric F = α2

β and

Matsumoto metric F = α2

α−β , respectively, although Kropina metric is not a

regular Finsler metric (for more details see [1, 3] and [4]). Among Riemannian

metrics, the left invariant metrics on Lie groups G are of particular importance

and have therefore attracted the attention of many mathematicians (see [9, 12,

14] and [15]).

During the two last decades some studies have been done on the left invariant

Finsler metrics on Lie groups. Specially, many geometric properties of left

invariant (α, β) metrics have been studied ([5, 6, 7, 8, 10] and [16]).

It’s well known that for an arbitrary 1-form β on a Riemannian manifold

(M, g) there exists a unique vector field X on M such that for all x ∈ M and

y ∈ TxM we have

g(y,X(x)) = β(x, y). (1.3)

Using the vector fields instead of the 1-forms is very useful to define left invari-

ant (α, β)-metrics on Lie groups. If (G, g) is a Lie group with a left invariant

Riemannian metric and X ∈ g is a left invariant vector field on G such that

∥ X ∥g< b0, then easily we can see the following (α, β)-metric is left invariant

(see [5] and [6]):

F (h, Yh) =
√

⟨Yh, Yh⟩ϕ

(
⟨Xh, Yh⟩√
⟨Yh, Yh⟩

)
, (1.4)

for all h ∈ G and Y ∈ g, where for simplicity we have used the notation ⟨·, ·⟩
for the left invariant Riemannian metric g.

In [16], the second author has studied the intersection between automor-

phism and isometry groups in the case of left invariant Randers metrics. The

purpose of this paper is to develop some results of the article [16] to the case

of left invariant (α, β)-metrics. In this work, in definition of (α, β)-metric, we

will consider the map ϕ is a one-to-one map. We can see Randers, Kropina

and Matsumoto metrics satisfy this condition.
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2. Automorphism and Isometry Groups of (α, β)- Lie groups

For any simply connected real Lie group G with Lie algebra g the following

homomorphism: {
T : Aut(G) −→ Aut(g),

ψ −→ T (ψ) = (dψ)e : TeG = g −→ g.
(2.1)

is an isomorphism of Lie groups (see [9]). So the isomorphism T makes a

correspondence between their maximal compact subgroups.

Now, let ψ be an automorphism of the Lie group G. Then for an arbitrary

g ∈ G we can see:

ψ ◦ Lg = Lψ(g) ◦ ψ. (2.2)

Here we recall the following definition given by the second author in [16].

Definition 2.1. (see [16], definition 3.1) Suppose that ψ ∈ Aut(G) and X is

a vector field on the Lie group G. X is called a ψ-invariant vector field if

dψ ◦X = X ◦ ψ.

From now on we assume that F is an (α, β)-metric defined by the relation

(1.4) such that ϕ is a one-to-one map. Also I(G, ⟨·, ·⟩) and I(G,F ) denote the

isometry groups of the Riemannian manifold (G, ⟨·, ·⟩) and the Finsler manifold

(G,F ), respectively.

Proposition 2.2. If ψ ∈ I(G, ⟨·, ·⟩), then ψ ∈ I(G,F ) if and only if X is

ψ-invariant.

Proof. If X is a ψ-invariant vector field then for any g ∈ G we have:

F (ψ(g), dψgYg) =
√
⟨dψgYg, dψgYg⟩ϕ

(
⟨Xψ(g), dψgYg⟩√
⟨dψgYg, dψgYg⟩

)

=
√
⟨Yg, Yg⟩ϕ

(
⟨Xψ(g), dψgYg⟩√

⟨Yg, Yg⟩

)

=
√
⟨Yg, Yg⟩ϕ

(
⟨dψgXg, dψgYg⟩√

⟨Yg, Yg⟩

)

=
√
⟨Yg, Yg⟩ϕ

(
⟨Xg, Yg⟩√
⟨Yg, Yg⟩

)
= F (g, Yg).
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For the converse, consider ψ ∈ I(G,F ), so we have:√
⟨Yg, Yg⟩ϕ

(
⟨Xg, Yg⟩√
⟨Yg, Yg⟩

)
= F (g, Yg)

= F (ψ(g), dψgYg)

=
√

⟨dψgYg, dψgYg⟩ϕ

(
⟨Xψ(g), dψgYg⟩√
⟨dψgYg, dψgYg⟩

)
.

On noting that ϕ is one-to-one and ψ ∈ I(G, ⟨·, ·⟩), we have:

⟨dψ(g)Xg, dψgYg⟩ = ⟨Xg, Yg⟩ = ⟨Xψ(g), dψgYg⟩,

therefore ⟨
dϕ(g)Xg −Xϕ(g), dψgYg

⟩
= 0.

Thus dϕ(g)Xg = Xϕ(g) which shows that X is ψ-invariant. □

Remark 2.3. In the above proposition, without the assumption ϕ is one-to-

one, if the vector field X is ψ-invariant then ψ ∈ I(G,F ).

