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Abstract. Current paper deals with the property of dually flatness of Finsler
spaces with some special (o, )-metrics constructed via Randers-5 change.
Here, we find necessary and sufficient conditions under which these («, )-
metrics are locally dually flat. Finally, we conclude the relationship between
locally dully flatness of these Randers-3 change of Finsler metrics..
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1. Introduction

During last few decades, Riemann-Finsler geometry has been established as
an important and active research area of differential geometry. Though there
has been a lot of development in this area, still there is a huge scope of research
work. It has applications in so many fields such as information geometry [1],
biology, physics [2], control theory[7] and engineering [8] to mention few. In
Finsler geometry, M. Matsumoto [10] introduced the notion of («, 3)-metric.
In 1984, C. Shibata [21] introduced the notion of -change in Finsler geometry.
The concept of dually flatness in Riemannian geometry was given by Amari
and Nagaoka in [1] while studying information geometry. Information geometry
provides mathematical science with a new framework for analysis. Information
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geometry is an investigation of differential geometric structure in probability
distribution. It is also applicable in statistical physics, statistical inferences
etc. Z. Shen [20] extended the notion of dually flatness in Finsler spaces. After
Shen’s work, many authors have worked on this topic (see [3, 9, 19, 23, 25, 24,
18)).

The current paper is organized as follows: In section 2, we give basic defini-
tions and examples of some special Finsler spaces with («, 8)-metrics obtained
by Randers-g change. In sections 3, we find necessary and sufficient conditions
for these Finsler spaces to be locally dually flat.

2. Preliminaries

The literature of Riemann-Finsler geometry has been developed rapidly by
so many geometers across the Globe during last few decades. Here, we discuss
some basic definitions, examples and results which are required for subsequent
sections.

Definition 2.1. Let V' be an n-dimensional real vector space. A real valued
function F' : V. — [0,00) which is smooth on V\{0}, is called a Minkowski
norm on V if it satisfies following conditions:
(a) F is positively homogeneous, i.e., F(Av) = AF(v), ¥V A >0,
(b) For a fived basis {v1, va, ..., v} of V and y = y'v; € V, the Hessian
matric

is positive-definite at every point of V\{0}.
Here, (V,F) is called a Minkowski space.

Definition 2.2. A connected smooth manifold M is called a Finsler space if
there exists a function F : TM — [0,00) which is smooth on the slit tangent
bundle TM\{0} and the restriction of F to any T,M, p € M, is a Minkowski
norm. Here, F' is called a Finsler metric.

An (a, 8)-metric on a connected smooth manifold M is a Finsler metric
F constructed from a Riemannian metric o = y/a;;(x)y’y? and a one-form

B = b;(z)y* on M and is of the form F = a¢ B) , where ¢ is a smooth function
@

on M. Basically, («, 8)-metrics are the generalization of Randers metrics. Let
us recall Shen’s lemma [4, 6] which provides necessary and sufficient condition
for an (a, 8)-metric to be a Finsler metric.

Lemma 2.3. Let F = a¢(s), s = B/a, where ¢ is a smooth function on
(=bo,bo), « is a Riemannian metric and B is a 1-form with ||B|la < bo. Then
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F is a Finsler metric if and only if the following conditions are satisfied:
B(s) >0, ¢(s)—s¢'(s)+ (b* — %) ¢"(s) >0, V [s| <b<by.

Many authors have been worked on these metrics [13, 14, 15, 16, 17, 25].
Some of the classical examples of (o, 8)-metrics are as follows:
Randers metric, Kropina metric, generalized Kropina metric, Z. Shen’s square
metric, Matsumoto metric, exponential metric, infinite series metric.
Recall following definitions:

Definition 2.4. [11] Let (M, F) be an n—dimensional Finsler space and 8 =
bi(z)y" be a 1-form on M. Then the metric

F=F+5 (2.1)

is called Randers changed Finsler metric, and the change defined in (2.1) is
called Randers change.

Note that if F is a Riemannian metric then F becomes Randers metric.

Definition 2.5. [21] Let (M, F) be an n—dimensional Finsler space and 8 =
bi(z)y" be a 1-form on M. Then the change F — F = f(F,J) is called -
change of metric F, where f(F, () is a positively homogeneous function of F
and B of degree one.

