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Abstract. In this paper, we introduce a class of Finsler metrics with inter-
esting curvature properties. Then we find necessary and sufficient condition
under which these Finsler metrics are locally dually flat and Douglas metrics.
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1. Introduction

The 4-th Hilbert’s Problem is related to characterize the distance functions
on an open subset in R™ such that straight lines are shortest paths [13]. Very
soon, it turns out that there are lots of solutions to the problem. For 2- and
3-dimensions cases, one can see [1], [2], [6], [17] and [30].

Distance functions induced by a Finsler metrics are regarded as smooth ones.
The Hilbert Fourth Problem in the smooth case is to characterize Finsler met-
rics on an open subset in R™ whose geodesics are straight lines. Such Finsler
metrics are called projective Finsler metrics. In [12], Hamel characterized pro-
jective Finsler metrics by a system of PDE’s. It is well-known that every
projective Finsler metric has scalar flag curvature, namely, the flag curvature
K = K(z,y) is a scalar function of tangent vectors. In [8] and [9], Funk classi-
fied all projective Finsler metrics with constant curvature on convex domains in
R2. With additional conditions, he showed that the standard Riemannian met-

ric is the unique of projectively Finsler metrics with K = 1 on S? [10]. Based
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on the mentioned research, he obtained an interesting class of non-Riemannian
projectively flat Finsler metric, namely, Funk metrics.

Let € be a strongly convex bounded domain in R™. For p,q € Q, let £,
denote the ray issuing from p to ¢ passing through ¢. Define
|z —p
|z —ql
where z € 0Q is the intersection point of £,, with 9€2. Then df is an inner
metric on 2, which is called the Funk metric. The Funk metric dy in (1.1) is
regular and the induced Finsler metric F is determined by

Y
Fr(y)

where 2 C R is a strongly convex bounded domain. The following holds

2
=1

d¢(p,q) :=In , (1.1)

T+

€ 09, y € T,Q, (1.2)

Y
Fr(y)
Rewriting this condition as

y
T4 =
Fr(y)

T+ € df),

FF(1—||z]|*) = 2Ff - (z,y) = [ly|* = 0
the non-negative root of this quadratic equations is given by
Vi@ y)2+ (1 = [l=[?)llyl? + (z,9)
(1 —l=[1?)
The Funk metric is the most important metric in Finsler Geometry. It is

non-reversible, positively complete and projectively flat metric of constant flag
curvature K = —%. It is easy to show that the Funk metric satisfies:

Fy(z,y) = (1.3)

Fy. = FF,.

The Hilbert metric is regular too and its induced Finsler metric Fj, is deter-
mined by

Faly) = 5 (Fsw) + Fr(-)). (14)

Symmetrizing the metric (1.3), we obtain the Hilbert metric in the unit ball

B" as follows
F o) — YOI+ 0P
(1= l=[1?)
Observe that this is a Riemannian metric. It is reversible, complete and pro-
jectively flat with constant flag curvature K = —1.
In [27], Shen conjectured that there exist non-trivial positively complete,
projectively flat Finsler metrics of constant curvature K = 0. In [28], he
proved the existence of projectively flat Finsler metrics of curvature K = 0 by

(1.5)

constructing a projectively flat and R-flat spray using the Funk metrics. This
fact proves the importance of Funk metrics and shows that it deserve to study
these metrics for more deep progress in Finsler geometry.
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In this paper, inspired by the related PDE for Funk metrics, we are going
to study a family of Finsler metrics that satisfy an special partial differential
equation.

Definition. Let (M, F) be a Finsler manifold. Then F is called o Funk-type
Finsler metric if it satisfies the following PDE

Foo = gFFyx + hF?Fymca™, (1.6)
where g = g(r) and h = h(r) are two functions and

ri=Fal.

