Journal of Finsler Geometry and its Applications
Vol. 3, No. 1 (2022), pp 141-154
DOI: 10.22098/jfga.2022.10850.1066

On a Special Class of Dually Flat («, 8)-Metrics

Saeedeh Masoumi, Bahman Rezaei, and Mehran Gabrani

Department of Mathematics, Faculty of Science, Urmia University
Urmia, Iran.

E-mail: s.masoumi94@gmail.com
E-mail: b.rezaei@urmia.ac.ir
E-mail: m.gabrani@urmia.ac.ir

Abstract. In this paper, we first study a special class of (a, §)-metrics in the
form F = a + &B + kB%/a, where « is Riemannian metric, 3 is a 1-form, and
e, k(# 0) are constant. We give a complete classification for such metrics to
be locally dually flat. By assumption f is a conformal 1-form, we show that
the metric is locally dually flat if and only if « is a Euclidean metric and f is
a constant 1-form. Further, we classify locally dually flat of a class of Finsler
metric in the form F' = aexp(a/8) + €B, where ¢ is constant.

Keywords: Finsler metric, (a, 8)- metric, locally dually flat.

1. Introduction

The class of Dually flat Finsler metrics arise from a-flat information struc-
tures on Riemann-Finsler manifolds. The notion of dual flatness for Riemann-
ian metrics was first introduced from the study of the information geometry on
Riemannian manifolds by Amari and Nagaoka, [1]. Then, Z. Shen have been
extended this notion to general Finsler metrics in 2007, [7]. A Finsler metric
F = F(z,y) on a manifold M is locally dually flat if at every point there is
a coordinate system (x') in which the geodesic spray coefficients are in the

following from
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where

1
H = H(z,y) = *E(FQ)xkyk

is a C* scalar function on TM \ {0} satisfying H(z,\y) = N3 H(x,y) for all
A > 0. Such a coordinate system is called an adapted coordinate system. In
particular, a Riemannian metric is locally dually flat if in an adapted coordinate
it is given by
&
Y9 = Bidzi (z),

where the function ¢ = p(x) is C* on the manifold M (see [3], [4]).

It is well known that the Funk metric

R G e R T e
- T [aP = Jaf?”

defined on the unit ball is the first example of locally dually flat non-Riemannian
metrics.

In [4], Cheng-Shen-Zhou have characterized locally dually flat Randers met-
rics. Q. Xia gave the equivalent conditions of locally dually flat («, 8)-metrics
on a manifold with dimension n > 3, [10]. Tayebi-Peyghan-Sadeghi have con-
sidered locally dually flat (o, 8)-metrics with isotropic S-curvature and found
some necessary and sufficient conditions under which these metrics reduce to
locally Minkowskian metrics, [9].

In this paper, we prove the following:

Theorem 1.1 (see [8]). Let F = a + e + kf3%/a be a Finsler metric on an
n-dimensional manifold M, n > 2. If 8 is a conformal 1-form, then F is dually
flat if and if o is a Euclidean metric and B is a constant 1-form.

Theorem 1.2. Let F = ae® +¢f be a Finsler metric on a manifold M. Then
F is dually locally flat if in an adapted coordinate system, B and o satisfy

roo = %WQQ +2013) (1.1)
G = 5 (246~ pla?) (1:2)
Sko = %{@kﬁ — br0 + ﬁ{ﬁk - 63%}5} (1.3)

where 0 = 0;(x)y'is a 1- form and ¢ = @y are on M, and v = (x) and
ol = a"p;.
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2. Preliminaries

A Finsler metric on a manifold M is a function F' : TM — [0, 00) which has
the following properties:

(a) Fis C* on T My;
(b) F(z,\y) = AF(x,y), A>0;
(c) For any tangent vector y € T,, M, the vertical Hessian of F'?/2 given by
gij(x,y) = BFQ} N
yiyd
is positive definite.

