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1. INTRODUCTION

In [12], Matsumoto studied the theory of 3-dimensional Finsler manifolds.
He gave a systematic description of a general theory of three-dimensional
Finsler spaces based on Moér’s frame, that is, on a frame whose first vector is
the normalized supporting element ¢, the second one is taken as the normalized
torsion vector m and the third is orthonormal to ¢ and m and denoted by n.
The triple (¢, m,n) is called the Modr frame. This frame was introduced in
[18] by Modr in order to prove that 3-dimensional Landsberg metrics of con-
stant curvature are either Riemannian spaces or spaces of vanishing curvature.
He showed that every 3-dimensional Finsler metric of constant or of isotropic
curvature are characterized in terms of the representation of the curvature ten-
sor with respect to the orthogonal frames. Moo6r showed that the tensor of
any three-dimensional Finsler space is of a special form. In addition to three
main scalars and nine scalars representing the curvature tensor, Matsumoto
introduced two important vector fields, called h-connection and v-connection
vectors. He proved that a three-dimensional non-Riemannian Berwald metric is
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characterized by the fact that the h-connection vector h; vanishes and the main
scalars H, Z and J are horizontally constant. Also, Matsumoto showed that the
hv-curvature tensor of a non-Riemannian three-dimensional Finsler manifold is
symmetric in the last two indices, if and only if the v-scalar curvature satisfies a
condition. Then he proved that a non-Riemannian three-dimensional Berwald
manifold of scalar curvature is C-reducible, then the space is necessarily locally
Minkowskian or of constant curvature.

Let (M, F) be a Finsler manifold. In 1972 and in two distinct papers [16] and
[9], Matsumoto and then Kawaguchi found an interesting tensor field, namely
T-tensor

Thijk = FChijik + FrCijk + FiChji + FiChix + FrChij

almost simultaneously and independently in their studies of a special Finsler
manifolds. In [17], Matsumoto studied three-dimensional Finsler spaces with
vanishing T-tensor. He proved that a non-Riemannian three-dimensional Finsler
manifold with vanishing T-tensor T' = 0 is characterized by the fact that the
v-connection vector vanishes and the main scalars H, Z and J are functions
of position only. This is the generalization of the theorem that in a Finsler
space of two dimensions the condition T' = 0 is equivalent to the condition
that the main scalar is a function of position only. Then Matsumoto studied
the three-dimensional Finsler manifolds that their T-tensors satisfying the ad-
ditional condition that BP = g’l/sz/Q is a quadratic form of z'i, where g
is the determinant of the fundamental tensor g;;. This additional condition
(with p = 2) has been used by L. Berward to study special Finsler spaces of
two dimensions. Matsumoto concluded that the indicatrix of such a Finsler
manifold is of some strange type, and conjectures that a Finsler space with
T = 0 will be Riemannian, provided the fundamental function F satisfies the
usual desirable conditions.

Let ||T|| := /gs;1*17 denotes the length of the mean Cartan torsion I; = ijl-
and consider the unified main scalar F||I|| of Finsler manifold (M, F). In
[8], Ikeda proved that in case F||I|| is a nonzero constant and F' is a Lands-
berg metric satisfying the T-condition, then F reduces to a Berwald met-
ric. He found some necessary and sufficient conditions under which a three-
dimensional Finsler manifolds are Berwald-type. In [7], Ikeda studied the h-
and v-connection vectors defined by Matsumoto in [12] in some special three-
dimensional Finsler manifolds. He showed the relations of these vectors and
the main scalars and obtains the T-tensor in terms of the main scalars. Fi-
nally, he obtained some important new properties for three-dimensional semi-C-
reducible and Landsberg manifolds. In [6], Ikeda found some relations between
the main scalars of a three-dimensional Finsler manifold and a hypersurface.
Ikeda showed that if the mean Cartan torsion I; of the space is normal or tan-
gent to the hypersurface, then some of these main scalars are equal up to sign.
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He characterized the hypersurface of semi-C-reducible Finsler manifold with
vanishing of some tensors.

In [19], Pandey-Prasad-Chaubey obtained the main scalars H, Z and J of
three-dimensional Finsler manifolds equipped with an («a, §)-metric, for exam-
ple in three-dimensional Randers metric, generalized Kropina metric and Mat-
sumoto metric. In [13], Matsumoto come back to studying of three-dimensional
Finsler manifolds and investigated semi-C-reducible Landsberg metrics. Since
Matsumoto treated three-dimensional Finsler manifolds, every tensor field is
represented in terms of the so-called Moor frame. He proved that the class
of non-Riemannian semi-C-reducible Finsler manifolds are divided into three
special cases.

A change of F' to F' = e F for s a function defined on an open subset of M is
called conformal and F is called conformally flat if F' is a locally Minkowskian.
Based on some general results of S. Kikuchi in [10], in [5] Ikeda found three
sets of necessary and sufficient conditions in order that a three-dimensional
Finsler manifold be conformally flat. These conditions are expressed in terms
of the main scalars H, Z and J of F. He also proved that all three main
scalars are conformal invariants. For more details, see [1] In [20], Prasad-
Pandey-Singh gave a condition for three-dimensional Landsberg manifold to
be conformally flat. They also investigated conformally flat Berwald mani-
folds. In [2], Chetyrkina gave the complete classification of three-dimensional
Randers spaces with respect to homothetic motion groups. She proved that
the maximum order of homothetic motions in an n-dimensional Randers space
is equal to n(n —1) + 2.