Some interesting metrics belong to this class of Finsler metric. Obviously,
the Funk metrics satisfy (1.6) with ¢ = 1 and A = 0. Thus, these Finsler
metrics can be viewed as a generalization of Funk metric. Many well-known
Finsler metrics belong to this class.

We have the following interesting Riemannian metrics defined on B"

o VP TPRPT <7,y>9

V1=l ’
|yl
VI=[z[*

F has constant curvature K = 1. It is easy to show that

F:

Fo. = FyFF,
ka = FOFFyk + FQFymykxk,

where Fy := Fyma™ and Fy := Fyma™.

Let (M, F) be a Finsler manifold. In local coordinates, a curve c(t) is a
geodesic if and only if its coordinates (c'(t)) satisfy ¢ + 2G*(¢) = 0, where the
local functions

G =

1 g PIF? o O[F7]
19 {8xk6yly  Oal }

are called the spray coefficients. The special forms of the spray coefficients of
a Finsler metric can define some interesting classes of Finsler metrics as follows:

(i) A Finsler metric F = F(z,y) on U is projective if and only if its geodesic
coefficients G* are in the form

G'(z,y) = P(z,y)y’,

where P : U =U x R™ — R is positively homogeneous with degree one.
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(ii) F is called a Berwald metric, if G are quadratic in y € T,M for any
x € M or equivalently

. 1. .
G = STh @)y

(iii) As a generalization of Berwald curvature, Bics6-Matsumoto introduced the
notion of Douglas metrics which are projective invariants in Finsler geometry
[3]. F is called a Douglas metric if
1 . _
G' = SU(@)yy" + P(z,y)y".
(iv) A Finsler metric F' = F'(z,y) on a manifold is locally dually flat if at every
point there is a coordinate system (x%) in which the spray coefficients are in

the form .

In this paper, we consider the class of Funk-type Finsler metrics. We find
the necessary and sufficient condition under which a Funk-type Finsler metric
is projectively flat, locally dually flat and Douglas metric. More precisely, we

prove the following.

Theorem 1.1. Let F' = F(x,y) be a Finsler metric satisfies (1.6) on a mani-
fold M. Then the following hold
(a) F is a projectively flat Finsler metric if and only if ¢'(r) = 2h(r);
(b) F is a locally dually flat Finsler metric if and only if ¢'(r) = 3h(r);
(¢) F is a Douglas metric if and only if

9 = 2h(r) = 22

where Hoo(z,y) := Hyj(x)y'y’ is a homogeneous polynomial in (y*) of
degree two.

(1.7)

Taking a trace of Berwald curvature B give us the mean Berwald curvature
E. A Finsler metric F' on an n-dimensional manifold M has isotropic mean

Berwald curvature if
n—+1

E= cF~1h,

where h = h;;dz’ ® da? is the angular metric and ¢ = ¢(z) is a scalar function
on M. It is easy to see that the Funk metric has isotropic mean Berwald
curvature ¢ = 1/2. It is interesting to find the form of mean Berwald curvature
of Funk-type Finsler metric. Then, we prove the following.

Theorem 1.2. Let F = F(x,y) be a special Funk-type Finler metric in R™
such that satisfies

Fo. = (t(n —1)r + q)FFy. — tF*Fymea™,

where t and q are real constants. Then F' has isotropic mean Berwald curvature.
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2. Preliminary

Let M be an n-dimensional C* manifold, TM = J,c,, TxM the tangent
bundle and TMy := TM — {0} the slit tangent bundle. A Finsler structure
on M is a function F : TM — [0,00) with the following properties: (i) F
is C* on TMy; (ii) F is positively 1-homogeneous on the fibers of tangent
bundle TM, ie., F(xz,\y) = AF(z,y), YA > 0; (iii) The following quadratic
form g, : T, M x T, M — R is positively defined on 7'M

10?1,
g, (u,v) == im[F (y + su+ tv) iy WV eT, M.

Then the pair (M, F) is called a Finsler manifold.

