Journal of Finsler Geometry and its Applications
Vol. 3, No. 2 (2022), pp 29-40
DOI: 10.22098/jfga.2022.11477.1070

On conformally flat 5-th root (a, )-metrics with relatively
isotropic mean Landsberg curvature

Marzeiya Amini®*

?Department of Mathematics, Faculty of Science, University of Qom
Qom. Iran

E-mail: marzeia.amini@gmail.com

Abstract. In this paper, we study conformally flat 5-th root («, 5)-metrics.
We prove that every conformally flat 5-th root (a,)-metric with relatively
isotropic mean Landsberg curvature must be either Riemannian metrics or lo-
cally Minkowski metrics.

Keywords: Conformally flat metric, (o, 3)-metric, mean Landsberg curva-
ture.

1. INTRODUCTION

Conformal Geometry and its impact on other sciences has a long and bril-
liant history. It has played an elegance and important role in Physical Theories.
More precisely, conformal transformation of Riemannian metrics (or Riemann-
ian curvature) have been well studied by many geometers. The well-known
Weyl theorem states that the projective and conformal properties of a Finsler
manifold determine the metric properties uniquely. There are many important
local and global results in Riemann-Finsler conformal geometry, which in turn
lead to a better understanding on Riemann-Finsler manifolds. Also, the con-
formal properties of a Finsler metric deserve extra attention. Let F' = F(z,y)
and F = ﬁ‘(x,y) be two arbitrary Finsler metrics on a manifold M. Then
we say that F is conformal to F' if and only if there exists a scalar function
o = o(x) such that

F(z,y) =" F(z,y).
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The scalar function o = o(x) is called the conformal factor. A Finsler met-
ric F = F(z,y) on a manifold M is said to be a conformally flat metric if
there exists a locally Minkowski metric F=F (y) such that F' = (@) 7 , where
k = k(z) is a scalar function on M. A new and hot issue is to characterization
of conformally flat Finsler metrics. Recently, Asanov constructed a Finslerian
metric function on the manifold N = R x M, where M is a Riemannian mani-
fold endowed with two real functions, and showed that the tangent Minkowski
spaces of such a Finsler space are conformally flat [3]. This motivated Asanov
to propose a Finslerian extension of the electromagnetic field equations whose
solutions are explicit images of the solutions to the ordinary Maxwell equations.

In order to find conformally flat Finsler metrics, we consider the class of
m-th root Finsler metrics. Let (M, F) be an n-dimensional Finsler manifold,
TM its tangent bundle and (z¢,y%) the coordinates in a local chart on T'M.
Let F : TM — R be a scalar function defined by F = %/A, where A is given
by A :=a;, i, (x)y"y™ ...y such that a;, ;
Then F is called an m-th root Finsler metric. An m-th root Finsler metric
can be regarded as a direct generalization of a Riemannian metric in the sense
that the 2-th root metric is a Riemannian metric F' = y/a;;(z)y’y’. The fourth
root metrics F' = {/a;jri(z)y*y7y*yt are called the quartic metrics. The special
quartic metric F = +/y'yiyFy! is called Berwald-Modér metric which plays
an important role in theory of space-time structure, gravitation and general
relativity. For more progress, see [9], [11], [12] and [14].

In [13], Tayebi-Razgordani proved that every conformally flat weakly Ein-
stein 4-th root («, 8)-metric on a manifold M of dimension n > 3 is either

is symmetric in all its indices.

a Riemannian metric or a locally Minkowski metric. Also, they showed that
every conformally flat 4-th root («, 8)-metric of almost vanishing =E-curvature
on a manifold M of dimension n > 3 reduces to a Riemannian metric or
a locally Minkowski metric. In [10], Tayebi and the author studied confor-
mally flat 4-th root (o, 8)-metric with relatively isotropic mean Landsberg cur-
vature and proved that every conformally flat 4-th root («,8)-metric F =
V/erar + c3a2B2 + ¢34, be a on a manifold M of dimension n > 3 with
relatively isotropic mean Landsberg curvature is a Riemannian or a locally
Minkowski metric. The third root metrics F' = {/a;jx(z)y*y’y* are called the
cubic metrics. In [1], the author studied conformally flat 3-th root («, 8)-metric

with relatively isotropic mean Landsberg curvature and proved that such met-
rics reduces to a Riemannian or a locally Minkowski metric. In [8], Piscoran and
the author studied conformally flat square-root («, 8)-metric F' = /a(a + )
with relatively isotropic mean Landsberg curvature on a manifold M of dimen-
sion n > 3, where a = a;;(z)y’y’ is a Riemannian metric and 8 = b;(z)y’ is a
1-form on M. They showed that F' reduces to a Riemannian metric or a locally
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Minkowski metric. In this paper, we study conformally flat 5-th root («, §)-
metric with relatively isotropic mean Landsberg curvature. More precisely, we
prove the following.