Note that if F' is a Riemannian metric then F' = f(F, 3) becomes well known
(a, B)-metric. Following are some examples of S-change of Finsler metric F:

F—SF=F+ 153 (2.2)
_ F?
Fm+1
F— F= ﬁm,(m¢o.—m (2.4)
F—%Ffw;mz (2.5)

Change (2.2) is called Randers change, change (2.3) is called Kropina change,
change (2.4) is called generalized Kropina change, and change (2.5) is called
square change.

Next, we construct some special Finsler metrics via Randers- change. Our
further studies will be based on these metrics. Let (M, F') be an n—dimensional
Finsler space and 8 = b;(x)y’ be a 1-form on M. Then, we construct the
following:

(1) Kropina-Randers changed (c, 8)-metric:
Applying Kropina change and Randers change simultaneously to F, we
obtain a new metric

2
F:%Jrﬁ,
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which we call Kropina-Randers changed metric.

(2) Generalized Kropina-Randers changed (o, /5)-metric:
Applying generalized Kropina change and Randers change simultane-
ously to F, we obtain a new metric

Fm+1
ﬁm

which we call generalized Kropina-Randers changed metric.

(3) Square-Randers changed (o, 8)-metric:
Applying square change and Randers change simultaneously to F', we
obtain a new metric

F= +8 (m#0,-1),

- (F+p)?
F_T+ﬁ7

which we call square-Randers changed metric.
Recall [12, 22] the following definition:

Definition 2.6. Let (M, F) be an n—dimensional Finsler space. If

. m P . ] ) y
= \/%12...Jm,yﬂy”---yﬂm,

with A := aj,j,. iy y72.. .y symmetric in all the indices, then F is called
mt-root Finsler metric.

We will focus on Randers-8 change of square root Finsler metrics in this
paper. We use following notations in the subsequent sections:

oL oL 0A
- =1 . - =1L - = A
oxt T 6yz Y ot Tt
0A ) , B
':Ai’ AIi Z:Aa Az'bl t=A j > = Pgi,
ay" Yy 0 Yy Y 0j 3%1 /8
0 , ,
3751‘ =b;, or Bi, By’ = Po, Briyiy' = Poj, ete.

3. Dually flatness of Finsler metrics

Firstly, we recall [20] the following definition:

Definition 3.1. A Finsler metric F' on a smooth n-manifold M is called locally
dually flat if, at any point, there is a standard co-ordinate system (z*,y*) in
TM, (xk) called adapted local co-ordinate system, such that

La:iyjyi — 2Lmj = 0,
where L = F2.

Next, we find the necessary and sufficient conditions for locally dually flat-
ness of all the metrics constructed via Randers-f change in section two. First,
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we find necessary and sufficient conditions for Kropina-Randers changed Finsler
metric

F:?jtﬂ

to be locally dually flat.
Let us put F?2 = A in F, then

_ A
F=— + 67
g
which implies
) A 2
L=F _§+2A+ﬂ (3.1)
Differentiating (3.1) w.r.t. x%, we get
24 242
L, = TAxi — 73/811 +2A,: +2808,:. (3.2)
B B
Differentiation of (3.2) further w.r.t. y’ gives
24 2 4A 24?2 4A
inyj ZﬁAajiy]‘ + @Ale] — ﬁﬁj/lwl — Fﬂlzy] — ﬁAjﬁzl
(3.3)
6A2

Contracting (3.3) with y?, we get

Lyiyiy' :% [A2 (3880 — BBoj) + A (82 An; — 28 (8540 — Aj80)) + B°Bo;

+ 8% (Aoj + B,80) + B2 A04, |

Further, equation (3.2) can be rewritten as
2
Bt
We know that F is locally dually flat if and only if Ly yt—2L, =0, ie.,
A2 (38580 — BBoj + 28B.s) + A{B (Agj — 244s) — 28 (840 — A;Bo) }
+ B8° (Boj — 2Bas) + B* (Aoj + Bifo — 2445) + 52 AgA; = 0.

From the above equation, we conclude that F is locally dually flat if and only
if following three equations are satisfied.