In Finsler geometry, («, 8)-metrics are an important class of Finsler metrics
which are defined by a Riemann metric a(z,y) = /a;;j(z)y’y? and a 1-form
B(z,y) = b;(x)y* on n-dimensional manifold M. These metrics can be expressed
in the following form

F=ad(s),  s=L,

where ¢(s) is a positive C* function on (—bg, bg). It is known that F' = a¢(s)
is a positive definite Finsler metric for any « and 8 with b := ||8:]|o < bo, if
and only if, ¢(s) satisfies the following condition, [6]:

d(s) — s¢'(s) + (b° — %) (s) >0, (|s| <b<bo).

In this paper, we are going to study two special classes of («, /3)-metrics on
n-dimensional manifold M. Suppose first

¢(s) =1 +es+ ks?. (2.1)

Then,
2
F=a+ef+k—,
@

where ¢, k(£ 0) are constant and
1+2kb* —3ks® >0, (|s| <b<bp)
where by such that 1+ es + ks? > 0.

We also study the following Finsler metric:

F= aexp(g) +epbs, (2.2)
where
1—s+b*—5%0, |s|<b<b (2.3)

where by depends on € such that exp(s) +es > 0.



144 Saeedeh Masoumi, Bahman Rezaei, and Mehran Gabrani

It is known that a Finsler metric ' = F(x,y) on a manifold M is said to be
locally dually flat if and only if

(FZ)zlykyl = 2(}72)17C .

A spray G on a manifold M is a special smooth vector field on T'M \ {0}.
The spray coefficients are locally defined by

Gi(e,) = 307 [FLanpy ~ [FL .

It can be used to characterize the geodesics of F' as

d%x? , dx

— +2G" — | =0.

az (I’dt)
So G* are also called geodesic coefficients of F. If F is induced from a Rie-
mannian metric, F(z,y) = /¢i;(x)y'y’, then we have
;1

“=3

Il (2)yy,

where 1";» i are second christoffel symbols.

In local coordinates, a(x,y) = \/a;;(x)y*y’ is a positive definite Riemannian
metric and B(z,y) = b'(z)y’ is a 1-form with length b = || 3|l := a*b;b;, where
a” = (a;;)"t, B is a constant 1-form means b’(x) = constant for each i.

Followings are the regular symbols always used in our discussion:

1 1
rig =5 (b +0510) s sig = 5 (i = b))

denotes the covariant derivative with respect to Levi-Civita connec-
tion of . Denote

where

LL|7’

i ik, e Bl e — e B — e afta)d
r'ji=a"ry, vy =0ry, roi=ry =rub'y,  roo = 1iY'y

sij = aikskj, S = bisij, So 1= Sjyj = Sz‘jbiyj7
where b’ := a'b;.

We call 3 a closed 1-form if s;; = 0 and a parallel 1-form if r; + s; = 0 for
any 4,7 € {1,...,n}. Moreover, 3 is a conformal 1-form means

bijj + bjli = 2A(z)ai;

with some scalar Function A(x).
In our writing G* and G?, denote the geodesic coefficients of F and « re-
spectively.
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The spray coefficients of («, 8)-metrics are given in [2], [5].
ag (6~ 5)¢' — 560"
P ] (0 s0) 4 (- )|

(7 iﬁ’ 5o+ 1) | 75— sﬁg— prvdad L 24)

Gt =G + o+

where
810 = S;yj7 S0 = Siyia Too = leyzyj7 b2 = awble
Let a(z,y) = \/aij(x)y'y/ be a Riemannian metric and f(z) = by’ be

1-form on a manifold M. Consider an (a, 8)-metric in the following form:

,62
FZO(—I-EB—}—/{E, (2.5)

where £ and k are constants with x # 0. Then by (2.4), the spray coefficients
G' of F are given by

(ea+2KB)a?
a? — k[2 50

ea® — 3keaS? — 4k233 {—2(504 + 2k3)a?