Theorem 1.1. Let F = F(z,y) be a conformally flat 5-th root («, 8)-metric
on a manifold M of dimension n > 3. Suppose that F has relatively isotropic
mean Landsberg curvature

J+¢(x)FI=0, (1.1)

where ¢ = c(x) is a scalar function on M. Then F reduces to a Riemannian
metric or a locally Minkowski metric.

2. PRELIMINARIES

Let M be a n-dimensional C* manifold and TM = J,,,; T M the tangent
bundle. Let (M, F) be a Finsler manifold. The following quadratic form g, on
T, M is called fundamental tensor

2

&) =5 5501
Let z € M and F,, := F|r, . To measure the non-Euclidean feature of Fy,, for
a non-zero vector y € T, My := T, M —{0}, define C, : T, M xT, M xT, M — R
by

F2(y 4 su + tv)} ls=t=0, u,v € T, M.

1d 1 0
2dt [gyﬂw (u, v)} =0 40rdsot
where u,v,w € T, M. By definition, C, is a symmetric trilinear form on T, M.
The family C := {C,}yern, is called the Cartan torsion. Thus C = 0 if and
only if F' is Riemannian.

For y € T, My, define 1, : T, M — R by

Cy(u,v,w) ==

{FQ(y—l—ru—f—sv—}—tw)}

)
r=s=t=0

n

L(u) = Zgij(y)Cy(u,&-,ﬁj),
i=1
where {0;} is a basis for T, M at € M. The family I := {I, },ern, is called
the mean Cartan torsion. Thus, I, (u) := I;(y)u’, where I; := ¢/*C .

On the slit tangent bundle 7'My, the Landsberg curvature Ly, := Lijkdxi ®
da? @ da is defined by Lijr := Cijg;my™, where ”;” denotes the horizontal
covariant derivative with respect to F'. Further, the Landsberg curvature can
be expressed as following

(2.1)

yiyjyk .

1

A Finsler metric is called the Landsberg metric if L;;, = 0.
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The horizontal covariant derivatives of the mean Cartan torsion I along
geodesics give rise to the mean Landsberg curvature J, : T, M — R which are
defined by Jy(u) := J;(y)u’, where

Ji = i|sys'

Here, “|” denotes the horizontal covariant derivative with respect to the Berwald
connection of F. The family J := {J,},ernm, is called the mean Landsberg
curvature. Also, the mean Landsberg curvature can be expressed as following

Ji == g% Liji (2.2)

In this paper, we will focus on studying special («, 3)-metrics. Let “|” denote
the covariant derivative with respect to the Levi-Civita connection of oe. Denote

1 1
rij = 5 bag +bja)y - sij o= 5 (big; = byp)

? .
J

s i=a"smy, vt =aryy, rii= by, s = blsy,

where (a'/) := (a;;)~! and b’ := a?*b;,. We put
ro =1y, S0 =5y, Too :=Tiy'y’, s = syl

Let G* and G?, denote the geodesic coefficients of F' and « respectively in the
same coordinate system. Then we have

G' =Gl 4 aQs'y + {roo — 2Qase HUD + Oa ™1y}, (2.3)
where
¢
Q T ¢ . S(,ZS”
. 0 = (60" + ')
2000 — s¢/ + (0% = $?)¢"]’
‘l/ :: ¢//

20— 50+ (12 =570

For more details, see [5]. Let
A:=1+sQ+ (b? —sH)Q,
0= —(nA+1+5Q)(Q —sQ') — (* — s*)(1 +5Q)Q",

V=20

\:[11 = b2 —SQAE A%

b

hj:=b; —a tsy;:
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By (2.1), (2.2), (2.3), the mean Landsberg curvature of the (o, 8)-metric F' =
ad(s), s = B/a, is given by

1 203 (0] /
J; M{lﬂfs?[A +(n+1)(Q —sQ")|(s0 +10)h;

a? d
m |:\Ill + SK:| (TOO — 2OZQSO)hj

+« [ —a?Q'sohj + aQ(a’s; — y;js0) + a*Asjo

_|_

+ a2(7’j0 —2aQs;) — (roo — 2aQso)yJ} i}

Here, y; = a;;y°. See [4] and [6].

3. PROOF OF THEOREM 1.1

in this section, we are going to prove Theorem 1.1. To prove it, we need the
following.

