Journal of Finsler Geometry and its Applications
Vol. 2, No. 2 (2021), pp 66-76
DOI: 10.22098/JFGA.2021.1369

S-Curvature of left invariant Randers metrics
on some simple Lie groups

Hossein Abedi Karimi®*

“Department of Mathematics, Isfahan University of Technology, Isfahan,
84156-83111-Iran

E-mail: hossein.abedikarimi@gmail.com

Abstract. In this paper we study the Riemannian geometry of simple Lie
groups SO(3,R), SL(2,R) and SO(1,3), equipped with a left invariant Rie-
mannian metric. We consider left invariant Randers metrics induced by these
left invariant Riemannian metrics. Then, in each case, we obtain the S-
curvature and show that although these Randers metrics are not of Berwald or
Douglas type but in the case of SO(3,R) it is of almost isotropic S-curvature.
Finally, we give the S-curvature of left invariant Randers metrics on four-
dimensional Einstein Lie groups.
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1. Introduction

Among Finsler metrics, («, 5)-metrics are very interesting, since they are
computable and have many applications. An (a, 8)-metric is a Finsler metric
on M defined by F := a¢(s), where s = B/a, ¢ = ¢(s) is a C* function
on the (—bg,by) with certain regularity, @ = \/a;;(x)y'y’ is a positive-definite
Riemannian metric and 3 = b;(z)y" is a 1-form on M. For example the Randers
metric, which is a special type of (a, 8)-metrics, has been introduced because of
its applications in physics (see [2]). An important special class of Finsler metrics
is the family of left invariant Finsler metrics on Lie groups. On such spaces,
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the algebraic structures of the space help the study of geometric concepts, such
as connection and curvature.

In the recent years studying invariant Finsler metrics on Lie groups and
homogeneous spaces has a very fast development (for more details see [6]). A
way for constructing left invariant Finsler metrics on a certain Lie group G is
the use of a left invariant Riemannian metric and a left invariant vector field.
In this way we can define a left invariant (o, 8)-metric on G.

In this paper, we are going to consider the Riemannian geometry of simple
Lie groups SO(3,R), SL(2,R) and SO(1,3), equipped with a left invariant
Riemannian metric. Thus we study left invariant Randers metrics induced by
these left invariant Riemannian metrics. In each case, we get the S-curvature
and show that although these Randers metrics are not of Berwald or Douglas
type but in the case of SO(3,R) it is of almost isotropic S-curvature. Then, we
give the S-curvature formula of left invariant Randers metrics on 4-dimensional
Einstein Lie groups.

2. Preliminaries

Here we give some preliminaries of Finsler geometry which we will need dur-
ing the paper.

A Finsler manifold (see [3]) is a pair (M, F) consisting of a smooth manifold
M and a function F' : TM — [0, 00) such that

i) F is a differentiable function on TM\{0},

i) F(x, \y) = A\F(z,y), forany xz¢& M,yeT,M and A >0,

iii) The matrix
1 9%F?
i) = 57597 )
2 0ytoyI
which is named the hessian matrix, is positive definite for all (z,y) €
TM\{0}.

A special family of Finsler metrics is the family of («, 8)-metrics. Let a
be a Riemannian metric and 8 be a 1-form on a manifold M. An («,pf)-
metric on the manifold M is a Finsler metric of the form F = ad)(g), where
a(z,y) = Ja(y,y) and ¢ : (—bg,by) — RT is a C*° function. F' is a Finsler
metric if

B(s) — 59 (s) + (B> — s2)¢ (s) >0,  |s| <b< by, (2.1)
and ||Blla < bo (see [4] and [7]).

An important type of («, 3)-metrics appears when ¢(s) = 1 4 s. In this
case F' is called a Randers metric, then we have FF = a + . It can be shown
that a Randers metric is a Finsler metric if and only if ||8||o < 1. Another
important («, 8)-metric happens when ¢(s) = 1/s. In this case F' is of the
form F = a?/8.
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Let G be a Lie group and F' be a Finsler metric on G. The Finsler metric
F' is called a left invariant Finsler metric on G, if for any z € G and y € T,,G
we have
F(z,y) = F(e,dl ;—1y) for every z € G,y € T, G, (2.2)
where e is the unit element of G and [, denotes the left translation.
In the case of left invariant («, 8)-metrics, it is very useful to rewrite the
1-form § as follows
a(y, X(z)) = B(z,y), (2.3)
for a left invariant vector field X on G such that

| X]lo =a(X,X) < b.

For more details, see [5].