2F [(1 4 26b)a? — 3K32] a? — k3?2

G' =G +

So + 7”00}

i 2 2
" [ZL n 2ka(a” + caf + Kk5%) bl}, (2.6)
a  ead — 3rkeaf? — 4k233
where G?, denote the spray coefficients of a. Assume that 3 satisfies
b = 7'{(1 + 2kb%)a;; — 3/mbibj}, (2.7)
where 7 = 7(z) is scalar function on M, then s} = 0, sp = 0 and
roo = T{(l + 2kb%)a? — 3%62}. (2.8)
Thus, the Spray coefficients G* of F are reduced to
; ; ead — 3reaB?B — 4r233 .
G' =G+ "+ k. 2.9
atT 2(a2+50éﬁ+1€52) Y + Ko ( )
Further, assume that G?, are in the following form
G:, = 0y’ — KTV, (2.10)
where = ;4" is 1- form, then
. ea® — 3keafS? — 4253y .
¢t ={o by 2.11
T 2(a? +eaf + KF?) (2.11)



146 Saeedeh Masoumi, Bahman Rezaei, and Mehran Gabrani

3. Locally Dually Flat («, 8)-Metrics

A Finsler metric F' = F(z,y) on an open subset U C R"™ is dually flat if and
only if it satisfies the following equations:

{Fz}wky,yk —2{F?}  =0. (3.1)

We remark the following key lemma.

Lemma 3.1. [11] Let F = a +¢f + kB%/a be a Finsler metric on a manifold
M, where €,k are nonzero constants. Then F is locally dually flat if and only
if in an adapted coordinate system, o and B satisfy:

2
00 :5[95 — (b8™)a?],
_ 0b, — [0y,

3 )
(20y™ + 6™a?),

Sko =
1

G =
© 73

where 6 = O,y* is a 1-form on M and 6™ := a'™;.

Theorem 3.2 (see [8]). Let FF = a+¢f + k%z be a Finsler metric on a an
n-dimensional manifold M, n > 2. F is dually flat and projectively flat if and
only if « is a Fuclidean metric and 5 is a constant 1-form.

Proof. A Finsler metric F' = a +¢f + k%z is projectively flat if and only if it
is a Douglas metric and the spray coefficients of « are related to the 1-form
by (2.10) we can get

1. 1
(39% — 2k7b2) a? = 59,3.

Then 6 = 0, since both sides of this equation are polynomails of y and a?
which can not be divided by § since are equivalent to

3ai- 4
333; ~3 (glaij + G5 + Ojali),
1
bijj = g{ejb,; +30,b; — 4aij(9mbm)},

on the other hand, we can obtain a similar rigidity theorem with some assump-
tion on 3. O
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4. Proof of Theorem 1.1

Now we give the proof of Theorem 1.1.
By assumption S is a conformal 1-form, which means that

bijj + bjji = 2h(x)ayy,
for some scalar function h(x). The following holds,
(050 203, — dais(0,0™) = h(w)asy
Contracting it with y* and 37, we obtain
B0 = (g(@mbm) + h(m)) o?,
ie., B=0and h=0.

5. Proof of Theorem 1.2

In this section, we are going to prove Theorem 1.2.
Assume that F' = ae® 4+ ¢f is dually flat on a manifold M. First we have
the following identities:

m OGL oGy
= Ym = Bmk = bm\kym +bm

gk o ay’“ ) 3yk s
OG™
{FQ}M = 2FF :2(aes+€5){(bm‘ky7'L+meyZ‘)(es—|—5)
Ym aGg S
Ha s (e )} (5.1)
2 I Yk s skaéQ*ykﬂ m,
{F }wlylcy = 2 Ote +e*( 2 + by) (bmlly Yy
6G$ L/ s Ym aGZL l s
o iy (¢ 4 0) 4 (=) (P ) |

+2 (aes + 86) { (bk‘mym + bm%yl) (e’ +¢)

oG Sbkaz —yif
oyt Y )e a?
_(kaQ - ykﬂ) (ym oGy esyz>

o2 a oy

+<bm|zymyl + by

OéQCLmk — YkYm 8GZL les

a? oy
Ym OGT | o Ym 0GR | rbra® —ypf
F@ylayky T e oyt ( a? € >} (5-2)