Lemma 3.1. ([4]) For an (o, 8)-metric F' = a¢(s), s = 8/a, the mean Cartan
torsion is given by

o
L= 26— s (3.1)
In [4], the following was proved.

Lemma 3.2. ([4]) An («, 8)-metric F' is a Riemannian metric if and only if
® =0.

In order to prove Theorem 1.1, we need the following.

Lemma 3.3. Let F = {/aijiumy'y7y*yly™ be a 5-th root metric which admits
an (o, B)-metric on a manifold M of dimension n > 3. Then it can be written
in the form

F = {/c105 + 23302 + 335

by choosing suitable non-degenerate quadratic form o = \/a;;(x)y'y? and one-
form B = b;(x)y", where c1,ve and c3 are real constants.

Proof. The proof is computational and straightforward. By the same argument
used in [7], we get the proof. We omit the proof. a
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In [4], the following formula obtained

3
Jj+ c(a)FI; = —2;%{1,2“ |3+ 0+ D@ 5Q)] 50 + o)y

a? P
) [\Ill + SK] (roo — 2aQso)hj + « [ —a?Q'soh;
+aQ(a?s; — yjs0) + a?Asjo + a*(rjo — 2aQs;)

+

(10 — 20Q@s0)y | 3 + (@)’ @(6 saﬁ/)hj}- (32)

Also, we remark the following key lemma.

Lemma 3.4. ([2]) Let F = a¢(s), s = 8/a, be an (a, 8)-metric. Then F
is locally Minkowskian if and only if « is a flat Riemannian metric and 3 is
parallel with respect to a.

Also, the following holds.

Lemma 3.5. ([4]) If ¢ = ¢(s) satisfies ¥; = 0, then F is Riemannian.

Now, assume that F' = a¢(s), s = 8/aq, is a conformally flat Finsler metric,
that is, F is conformally related to a Minkowski metric ' . Then there exists
a scalar function o = o(z) on the manifold, so that F =e’@F. Tt is easy to
see that I = ap(s), § = 5/64. We have @ = ¢“@q and 8 = °®) 8 which are
equivalent to

a";j = 62”(26)&”‘, b, = 80(?")[)z

Let “||” denote the covariant derivative with respect to the Levi-Civita connec-
tion of &. Put ¢; := do /" and ¢’ := a”0;. The Christoffel symbols T, of o

and the Christoffel symbols f‘; . of & are related by
f‘;k = F;k + 5;-Uk + 6105 — 0laji.
Hence, one can obtain

7 al;l MR ) o r
biHj = % — bstk =e (bi|j — bjUi + b0 aij). (33)
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By Lemma 3.40, for Minkowski metric F, we have l;i” ; = 0. Thus

bijj = bjoi — byoaij, (3.4)
1
Tij = 5(01‘53‘ +0jbi) — bro"aiy, (3.5)
1
Sij = §(Uibj + 0;b;), (3.6)
1 T 1 2
rj = —5(bra")bj + 50507, (3.7)
1
85 = §(br0T)bj — 0,0, (3.8)
1
rio = 5[02'5 + (ory")bi] — 07"y, (3.9)
1
sio = 5[0if + (ovy")bil. (3.10)
Further, we have
roo = (0,y")B — (0,y")a?, (3.11)
R DI
ro = 5(ory")b* = S (0vb")B, (3.12)
1 1
s0= 5(0y")B = 5 (ovy" %, (3.13)

By (3.13), the conformally flat (a, 8)-metrics satisfying 7o + s9 = 0 which is
equivalent to the length of 8 with respect to a being a constant. We take an
orthonormal basis at any point  with respect to « such that o = />, (y?)?
and 8 = by', where b := ||3;lo. By using the same coordinate transformation
Y (s,u?) — (y') in T, M, we get

h=——a, yt=ut, 2<A<n, (3.14)

p2 — o2

where & = /> _._,(u?)?. We have

b bs

Put g := oau”t. Then, by (3.5)-(3.9), (3.14) and (3.15) we have

bS(T_()O_é
/b2 — g2’
1
ro = 552 70 = — S0, (3.17)

roo = —bo1a” + (3.16)
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1
r10 = 5000, (3.18)
1 oabsa
A0 = iﬁ — (bUl)UA, (319)
S1 = O, (320)
1
sS4 = —§aAb2, (3.21)
1
S10 = 5[)50, (322)
1 oabsa
SAQ0 = §ﬁ7 (323)
2
hi=b— % (3.24)
b7 _ o2
ha = —%. (3.25)
(6%