Proposition 2.4. Suppose that ⟨·, ·⟩ is an arbitrary left invariant Riemannian

metric on a Lie group G and F = αϕ(βα ) is the left invariant (α, β)-metric

defined by it and a vector field X, using the formula (1.4). If ϕ is a one-to-one

map then the vector field X is a left invariant vector field.

Proof. Let g, h ∈ G, then we have:

F (h, Yh) =
√
⟨Yh, Yh⟩ ϕ

(
⟨Xh, Yh⟩√
⟨Yh, Yh⟩

)

=
√
⟨dLgYh, dLgYh⟩ ϕ

(
⟨XLgh, dLgYh⟩√
⟨dLgYh, dLgYh⟩

)
= F (Lgh, dLgYh).

ϕ is one-to-one so we have:

⟨Xh, Yh⟩ = ⟨XLgh, dLgYh⟩,

which means that

⟨Xh − dLg−1XLgh, Yh⟩ = 0.

The last equation shows that X is a left invariant vector field. □

Suppose that X is a left invariant vector field on a simply connected Lie

group G with the unit element e. Now we recall the following notations from



The Relation Between Automorphism Group and Isometry Group 85

[16]:

AutX(G) =
{
ψ ∈ Aut(G)|X is ψ − invariant

}
,

AutX(g) =
{
dψe ∈ Aut(g)|dψeXe = Xe

}
.

Now, we can prove the following.

Proposition 2.5. Let G be a Lie group with Lie algebra g, ⟨·, ·⟩ be a left

invariant Riemannian metric on it and X be a left invariant vector field on

G such that
√
⟨X,X⟩ < b0. Suppose that F is a left invariant (α, β)-metric

defined by ⟨·, ·⟩, X and a one-to-one map ϕ. Assume that ψ is an automorphism

of G such that T (ψ) = dψe ∈ AutX(g) and also dψe is a linear isometry of the

inner product space (g, ⟨·, ·⟩). Then, ψ ∈ I(G,F ).

Proof. Similar to the proof of proposition 3.8 of [16] we have ψ ∈ I(G, ⟨·, ·⟩).
Now the proposition 2.2 proves ψ ∈ I(G,F ). □

From the above proposition we conclude that the isomorphism T : Aut(G) →
Aut(g) maps K = AutX(G) ∩ I(G,F ) onto K ′ = AutX(g) ∩ O(g), where we

use the symbol O(g) to represent the orthogonal group of (g, ⟨·, ·⟩). Also we

have the following corollary.

Corollary 2.6. If K ′ = AutX(g) ∩ O(g) then both K ′ and K = T−1(K ′) are

compact Lie groups.

Proof. Suppose that the function Υ : Aut(g) −→ g is defined by

Υ(ψ) := ψ(Xe)−Xe.

Easily we see that Υ is a continuous map. Therefor AutX(g) = Υ−1{0} is a

closed subset of Aut(g). So K ′ is a closed subgroup of O(g). □

Proposition 2.7. Suppose that X is a left invariant vector field on G. If K

is an arbitrary compact subgroup of AutX(G) then there exists a left invariant

(α, β)-metric F on G such that K ⊂ AutX(G)∩ I(G,F ), where F is defined by

the left invariant vector field X, a left invariant Riemannian metric ⟨·, ·⟩, and
a one-to-one map ϕ such that ⟨X,X⟩ < b0.

Proof. In [9], it is shown that there exists a left invariant Riemannian metric

⟨·, ·⟩0 on G such that K ⊂ Aut(G) ∩ I(G, ⟨·, ·⟩0). Thus

K ⊂ AutX(G) ∩ I(G, ⟨, ⟩0).

Now, we choose N ∈ N sufficiently large such that√
1

N
⟨X,X⟩0 < b0.
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Let

⟨·, ·⟩ = 1

N
⟨·, ·⟩0.

Clearly, the Riemannian manifolds (G, ⟨·, ·⟩) and (G, ⟨·, ·⟩0) have the same isom-

etry groups. If F is the (α, β)-metric defined by X, the Riemannian metric ⟨·, ·⟩
and the map ϕ, then proposition 2.2 completes the proof. □

Proposition 2.8. Assume that G is a simply connected Lie group and X is

a left invariant vector field on G. Then there exists a left invariant (α, β)-

metric F such that K = AutX(G) ∩ I(G,F ) is a maximal compact subgroup

of AutX(G). Moreover F is defined by the left invariant vector field X, a left

invariant Riemannian metric ⟨·, ·⟩, and a one-to-one map ϕ such that ⟨X,X⟩ <
b0.

Proof. Suppose thatK is a maximal compact subgroup of AutX(G). The above

proposition shows that there is a left invariant (α, β)-metric on G such that

K ⊂ AutX(G) ∩ I(G,F ). Now the maximality of K completes the proof. □

For example, we see that all the above results are valid for Randers, Kropina,

and Matsumoto metrics (see [16] for the Randers metrics).
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