For a Finsler manifold (M, F'), a global vector field G is induced by F on
T My, which in a standard coordinate (¢, y?) for T My is given by

.0 . 0
== 27. — 2G17
Y i oy’
where G* = G*(z,y) are local functions on T'M given by
4 1,1 0%[F? d[F?
¢'i= 29" b } T, M. 2.1
4 8xk8yly oat J0 Y€ (2.1)
G is called the associated spray to (M, F). F is called a Berwald metric if G
are quadratic in y € T, M for all z € M.

G

Define By, : T, M xT, M xT, M — T, M by By (u,v,w) := B' ), (y)u v*uw' 5%
where

Ty

; P3Gt
J Oyl Oykdy
B is called the Berwald curvature and F is called a Berwald metric if B = 0.
For y € T, My, define E,, : T, M @ T, M — R by
E, (u,v) == Ey;(y)u'v’,
where i
Eij := 5B%m,
U = ui%u and v = vi%u. The non-Riemannian quantity E is called the
mean Berwald curvature. F' is called a weakly Berwald metric if E = 0.
For a two-dimensional plane P C T, M and y € T, My, the flag mean Berwald
curvature E(P, y) is defined by
FS (.’IJ, y)Ey(u? u)
gy(% y)gy(uv u) - [gy(ya u)]27
where P := span{y,u}. F is called of isotropic mean Berwald curvature if for
any flag (P, y), the following holds
n+1 n+1 n+1

E(P, y) = 5 C e Eij = TcFyiyj < Eij =

E(P> y) =

cF~1hi;,(2.2)
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where ¢ = ¢(x) is a scalar function on M. The Funk metrics have isotropic
mean Berwald curvature with ¢ = %

The Douglas metrics are extension of Berwald metrics, which introduced by
Douglas as a projective invariant in Finsler geometry. A Finsler metric is called

a Douglas metric if
1 , ,
G' = STi(@)y’y" + Plz,y)y',

where I‘;k = F;k(z) is a scalar function on M and P = P(z,y) is a homogeneous

function of degree one with respect to y on T'My (see [20], [21] and [22]).
Also, by using the Berwald and mean Berwald curvatures of F', one can define
the Douglas curvature D, : T,M @ T,M @ T,M — T, M by D,(u,v,w) :=
k

; o )
D’jkl(y)uzlﬂw 57|z, where

. . 2 . . . .
Dljkl = B’ijl — m{E]k(;lZ + Ejlé,i + Ekl(S; + Ejkylyl}.

The Finsler metric F' satisfies D = 0 is called a Douglas metric. Equivalently,
a Finsler metric is a Douglas metric if and only if G'y? — G7y* are homogeneous
polynomials in () of degree three.

A distance function on a set U is a function d : U x U — R with the following
properties
(a): d(p,q) > 0 and equality holds if and only if p = g;
(b): d(p,q) < d(p,r) + d(r,q).
A distance function on a convex domain U C R" is said to be projective (or
rectilinear) if straight lines are shortest paths. The Hilbert’s Fourth Problem
is to characterize projective distance functions.

A distance function d on a manifold M 1is said to be smooth if it is induced
by a Finsler metric F' on M,

o) = inf [ Fe(o)

where the infimum is taken over all curves ¢(¢), 0 < ¢ < 1, joining p = ¢(0) to
q = ¢(1). Thus smooth distance functions can be studied using calculus.

Now we start to discuss smooth projective distance functions, or projective
Finsler metrics on an open domain &/ C R™. First, let us use the following
notations. The local coordinates of a tangent vector y = y1£ p € TpU will
be denoted by (z,y). Hence all quantities are functions of (z,y) € U x R™. Tt
is known that a Finsler metric F' = F'(x,y) on U is projective if and only if its

geodesic coefficients G* are in the form

G'(z,y) = P(z,y)y’,
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where P : U = U x R® — R is positively homogeneous with degree one,
P(z,\y) = AP(z,y), A > 0. The scalar function P = P(z,y) is called the pro-
jective factor of F'. The following lemma plays an important role for studying
the projective Finsler metrics.