3880 — BBoj + 288, =0 (3.4)
B% (Ag; — 2A4,5) — 2B (BjA0 — AjBy) =0 (3.5)
B° (Boj — 2B43) + B* (Aoj + Bjfo — 24,4) + B2 AgA; = 0 (3.6)

Hence, we have the following:

2Lw-7 |: - 2A2ﬁﬂw1 + 2Aﬁ2AI7 + 254"411 + 255ﬁm-f .
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2

_ _F
Theorem 3.2. Let (M, F') be an n—dimensional Finsler space with F = ?—i-ﬁ

as a Kropina-Randers change of Finsler square root metric F = \/A. Then F
is locally dually flat if and only if equations (3.4), (3.5) and (3.6) are satisfied.

Next, we find necessary and sufficient conditions for generalized Kropina-
Randers changed Finsler metric

Fm+1

F=
ﬁm

+ 5 (m 75 07 _1)
to be locally dually flat. Let us put F? = A in F, then

B A(m+1)/2
F=2 45,
5771

which implies

Am+1 A(m+1)/2

L=F? o T2 gt 8. (3.7)
Differentiating (3.7) w.r.t. x%, we get
A™ Am+1 A(mfl)/Q
Alm+1)/2 (3.8)
Differentiation of (3.8) further w.r.t. y’ gives
A™ m—1 A™
Am+1 m m—+1
A(m—l)/2 m2—1 A(m—S)/2 A(m—l)/2
A(m+1)/2 A(m—l)/2
Alm+1)/2

+2m(m — 1)wﬂziﬁj + 2BByiyi + 285 B4
(3.9)
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Contracting (3.9) with 3 and simplifying, we get
m—1

Lyiysy' =gz {(m + 1)AB2 Ag; +m(m +1)32A;Ag — 2m(m + 1) ABAB;

A(m—3)/2

2 _
+ [(m +1)AB% Ag; + mTlﬁ2AoAj — (m? = 1)ABAoB;

—2(m — 1)A%BBo; — (m? — 1)ABBoA; + 2m(m — 1)A2ﬂoﬂj]

+ 2880 + 28 5o-

Further, equation (3.8) can be rewritten as

m—1

2y = [2<m + AP A, - 4mA2ﬂ54

ﬂ2m+2
A(m=3)/2 ) )
We know that F is locally dually flat if and only if Lyiys Yyt —2L, =0, ie.,
Amfl
A(m—3)/2 )
+ Tpmi [2(7” -1)A {/3 (2823 — Boj) + mﬂoﬁj}

+ (m + 1)A{52 (Aoj —2A45) — (m —1)B (AoB; + BoAj) }

m2—1

T

5214014]'] + 28 (Boj — 2B4) + 26550 = 0.

From the above equation, we conclude that F is locally dually flat if and only
if following seven equations are satisfied:

I5) (Qﬁrj — ,60]') + (2m + 1)ﬁoﬁj =0 (3.10)

B% (Agj — 24,5) — 2mB (A;Bo + AoBj) = 0 (3.11)
(m — 1){5 (2B2s — Boj) + mﬁoﬁj} =0 (3.13)

62 (Aoj - 2Ax]) — (m — 1)5 (Aoﬂj + B()Aj) =0 (314)
(m2 — 1)ﬁ2A0Aj =0 = (m — 1)A0AJ =0 (315)
B (Boj — 2B43) + BjBo = 0. (3.16)
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Further, from the equation (3.13), we see that

m=1 or B(2B — Po;) +mbob; =0.

Now, if m = 1, then (3.10) reduces to (3.4), (3.11) reduces to (3.5), and
(3.12),(3.14),(3.16) reduce to (3.6).

But the equations (3.4), (3.5) and (3.6) are necessary and sufficient con-
ditions for Kropina-Randers changed Finsler metric to be locally dually flat.
Therefore, we exclude the case m = 1.

Then, we must have

B (2Brs — Boj) +mBoB; = 0. (3.17)
From the equations (3.10) and (3.17), we get
Bop; = 0.

Again from the equation (3.10), we get
Boj = 2Bz
Also from the equations (3.11) and (3.14), we get
AjBo + AoBj =0,
and from the equation (3.11), we get
Agj =2A,i.

Next, we find necessary and sufficient conditions for square-Randers changed
Finsler metric

_ (F+p)?