Proof of Theorem 1.1: We remark that b = constant. If b = 0, then
F = @)@ is a Riemannian metric. Now, let F' is not Riemannian metric.
Assume that F is a conformally flat («, 8)-metric with relatively isotropic mean
Landsberg curvature. By (3.2) and rg + so = 0, we get

2

o 0]
o] [\Ill + SZ] (roo — QQQso)hj + « [ — OLQQ/SOhj + aQ(a2sj — ijo)

+ a?Asjo + o (rjo — 2aQs;) — (oo — QQQSO)%} % +c(x)a'®(¢ — s¢')h; = 0.
(3.26)

Letting j = 1 in (3.26), we have

2

o o
E— ¥y + SK] (roo — 20Qs0)h1 + « { - a?Q'soh1 + aQ(a”s1 — y150)

ol
+ a?Asyg + a?(rig — 2aQs1) — (roo — 2aQso)y1] A

+ c(z)a*®(¢ — s¢')hy = 0. (3.27)

Putting (3.15)-(3.24) into (3.27) and multiplying the result with 2A(b? — s2)5/2
implies that

202 (b2 — 52)3/2A(bDgc — bPs¢d'c — U0y )at
+02(0? — 52)50(b* Q" — L*PA — H?DQ’s?)
+20% W1 AQ + b2® + b2PQs + 21 As)ad = 0. (3.28)
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From (3.28), we get

Ab®pc — bPs¢'c — Vy01] = 0, (3.29)
Go(b*PQ" — *BA — b2DQ's%) + 20TV AQ + b?D + b2 PQs + 2T As) = 0.
(3.30)

Note that A = Q'(b? — s?) + sQ + 1. Simplifying (3.30) yields
(B*T1AQ + T As)dy = 0,
that is
U AL?Q + s)do = 0. (3.31)

Letting j = A in (3.26), we have

a? d
2 _ <2 {‘I’l + SA] (roo — 2aQs0)ha + o — a®Q'soha + aQ(a’sa — yaso)

[
+ a?Asa0 + aQ(TAO —2aQsa) — (roo — 2aQso)yA] N

+c(z)a*®(¢ — s¢)ha = 0. (3.32)

Putting (3.15)-(3.24) into (3.32) and by using the similar method used in the
case of j =1, we get
(A + 5+ b*Q)b*Poad® — [(sA + s + B*Q)V*® + 25(b°Q + s) U1 A]Goua = 0,
(3.33)
5(b? — s?)[b(¢ — 58" )®c — Uy01]Aua = 0.
(3.34)

It is easy to see that (3.34) is equivalent to (3.29). Further, multiplying (3.33)
with u implies that

s(0*°Q + 5)¥, Agpa’ = 0. (3.35)

It is easy to see that (3.35) is equivalent to (3.31). In summary, conformally
flat (v, B)-metrics with relatively isotropic mean Landsberg curvature satisfy
(3.29) and (3.31). According to (3.31), we have some cases as follows:

Case (i): If b2Q + s = 0, then we have ¢ = kvb? — s2, which is a contra-
diction with the assumption that ¢ = ¢(s) is ¢(s) = v/a; + a2s3 + azs5. Then
we have b2Q + s # 0.

Case (ii): If ¥; =0, then by Lemma 3.5, F is Riemannian.

Case (iii): If Uy # 0, then 04 = 0. In the following, we prove that if ¥; #£ 0,
then by (3.29) one can get o3 = 0.
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Now, assume that

¢ = /a1 +axs® +a3s®, a1 #0, az #0. (3.36)

Here a1, as, az are numbers independent of s and a; # 0,7 = 1,2, 3. Simplifying
(3.29) and multiplying it by A2, we get

{0+ (17— ))A - g(zﬁ )8 Yoy~ bAB(o — s)e = 0. (3.37)

Putting (3.36) into (3.37) and by using maple program, we can obtain the
following

2
(15c(a2(5a3 + 8as)s® — 15a1a35° + (a3 + az)a1s® + 3ajass + 5a%) (25(11(12(1%312

3n — 5)(b%a3 — 625a3a3 15(n — 22)b%ara3

+ (Snag +(n+ 1)b2a3)ags” _ (3n —5)( a; a1a3)59 + (n 4) 4193 6

25(2(Tn — 2)as + (n + 2)b%az)arazas N 25((3 — 3n)as + baz(n — 12))ara3

- s s
4 2

125a}a3((13 — n)az + (n — 1)b%as) , 125((=3n — 3)ay + b%az(n — 9))afas

- s' — s
2 4

 125afag(n+5) 4, 15(n+ 3)b*afa3 . 125(b%az — (n + 3)az)ai , N 25b2a?a2>b¢>

8 y 4 D Ny 1

5a 1 1
3 1,7/ 5 3 412
(28" + 2 Jass” + 0as +a1){(2a283+5a1)2 <{(2a233—|—5a1)2 (Blazss