+(1-239)

Now, we can prove the following.
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Proposition 5.1. Let F = aexp(§)+aﬁ be a Finsler metric on a manifold M.
If F is locally dually flat, there are 1- form 6(x) = 0;(x)y* and scalar function
k=k(z) on M such that:

ymGZL = 9&27 (53)
3ro0 — 208 = Ya’. (5.4)
Proof. By assumption F' is locally dually flat Finsler metrics, it must be satisfy

(3.1). By replacing (5.1) and (5.2) into (3.1), removing denominators and
sorting by «, one can obtain following equation:

o)}

+O¢5{268bk (e® 4+ €)(roo + 26, GT)

0 = a6{2es(es +¢e)(3sko — TR0 — b

oG

+2eby(e® 4+ €)(roo + 26, GL) + 2e(e® + €) (380 — Tho — mey’“

)8

oG™
+2e%5b, (roo + 2b,,GT') + 4625amkGQ —2e*%y,, 3 Z }
Y

+a4{268yk(es +¢e)(roo + 20, GL) + 4e’cbrym GL' + 2e°ebi (oo

oGy
+2b, G B — 4% 0,k G B + 4620,k G B + 262 Yy, Gyg B
—ZBSsymTyZ‘B + 4625bkymGZL}

—|—a3{ —2e°yi(e® + &) (roo + 20, G0 B — SeQSbkymGg‘,@ —2e%5 (100

oGy
2 GI)B — A<y GE B — Ae e G B + 2 eyn 7 5 67

—|—a2{ — 2e’ey(roo + 2anG$)BQ —4de’eyrym G B — 4625ykymGZLB

—4esgbkymag52} n a{ge%ykymagﬁ? T 4essykymagﬁ2}
+4e ey ym G 33 (5.5)

Contracting this equation with b*, yields

0 = 046{265(65—1-6)(350—To—bm%bk)}

—|—045{263bz(eS +¢€)(roo + 2b,,GY)

+2eb?(e® +€)(roo + 20, G™) + 2e(e® + ) (359 — 1o — bm%bkw

1262552 (g0 + 20, G™) + 462b,, G — 262y, 886;;; b’f}

—|—a4{2(es + &) (100 + 20, G™) B + 4e® by, G 4 2eeb? (oo
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m

+2b,,GT) B — 4€*5b,, G B + 4eeb,, G B + 2€*5y,, %Gg v
Y

—2e°ey G

+a3{ —2¢e*(roo + Qmez)ﬂQ — 8625b2ymG21[3 — 2623(7’00

DB+ 4e2 Py, Gl }

420, G™) B2 — 4e® by, G B — deSeb,, G B2 + 2y, %ig kaQ}

—|—a2{ —2e%e(r00 4 20, G™) B3 — defey,, G B2 — 4y, G 32

—4esab2ymG;”62} + a{SeZSymGZLBB + 4esaymGg‘ﬁ3}
+4es ey, GM L. (5.6)

Contracting this equation with b*, yields

0 =

oGy
6 s(,8 a pk
a {26 (e® 4+ ¢)(3s0 — 10 — b " b )}

—|—045{2esb2(6S +¢e)(roo + 20, GL)

oGy}

+2eb?(e® 4 €)(roo + 2bmG™) + 2e(e® +€)(3s0 — 70 — by, 8yz Y]
+2e2b? (1o + 2b,,GT') + 4€*b,, G — 2>y, 8;;; bk}

+a4{2(es + ) (100 + 20, G™) B + 4e® by, G 4 2eeb? (oo
oG™
+2b,,G™) 3 — 4€%b,, G B + 4€°by, G B + 2% Yy 2

k
8ykb5

m
[e3

. aa
—2e°eYm ok

—i—ozg{ — 2e*(rop + 2b,, G™) 8% — 8% D%y, G™ B — 22 (100 + 20, G™) 32
GG 1 22
dyk b°h }