F = % + 5
to be locally dually flat. Let us put F2 = A in F, then

oy S +38

- Al/2 ’

which implies
_ 54 653
L=F"= "+ g5 +66AY? + A+ 115, (3.18)

Differentiating (3.18) w.r.t. %, we get

4 4 1853?
Tt 77 rt T ﬁAI? +

+ 2288,

383

36
AL/2 Bt — A3/2

Al/2

L Ayi +6AY28, + Ay + Ay

(3.19)
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Differentiation of (3.19) further w.r.t. 3/ gives

Lyiys :% [453A2ﬁ1,-yj +128%A%B,:B; — AB°ABpi Aj — B*AA iy — ABPAAL B + 254141,-,44
3
+ 5357 [126214% igi + 24BA%B,iB; — 682 AByi Aj — 283 AA, iy — 682 AALB;

+ 3/83AI1AJ + 4A3/Bx1yj + 2A2ﬂm1AJ + 2ﬂA2Amiyj + 2A2Aziﬂj — 6AAxlAJ:|
+ ATIy] + 2256371'?]]‘ + 22ﬁmi,6j.
(3.20)

Contracting (3.20) with y?, we get

1
Lyiyiy' = {4@314250]« +12B2A%B08; — 483 APy A; — BHAAy; — 4B3AALB; + 2ﬁ4A0Aj]

3

+ 557 {125214250] +248A280B; — 682 ABoA; — 28°AAg; — 682 AAB;

+3B%AgA; + 4A3By; + 2428y A, + 2BA% Agj + 2A% Ao B; — BAAOAJ}

+ A()j + 22ﬂﬁoj + QQﬁoﬂj.

Further, equation (3.19) can be rewritten as

2o = [ B3A?B,: —2B*AA,

A35 7 {24B2A2f3y —4B°AA,; +8A%B, + 4¢3A2Azj} + 24,5 + 4488,

We know that F is locally dually flat if and only if Lyiys yt —2L, =0, ie.,

VE {4142{53 (Boj — 2B45) + 352505]} + A{54 (24,5 — Aoj) — 48% (BoA; + AoB;) }
+ 264A0Aj:| 2A35/2 |:4A3{60j 25951' } + 2A2{662 (ﬁOj - Qﬁxj)
+ B (Aoj — 24,5 +12B05;) + (BoAj + AofBy) } + A{zﬂg (244 — Agj)

— 662 (BoAj + AoBj) — 5140143} +38340A ] + Aoj — 244 + 228085
+ 228 (Boj — 2B43) =0
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From the above equation, we conclude that F is locally dually flat if and only
if following eight equations are satisfied:

B% (Boj — 2Bus) + 3B8°BoB; =0 (3.21)
B* (24,5 — Aoj) — 48° (BoA; + AofBj) = 0 (3.22)
AgA; =0 ( )
Boj — 2B =0, (3.24)
68° (Boj — 2B4s) + B (Aoj — 2A,5 + 12B08;) + (BoAj + AgB;) =0 (3.25)
26° (24,45 — Aoj) — 687 (BoA; + Aof;) — BAoA; =0 (3.26)
Aoj — 24,5 + 228055 + 22 (Boj — 2B44) = 0. (3.27)
Further, from the equations (3.21) and (3.24), we get

B0B; = 0. (3.28)
Again from the equations (3.28), (3.24) and (3.27), we get
Ag; = 24,4, (3.29)
and from the equations (3.29), (3.23) and (3.26), we get
BoA; + AoBj = 0. (3.30)

Above discussion leads to the following theorem:

Theorem 3.3. Let (M, F) be an n—dimensional Finsler space, where F is
either of the following:

_ Fm+1
(i) F = G + 8 (m#-1,0,1) (generalized Kropina-Randers change
of Finsler square root metric F' = \/Z},
o a (F+DB)? : .
(ii) F = T—i—ﬂ (square-Randers change of Finsler square root metric

F=vVA).

Then F is locally dually flat if and only if the following equations are satisfied:
ApAj =0, Agj =244, BoBj =0, Boj =285, AjBo+ AoBj =0.
4. Conclusions

The above discussion concludes that generalized Kropina-Randers change of
Finsler square root metric is locally dually flat if and only if square-Randers
change of Finsler square root metric is locally dually flat, and vice-versa.
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