Lemma 2.1. (Rapcsdk [18]) Let F(z,y) be a Finsler metric on an open subset
U CR™ F(x,y) is projective on U if and only if it satisfies

kaylyk =F,. (2.3)
In this case, the projective factor P(x,y) is given by
F, k,yk
P=-:-. 2.4
oF (2.4)

In [12], Hamel proved that a Finsler metric F = F(z,y) on U C R" is
projective if and only if
Fopy = Fpiye. (2.5)
Thus (2.4) and (2.3) are equivalent.

Let F(z,y) be a projective Finsler metric on & C R™ and P(z,y) its projec-
tive factor. Let us put

Z:= P2 - Pyt (2.6)
The Riemann curvature Ry = R?, dz* ® %|p : TyM — T, M is defined by
‘ i 92y 92y Ve
Plugging G* = Py® into (2.7) yields
R, =26 + 1 v, (2.8)
where
Tk = 3(Pyr — PPyr) + k. (2.9)

See [24] for more discussion. It follows from (2.8) and (2.9) that the Ricci
curvature Ric := Rk,C is given by

Ric = (n—1)=. (2.10)
By the symmetry property that
95iR', = guiR'j,

one can show that

R, = 5{5,@ - F—lekyi}. (2.11)
Comparing (2.9) and (2.11), we obtain
(EF)
Pys — PPy = — 3Fy (2.12)

From (2.10) and (2.11), we immediately obtain the following
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Lemma 2.2. For a locally projectively flat Finsler metric F' on an n-manifold
M, the flag curvature and the Ricci curvature are related by

1 Ric(y)
n—1 F(y)’

K(Py)= yePCT,M.
It follows from Lemma 2.2 that a locally projectively flat Finsler metric has
constant Ricci curvature if and only if it has constant flag curvature.

In [23], Shen studied projectively flat Finsler metrics of constant flag curva-
ture. He found the following lemma to determine the local metric structure of
projective Finsler metrics with constant curvature.

Lemma 2.3. Let F' = F(z,y) be a Finsler metric on an open subset Y C R™.
Then F is projective if and only if there is a positively homogeneous function
with degree one, P = P(x,y), and a positively homogeneous function of degree
zero, Mx,y), on TU =U x R™ such that

For = (PF)yk (2.13)
1 3
Py = PPy — 37(AF )yt - (2.14)

In this case, P = %Fﬁlkayk and F is of scalar curvature K = A.

There is another important notion in Finsler geometry, that is locally dually
flat Finsler metrics. A Finsler metric F' = F(z,y) on a manifold is locally
dually flat if at every point there is a coordinate system (z*) in which the spray
coefficients are in the following form

. 1 ..
G'=—2¢"H, (2.15)

Dually flat Finsler metrics on an open subset in R™ can be characterized by a
simple PDE.

Lemma 2.4. [26] A Finsler metric F' = F(x,y) on an open subset U C R™ is
locally dually flat if and only if it satisfies the following equations:

2 bt 2
[F :Ixmyky ‘= 2[F :Ix"’
In this case, local function H = H(z,y) in (2.15) is given by

_!

H
6
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3. Proof of Theorems

In this section, we are going to prove theorem 1.1. For this aim, we need
the following Lemma.