+a2{ —2e%¢(r00 + 20, G™) B3 — defey,, G B? — 4y, G 32

DB+ 42y, Gt |

—4essb2ymG$,B - 4essme$ﬁZ + 2e’eym

—4eseb2ymGZ‘ﬂ2} + a{8625ymG$53 + 4eseymG;”ﬁ3}
+4es£ymGZ‘B4 (5.7)

which implies that there is a 1- form (x) = 6;(x)y' on M such that:

then

0

YymG™ = 002, (5.8)

aGm
Oy*

cu4{2es(eS +¢)(3s0 — 70 — b b* ) + 4e*cb?6 + 462Sb29}
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—l—ag{Qest(es +€)(roo + 26 G + 2602 (€5 + €) (ro0 + 26, G™)
oG™
oyk

+2¢e(e® 4 €)(3s9 — 19 — by b” )B4+ 2e*b* (roo + 26, GT)

+a2{2e(e" + &) (roo + 26w G2
+2e°eb?B(rop + 2b, G™) — 4€*5b,, G B + deeb,, G 3

+46%b,, G — 26*bby ~ 862205 — 4e° =08}

" le
a 1k s @
m 8y’“ b /6 —2e EYm ayk

4625987 — 4esab2962} n a{ —2¢% (e + ) (roo + 26, GT) 52

+2e%%y b5 — de*c65?

—2e* (rgo + 2b,,G™) 3% — 4ecb,,, G™ 5% + Qeseymbkaa% 2

+8e%°03% + 46‘954%3} + { — 2e%e(roo + 2b, GU)B% + 4686954}- (5.9)

Differentiating (5.8) with respect to y* yields

oG
@k Gy + ym g = Bk + 2By (5.10)
Contracting (5.10) with b*, one has
IGH & k2
m &3 —
b GL + Ym " b¥ = 0,b%a” + 260. (5.11)
Also
(5.9) +2e**a® x (5.11) — 2e** x a?B(5.11) + 2e%e x a?B x (5.11)
—2efeaB?(5.11)
yields
0 = a5{ - 26259kbk} + a4{2es(es +¢)(3sg — 1o — bm%bk)

F4e5b%0 + 462620 + 2¢250,b° 3 + 726559,61)’@5}

+a3{2esb2 (e +€)(roo + 26, G™) + 2eb%(e* + €) (100 + 20, G™)
oG

+2¢(e® 4 ¢€)(3s0 — 70 — bi 8yg V) B + 2e2b? (rop + 26, G™)

+4€%b,, G™ — 8e*b?03 — 4e*cb?0f + 2e%b,,G™ — 403

+2eseekb’“,82}+




On a Special Class of Dually Flat (o, 8)-Metrics 151

+a2{268(es +€)(roo + 2bmG™) B + 2652b2(roo + 26, G™) B
—4¢%b,,G™ B + 4e°cb,, G B — 8e®clf% — 4e®cb?*05% — 2e2°b,,, G 3
+2655me$5}

+a{ —2e*(e® 4 &) (100 + 20, G™) B — 2 (1o0 + 20, G™) 32

4e5eby, G B + 8e2505° + 8e%el3® — 2esgme$52}

+{ = 2e%e(ro0 + 20 G) B + deve0 }, (5.12)
which implies there is a scalar function k& = k(z) on manifold M such that:
2083 — (roo + 2bmGyy') = ka?, (5.13)
that is:
b G™ = 63 — M (5.14)
Diffierentiating (5.14) with respect to y* yields
bmaaGTg = 0,58 + b6 — 1o — kyg. (5.15)
Plugging (5.14) and (5.15) into (5.12), we can get (5.4). O

Proof of Theorem 1.2: Plugging (5.8) into (5.5), yields

aGm

0 = a4{2€5 (es + €)(38k0 — Tk — bm 8yk

) 4 defebyf + 4625bk9}

+a? {2esbk (e® +¢€)(roo + 2b,mG) + 2ebi(e® + €)(roo + 20, GL)

oGy s m
+2€(68 + 6) (35k0 —Tko — bm 6yk )ﬂ + 262 bk(TOO + 2mea )
+4e2samkGQ —2e*y,, aan — 8e*b,08 — 4esebk96}