— ajazaibins' — 144a3b*s'0 — 160a5b?s'? + 13600a1a5a3b*s' + 28750a7a0a3s">
+ 50a1a2ains'® 4 80ajazs'® — 200a;a3a2b?s™ + 1000a;a3a2b?s™ 4 500a,a3a2s®
+ 224agb2n512 + 1800a1a§’a3b439 - 3400@22"(13b2511 + 1400@1(1;’@3513 + 24Oagb4810
— 125002 aza3b*s® + 17500a%a2a32b%s'0 — 7500a2aza3s'? — 11800a;a3asb*s®

— 2000a;a3a3s™® + 50000a3aza3b*s® — 81250atasa3b?s'® — 81250a3 azaib®s™®

+ 7500003 a3azb*ns® — 18437a3a2b?s™ 4 240a3a2b*s” — 565043 agazb’s®

+ 2880aasb*ns” — 6700aa3b*ns” + 4200a;a3nst — 37500a2a2asb*ns®

— 4050a%a3a35"" — 972a,a3b*s™ 4 1460a;a55° — 450a;a3s' + 8750a3a2b* s°
+9370a3a%s” + 7900a%a3a35° — 160ata3a3bs® + 810a3azazs'® — 870a3alb*s®

— 150a3a3s? — 720a2a3b*s* + 110a2a3b?s® — 300a2a3s® + 310a3azazb?s®

+ 180a3azasns’ + 100a2a3bs* — 4060a2a3bs® 4 250a2a3s® — 620a3asasbs®

— 156a aszns® + 120atasb® + 850a5asasb?s® — 860a3azass’ + 250a3a2b ns

— 7375a3a3b*ns® 4+ 4500a3a3ns® + 100atazb’ns® — Thatazs?

+ 120a3a3b*s — 315a3a3b*s® + 10a3a3s® — 200aiazb* + 100aiaszb?s?
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— 15afagns® + 50ajasb? — 55a?a252)s)}(10a2a3b236 — 6a3s* 4+ 16a3s® + 10a,a35®

— 75a1a38° + 30aiasb®s + Sajass® + 25a§)> + (27(8agb236

1
2(2a2s3 + 5a1)”
— 100ajasasb®s® + 50a asa3s" — 140a1a%b253 + 10a1a§s5 — 65a%a334
+ 50a3ay — T5a3azs?)(40a5a3b®ns't — 250a; aza3b®ns'® + 40a3azb?s't
— 500a;aza3b%s'0 + 250a; azais'? — 24a5b*ns” + 64asnstt 4+ 500a;a3azb*ns®
— 700a;a2asns'® + 40a2s® — 2500a2a2b*s” + 1875a%a2s® — 1200a1a2asb?s®

2 2 143 143 2
+ 1000a; a2a3s0 + 250a2a2a3ns7 + 75a%a2ns® — 1250a%azasb®ns’
2 1 102 1
+ 250a2a2b%s” — 3125a2a2s” + 150a,a3s% — 60a1a3ns® — 150a2a2b?s3

103 103 2 2 102

— 660a;1a3b%s5 + 750a1a35% + 225003 azazb?s® — 3250atasazs’

— 625a3aszns® — 450a3a32b?s> + 375a%a3s® + 250043 azb®s? — 3125a3azs?

— 125a3agns?® + 250a3azb® — 375a5ass%) (b? — 82)}01 =0,

where ¢ = /azs® + azs3 + a;. By simplifying the above relation we get the
following

(Hls48 +TsY + ... + I149) i’/agsf’ + ass3 + ag
+(18%0 + s+ + 1) =0 (3.38)
where II; (1 <7 <49) and ¢; (1 < k < 53) are polynomials of a1, as, as, b, c,
and (51 = b*al®ay. Equation (3.38) is equivalent to the following two equations
;5" + Tps?™ 4 ... + Tygs + [y9 = 0, (3.39)
(€18°0 + Gs™ + ... 4+ G505 + C51)o1 = 0, (3.40)
From (3.40), we have 01 =0 or
G5 + Cas™ + o+ Csos + (51 = 0.

(15°0 + (o5* 4+ ..+ G505 + (51 # 0, because b # 0, a; # 0, az # 0 then
(51 # 0. This implies that o1 = 0. Together with A = 0, it follows that o is a
constant, which means that F is a locally Minkowski metric. This completes
the proof. |
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