So easily we can see, for a left invariant Riemannian metric a and a left
invariant vector field X on a Lie group G with a(X,X) < 1, the Randers
metric

F(z,y) =+Val(y,y) +a(X(z),y), (2.4)
is a left invariant Finsler metric on G.

3. The Riemannian geometry of Simple Lie groups SO(3,R), SL(2,R)
and SO(1,3)

In this section, we first introduce the Lie brackets given in [8]. Then,
we calculate the sectional curvature of the left invariant Riemannian metrics
corresponded to the inner products on the Lie algebras, such that the basis
{E1,---,E,} is orthonormal.

If {E1,Es, Es} is an orthonormal base for the Lie algebras so(3,R) and
sl(2,R), and if {F,- - , Eg} is an orthonormal base for the Lie algebra so(1, 3),
then the Lie bracket of each case is as follows:

In case so(3,R):

[Er, Es] = Es,

[En, Bs] = —Es,

[Es, B3] = E;.
In case sl(2,R):

[E1, Es] = 2E4,

[En, B3] = —FEs,

[Es, E5] = 2E5.
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In case so(1,3):

[Ea, B3] = [Es, E5] = B,
[Es, Ey] = [E4, Eg] = Ea,
[E1, Bs] = [Es, E4] = E3,
[E2, Eg] = [Es5, E3] = Eu,
[E3, E4] = [E6, E1] = Es,
[E1, E5) = [E4, Es] = Es.
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Theorem 3.1. Suppose that {,) denotes the inner product induced by the
above left invariant Riemannian metric on the Lie algebras. If we put R, :=

R(E;,E;)Ey then in each case we have:

(i) On three-dimensional Lie algebra so(3,R):

E E E
! Ro11 = Ross = =2, Rgyy = Ragy = —>

Rigo = Ri33 = 1 1 1

(i) On three-dimensional Lie algebra sl(2,R):

4 4
ERBB = Fy, TSRSH = k3,

—15 15
Rigo = TEI — 2FE3, Razy = 2E, + ZEZS?
4

4
= — = Fs.
153121 153323 2

1 1
“Riss = —Rggy =
2 123 2 321

(#ii) On siz-dimensional Lie algebra so(1,3):

Ey = 4Ry22 = 4Ry33 = 4R155 = 4R166 = 4R245
= 4R346 = 2R524 = 2Re34 = §R542 = §R643

Ey = 4Ro11 = 4R154 = 4Ro33 = 4R244 = 4Ra66
= 4R356 = 2R415 = 2Re35 = §R451 = %R653

E3 = 4R311 = 4R164 = 4R322 = 4Ro65 = 4R344
= 4R355 = 2Ru16 = 2R526 = §R461 = §R562

E4 = 4Rs512 = 4Re13 = 4Ra22 = 4R433 = 2Ro51

4 4 4 4
= 2R361 = ?3545 = ?R646 = 53215 = §R316
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E5 = 4R511 = 4Ry21 = 4Rg23 = 4Rs533 = 2R140
= 2R362 = $R454 = %R%s = §R124 = §R326
E¢ = 4Re11 = 4Re22 = 4Ry31 = 4R532 = 2R143
= 2Rg53 = $R464 = %R565 = 33134 = %sts

Proof. The Riemannian metric (,) is left-invariant, so for the Levi-Civita con-
nection we have,

Vg, Ej = Z (Ve Ej, Ey) Ex,
k=1

and

<inEj,Ek> _ ;{ _ <E [Ej,Ek]> + <Ej, [Ek,EZ-]> + <Ek [Ei,Ej]>}.

We obtain the Levi-Civita connections of each case as follows:

(a) For so(3,R):

E
Vi By = -Vp,E1 = 2,
E
Vg, Es=Vg,E = 72
E
Vi B = -Vp,EBy= 7
(b) For si(2,R):
—2Vpg, B3 = Ly,
OV, Es = AE, + E,
—9Vp, By = 4E; + B,
2V, By = Ej,
1 1
—§VE1E1 = §VE3E3 == —ZVElEg == 2VE3E1 = EQ.

(¢) For so(1,3):

E
VE2E3 = 7VE3E2 = 7VE5E6 = VEGES = 717

E,
Ve, B = —Vg E3=—-Vg,Ey =V, Es = 2

Es
Ve By =—-Vp,E1 = -V, Es = Vg, Ey = 9
Vg, E —Vg,FE E

E§ 6 _ ga 5:_VE5E3ZVE6E2:747
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Ve, Es —Vg Eg Es
3 3 BeEn BB ==
Ve Es Vg By Es

3 = 3 :_VE4E2:VE5E1 :7

Let us consider the following formula
Rijk = R(El,E])Ek = VEIVE]E]C - ijinEk - V[El,EJ]Ek
This completes the proof. O

We mention that in the case of so(3,R) we have considered the bi-invariant
metric so we have:

1
1
R(Ei, Ej)E, = —7 {[Ei,Ej],Ek}, VE; E;, Ey, € g

Then we have the following.