Y

+a? {Zesyk (es + e’:‘) (7‘00 + QbMGZL) + 2e°eby, (roo + 2meg‘>ﬁ

OG™ oG™
—4€2° 4, G™ B + 4e° i, G B + 2e* 5y, B —2e"eym—8
dy Ay

—4e*cyrb — 4e*y,03 — 4essbk062} + a{ — 2’y (es + 5) (7’00

+2me;”) B — 2e%y, (roo + meG;”) B — dePean, G 32
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OG™
+2e8 ey, —2 5% + 8e?y,05% + 4eseyk9ﬁ2} + { — 2e’ey (7"00

dy*
+2me;7)52 + 4eseyk953}. (5.16)
We know:
oGY  O(ymGI)
m [ al " am
Y Ay Ay dmka
= 0p0® + 2yp6 — A G (5.17)
Pluging (5.17) into (5.16), yields
0 = a5{ — 26239k} + a4{2es(es +¢)(3sgo — TRo — bm%) + 4e’eby0

+4€2°b0 + 2e%°0,.3 — 26550k5} + a3{265bk(es + €)(roo + 2b,G™)
oG

bmia
Oyk

+2€2 b1, (100 + 26 GT) 4 662 4, G — 40y, — 8> by03

+2eby (e® 4 &) (roo + 20, GL) + 2e(e® + €) (380 — RO — )53

—4de®ebi0f + 26359k52} + a? {2esyk(es +¢€)(roo + 2, GT')
+2ecby,(roo0 + 2bmG™) B — 6€* 4k G™ B + 6e i, G 3

—8e®cly 3 — 4esebk962} + a{ —2e°yi(e® + &) (roo + 20, GO B
—2e2 Y1 (100 + 20, G™) B — 6%, G B 4 8e* 067 + 8essyk952}
+{ — 2e%eyk (roo + 2bm G B + 465€yk053}.
Plugging (5.14).(5.15) in the above equation:
0 = a4{ — 2e°bi(e® + )k — 2eby(ef + )k — 2e* bk — 2e%ek}

a3{6es(es + £)8p0 + 2e°cbp0 + 2e*5b,0 — 4e*c0; f — Qesebkkzﬁ}
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aQ{erk(es +£)0B + 2e(e® + €)(3sk0 + kyr) B + 6> 4G
—4e20y;, — 220,87 + 2y (e® 4+ €)kB + 2e2sykkﬁ}
a{4625ykt9ﬁ - GezsamkGZLﬂ + 6e’canmi Gy B — 4e®clyi B + Qeseykkﬂz}

+{ — 6e*campG™ % + 4eseyk9ﬁ2}, (5.18)

which implies there is scalar function ¢ = () on manifold M such that:
2010 — 34 G = pra’. (5.19)
Contracting (5.19) with a¥, we have
Gi = %(20;/ —pia?). (5.20)
By using (5.18) we can obtain two essential equation:

Rat + alrat = 0, (5.21)

where

Irat = a{a2 [ —2e%(e° + )bk — 2ebg(e® + &)k — 2e* bk — 2%y, (5.22)
—2e239k} + [2€bk(es )08 + 65(e® + 2)spof — 2620, 8% (5.23)

+4e®yLkB + 4e*cyrkB + 2e%yk B + 26553%62} } =0, (5.24)

and

Rat = a2{665(65 +€)sko 4 2e°ebrl + 2e*5b0 — 4etcl) B (5.25)

—2e%ebikB + 2e* o3 — 2esswkﬁ}{2essykkﬂ2} =0. (5.26)

Contraction this very equation with b*, then k = 0:

1 2
= —{pRb* B — b0 010" — e*ib™} B 1. 2
50 3{9% B + (eS+a){€ k e’ Yk }5} (5.27)
we obtain (1.3). This completes the proof. O
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