Lemma 3.1. Let F = F(x,y) be a Finsler metric on a manifold M. Suppose
that F satisfies (1.6). Then the following hold

Frgy™ = Fo = (9/() = 20(1) | F2Fy ™, (3.1)
[F2] ™ = [F?],0 = 20(r)F2Fp + Q(g’ ~2h(r )) 8y ™ (3.2)
(2], ey™ — 2[F?] , = 2( — 3h( r))F I (3.3)
G = g(g(r) —rg'(r) + 2rh(r ) 5 (g’ — 2h(r ) (3.4)

Proof. Differentiating (1.6) with respect to 3/ and contracting it with y*, we
get,

Fay® = g(r)F?, (3.5)
Fuyt® = g0)FF, + F2(g/ (1) = h(r)) Fypya®. (3.6
By (1.6), (3.5) and (3.6) we have
(7],
[F2],..,,4™ = 4g(r)F2F,; + 2(9 (r) — h(T))FSFykijk. (3.8)

From (1.6), (3.6), (3.7) and (3.8) we obtain (3.1), (3.2) and (3.3). It is easy to
see that

=29(r)F?F,; + 2h(r)F*Fyr 2, (3.7)

ik ik (9mk — Fym Fyr 51 Fym Y
Then by contracting (3.2) with g** we get (3.4). O

Proof of Theorem 1.1: By Lemma 2.1 and (3.1) one can prove (a). lemma
2.4 and (3.3) suffice to prove (b). It follows from (3.4) that

Gyl — Gy =1 ()~ 2() ) 'y — ay) (3.10)

It is known that F is a Douglas metric if and only if G'y/ — G7y’ are homoge-
neous polynomials in (y?) of degree three. Then by (3.10) we conclude F is a
Douglas metric if and only if F2(g'(r) — 2h(r)) are homogeneous polynomials
in (y%) of degree two. This proves (c).
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Corollary 3.2. Let F is a Finsler metric satisfies (1.6) on manifold M. Then
F' is Douglas metric and locally dually flat metric if and only if

1 _ Hy

h(r)=39'(r) = 47, (3.11)

where Hoo(x,y) == H;;(z)y'y’ is a homogeneous polynomial in (y') of degree
two.

Proof. According to Theorem 1.1, F is locally dually flat Finsler metric if and
only if

g'(r) = 3h(r), (3.12)

and F' is a Douglas metric if and only if

Hy
g'(r) —2h(r) = 2

By (3.12) and (3.13) we get (3.11). O

(3.13)

By Theorem 1.1, we conclude the following

Corollary 3.3. Let F = F(x,y) be a Finsler metric satisfies (4.1) on a man-
ifold M. Then F is a projectively flat and locally dually flat Finsler metric if
and only if h =0 and g = constant. In this case, F reduces to a Funk metric.

Proof of Theorem 1.2: By (3.4) we conclude

Zj: = (n;r . (g(r) —rg'(r) +2rh(r)) +r¢'(r) — 2rh(r)>F
b -2 )Ryt 014
Substituting
g(r) = tln—1)r+q,
h(ry = —t

in (3.14) yields

oG™  (n+1)q
g =5 F (3.15)

Thus we conclude F' is of isotropic E-curvature. O
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4. Special Funk-type Finsler Metrics

It is interesting to study a special class of Funk-type metrics. Let (M, F') be
a Finsler manifold. Then F is called s special Funk-type metric if it satisfies
the following PDE

Fp = g{ FFy + F2F, ™}, (4.1)
where g = g(r) is a scalar function and
ri=Fy .

By Theorem 1.1, we get the following

Corollary 4.1. Let (M, F) be a compact Finsler manifold. Suppose that F
satisfies (4.1). Then the following hold

(a) F is a projectively flat metric if and only if it is locally Minkowskian
metric;

(b) F is alocally dually flat Finsler metric if and only if locally Minkowskian
metric.

Proof. By Theorem 1.1, F' is a projectively flat Finsler metric if and only if

g'(r) =2g(r).
It follows that
g(r) = € g(0).
Letting ¢ — 400 and considering g < oo implies that ¢(0) = 0 and then g = 0.
In this case, we get Fr = 0 and P = 0. Thus G* = 0 and F reduces to a
locally Minkowskian metric.
For the case (b), we use the same argument. (]
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