Theorem 3.2. Suppose that (G, (,)) denotes the Riemannian Lie group corre-
sponded to the Lie algebras so(3,R), sl(2,R) and so(1,3), where (,) is the above
left-invariant Riemannian metric. If {U,V'} is a two-dimensional orthonormal

n
subspace of the tangent space at the unit element of G, where U = > a;F; and
i=1

V =3 bE;, then the sectional curvature K(U, V') in each case is as follows:
i=1

For so(3,R) we have
1
KWUYV)=-
wv)=1
For sl(2,R):
15 13 15
K(U, V) = — Z((hbg — a2b1)2 + Z(a1b3 — G,3b1)2 — Z(agbg - a3b2)2
+ 4(a1a2b2b3 — a1a3b% — a%blbg + agagblbz)
For so(1,3) we get
1
I(([]7 V) = 4{(&1[)2 — a2b1)2 + (a1b3 — a3b1)2 + (a1b5 - a5b1)2 + (a1b6 — a6b1)2

+ (a2bs — 11352)2 + (agby — a4bz)2 + (a2bs — 0652)2 + (asbs — Cl4b?,)2
2 7 2 2 2
+ (a3b5 - a5b3) - Z (a4b5 - a5b4) + (a4b6 - a6b4) + (a5b6 - aﬁb5)

1
+ 2{ — a4 (4a1b2b5 + 4a1b3bg — Basbi1bs — basbibg + asbibs + a6b1b3>
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— as < — 5b2(a1b4 + agbg) + 4a2(b1b4 + bgbg) + a662b3> — a1a2b4b5

— a1a3b4b6 + 5a1a6b3b4 — a2a3b5b6 + 5a2a6b3b5 — 4a3a6b1b4 — 4a3a6b2b5}.

Proof. According to Theorem 3.1 and the curvature formula, one can get the
proof. ([l

4. S-curvature of Randers metrics of Simple Lie groups SO(3,R),
SL(2,R) and SO(1,3)

In this section, we consider the Randers metrics defined by the left invariant
Riemannian metrics of the previous section and left invariant vector fields. Note
that because these Lie algebras are simple, these Randers metrics are neither of
Berwald type nor of Douglas type. To obtain the desired result, first we recall
the following theorem from [6].

Theorem 4.1. ([6]) Let G be an n-dimensional connected Lie group with Lie
algebra g. Let (,) be an inner product on g and u € g with (u,u) < 1. Then
the left-invariant Randers metric F' on G defined by (,) and u has S-curvature

n+1 [ ([u,yl], (y,u)u—y)
. { by <[u,y1,u>}. (4.1)

Here F' has almost isotropic S-curvature if and only if F' has vanishing S-
curvature, if and only if the linear endomorphism ad(u) of g is skew-symmetric
with respect to the inner product (,).

S(e,y) =

By using [6], we are going to prove the following.

Theorem 4.2. For the simple Lie algebras so(3,R), sl(2,R) and so(1,3), for

y:= > yiEi, u:= > w;EB; with (u,u) <1, the S-curvature of the induced left
i=1 i=1

invariant Randers metric in each case is as follows:

On three-dimensional Lie algebra so(3,R):

S(e,y) =0.
On three-dimensional Lie algebra si(2,R):
S(e,y) 2 (= 2uda+ un(ys — 201) + 2us (usa + ys)
e,y) = —2ufa+u — ug(usa
Y o+ UYL + Uays + Usys Y2 1 (Y3 — 241 3(us Y3

- u3y1) + us (yl(Qul —ug)a+ y3((u1 — 2ug)a — 2y3) + ny) },
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where o = \/y} + y3 + y3.

On siz-dimensional Lie algebra so(1,3):
1

S(e,y) =7 m 5(y4(U3U5 — ugug) + Y5 (u1ug — usta) + Yo (uoug — U1U5))
— U4qY2Y6 + U4Y3Ys + UsY1Ye — UsY3Ya — UeY1Ys5 T U6y2y4:|

+ U1UsYe — U1UCY5 — U2UaYe + U2UEY4 + U3ULY5 — U3U5y4}

where

a:\/yf+y§+y§+yfi+y§+y§, and  f=uwy + -+ ugys.

Proof. For F = a4+ = +/{y,y) + (y,u), according to the theorem 4.1 we have
the following;:

(i) For so(3,R) we have
<[u,y], 'LL> =0,
[u,y] = (u2ys — uzy2) B1 + (usyr — u1ys) B2 + (u1y2 — uay1) B,
and
(yu)u—y = ((U% — Dy + ui(u2y2 + usys)) By + (uiugyy + (u% - 1Dy
+ usuzys) Ba + (uiusyr + ususys + (uj — 1)ys) Es.
So we get that

Therefore, if we put the above relations in (4.1), then the verdict for n = 3 is
proved.

(ii) For si(2,R), we get
[u,y] = (2u1y2 — 2uzy1) B1 + (usyr — u1ys) B2 + (2uys — 2uszy2) Fs,
([u, 9], u) = 2ufys — urug (23/1 +y3) + us(uz(y1 + 2y3) — 2u3y2>,
and
(y,u)u—y= ((U% — Dy1 + ul(uzys + U3y3)>E1 + (uwzyl + (uz — V)ye

+ ugusys) Bo + (urusys + usuzys + (u3 — 1)y3) Es.
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So, we get

<[Ua yl, (y,u)pu — y> = 2uly1ys — Yo (2U191 + uzyr — u1ys — 2U33/3)

+ 2us(yf — v3) + us(uays + usys) (Uz (y1 +2y3) — 2u3y2) +ui (2u3yzy3

—us(2y7 — 2y3 + y1y3)) —u (2U§y1y2 +u3y2 (2y1 + y3) + uguz(—yi + y%))-

Therefore, if we put the above relations in (4.1), then the verdict for n = 3 is
proved.

(iii) For so(1, 3), we obtain
[u, y] = (u2ys — usy2 + usys — usys) E1 + (usyr — u1ys — ueya + uaye) Lo
+ (u1y2 — uay1 + usya — uays) s + (usys — ueye — uzys + u2ye) L
+ (uey1 — ways + uzys — u1ye) Es + (uay2 — usyr — uays + u1ys) e,
([u, y], u) = 2(uzusys — UoUeYs — U3ULYs + UIUCY5 + U2UaY6 — UI1USY6),
and

<%wu—y=«ﬁ—Um+merHmm+wm+wm+%%D&

(mww+W§Jwymdwm+mm+%%+%%0&
(urusyr + upusys — Y3 + U3ys + Usuays + ususys + usteys) Es
(uruayy + Usuays + UsUsY3 — Y4 + UTYs + UsUsY5 + ugueyy iy
(urusyy + ugtsya + usUsys + ugUsys — Ys + udys + usueys)Es
(urugys + ugugy2 + uslsys + ualeys + usucys — Yo + ugys)Fe.

So we get

([u, 9], (y, wyu — y) = 2{U6y2y4 — UsY3Y4 — UY1Y5 T UaY3Ys + UsY1Ye — U4Y2Y6
+ (ususysa — UgUeYs — U3ULYs + ULUEY5 + U2UaYe — U1U5Y6)
X (u1y1 + u2y2 + u3ys + usys + usys + Uﬁyﬁ)}

Now the substitution of the above relations in (4.1) completes the proof. [

5. S-curvature of left invariant Randers metrics on four-dimensional
Einstein Lie groups

In reference [1], it is shown that a four-dimensional Einstein Lie group admits
a left invariant Randers metric of Berwald or Douglas type if and only if for
4

the Lie brackets and the left invariant vector field u := Y u; F; we have
i=1
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Case 1: Berwaldian, u = uy Fy + us Fo

[E1, Es] = Ey,
[E17E4] = —Fs.

Case 2: Non-Berwaldian metric of Douglas type, u = uj F1

[E1, B3] = Es — tEs3,

[Ey, B3] = tEy + E3,

[E1, E4] = 2Ey,

[Eq, E5) = 2E,, 0<1t<o0.

Case 3: Non-Berwaldian metric of Douglas type, u = u1 Fq
[Er, Es] = Fs,
[En, B3] = B3 — tEy,
[E‘l,E‘AL]:tE‘g—f—E‘zjl7 0§t<00

Case 4: Non-Berwaldian metric of Douglas type, u = uy Fqh + us Fo

[Er, B3] = E3,
[Es, E4] = Ej.
4
Now, for y := " y; E;, we calculate the S-curvature of each case according to

i=1
the formula (4.1):

Case 1:
S(e,y) =0,
Case 2:
S(e.y) = —75 w (3 + 93 + 20%).
V Z?:l Yi? + w1y
Case 3:
S(e.q) = —75 uy (115 Tustud)
\V D1 Yit +uiy
Case 4:

-5 (u1y3 + usy?)

S(ea y) = o5 2 .
\V D i Yi% +uiyn + uay2
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