Let (M, F') be a Finsler manifold and ¢ : [a,b] — M be a piecewise C*° curve
from ¢(a) = p to c¢(b) = q. For every u € T,M, let us define P, : T,M — T,M
by P.(u) := U(b), where U = U(t) is the parallel vector field along ¢ such that
U(a) = u. P, is called the parallel translation along c. In [4], Ichijyo showed
that if F' is a Berwald metric then all tangent spaces (T, M, F,) are linearly
isometric to each other. Is there another characterization for Berwald metrics?
The geodesic curves of a Finsler metric F' = F(x,y) on a smooth manifold M,
are determined by the system of second order differential equations

d%x? . dx

W + QGZ(I’, a) = O7
where the local functions G* = G%(z,y) are called the spray coefficients. A
Finsler metric F is called a Berwald metric, if G* are quadratic in y € T,, M for
any z € M, that is

i1 j
Gt = §F jk(x)y]yk.
The class of Berwald metrics is just a bit more general than the class of Rie-

mannian merics and the class of locally Minkowskian metrics. In [21], Szabé
consider Berwald surfaces and prove a rigidity theorem: every Berwald surfaces
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are Riemannian or locally Minkowskian. Berwald spaces have been classified
by Szabé in [21] and explicitly constructed in [22].

Recently, Tayebi-Najafi classified the class of 3-dimensional («, 8)-metrics
with vanishing Landsberg curvature and proved the following.

Theorem A. Every 3-dimensional non-Riemannian almost regular Landsberg
(a, B)-metric F' = a¢(s), s = B/a, belongs to the one of the following three
classes of Finsler metrics:

(i) F is a Berwald metric. In this case, F' is a Randers metric or a Kropina
metric;

(ii) ¢ is given by the ODE

P — 50 [0 — s + (1P —5P)g"| =, (1.1)

where ¢ is a nonzero real constant, kg is a real number and b := ||3||. In this
case, F' is a Berwald metric (regular case) or an almost regular unicorn.

In [12], Matsumto and in [24], Tayebi-Najafi by a completely different way
proved the following.

Theorem B. ([12][24]) Let (M, F) be a 3-dimensional Finsler manifold. Then
F' is a Berwald metric if and only if it has horizontally constant main scalars
with vanishing h-connection vectors.

In [23], Tayebi-Eslami study the main scalar of 3-dimensional manifolds
and showed that there is not non-Riemannian 3-dimensional («, 3)-metric with
Z=0and J =0.

Theorem C. There is not non-Riemannian («, 8)-metric on a 3-dimensional
manifold M such that Z =0 and J = 0.

Also, they found a characterization of weakly Landsberg 3-dimensional Finsler
metrics.

Theorem D. Let (M, F) be a 3-dimensional Finsler manifold. Then F' is
a weakly Landsberg metric if and only if #' +Z’ = 0 and hy = 0 hold, where
H' = Hy*, T’ :=T,y° and hg = hy".

In this paper, we prove the following.
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Theorem 1.1. There is not any non-Riemannian 3-dimensional Berwald man-
ifold with constant main scalars.

2. PRELIMINARIES

Let (M, F) be an n-dimensional Finsler manifold, and T'M be its tangent
space. We denote the slit tangent space of M by T My, i.e., T, My = T, M — {0}
at every # € M. The fundamental tensor g, : T, M x T;; M — R of F' is defined
by following

1 6% 1,
g, (u,v) == 2 Bs0t [F (y + su+ tv)} ls,t=0, ©,v € TpM.

Let (M, F) be an n-dimensional Finsler manifold. For € M, put

Ip(x) := {y eT, M| F(z,y) = 1}.

Ip(x) is called indicatrix of F' at x. It is a hypersurface of T, M and can be
regarded as a unite sphere with respect to F'. Ir(z) has the following induced
Riemannian metric

%Mw:l%@wWD—@@wWW“%Mwﬂ;iig

where {; := Fi. Put h;; := g;; —£;£;. Under the coordinate change, the tensor
hi; has behavior of Finslerian vector fields. Then it called the components of
angular metric tensor h = h;jdz’dz’, where

hy, (u,v) = gy (u,v) — F2(y)g, (y, u)gy (y,v).

h,(u,v) is called the angular form in direction y. Since hy(y,y) = 0, then
rank[h;;] <n and det(h;;) = 0. By regularity of h, it follows that rank[h;;] =
n — 1.

For a non-zero vector y € T, My, let us define C,, : T, M x T, M x T, M — R
by
1d
2dt
The family C := {Cy},ecrn, is called the Cartan torsion. By definition, C, is
a symmetric trilinear form on T, M. It is well known that C = 0 if and only if

Cy(u,v,w) = [gyﬂw(u, v)] lt=0, u,v,w € T, M.

F' is Riemannian.
Let (M, F) be a Finsler manifold. For y € T,; My, define I, : T, M — R by

I(u) =Y g7 (y)Cy(u,d;,0)),
=1

where {0;} is a basis for T, M at x € M. The family I := {I, },ern, is called
the mean Cartan torsion. By definition, I, (u) := I;(y)u’, where I; := g/*C; ;.
By Deicke’s theorem, every positive-definite Finsler metric F' is Riemannian if
and only if I = 0.
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Given a Finsler manifold (M, F), then a global vector field G is induced by
F on TMj, and in a standard coordinate (x?,y*) for T My is given by

;0 ; 0
G = yz ox’ - 2G1(‘T7y)87y27

where G = G%(z,y) are scalar functions on 7'M, given by
o1 ) 0%[FY O[F?]
G = —g¥ b — . T, M.
47 {895’“81# Y o0 (0 V€S

The vector field G is called the spray associated with (M, F).

For y € T, My, define B, : T, M x T, M x T, M — T, M by By(u,v,w) :=

Bijkl (y)ulvhw! a(?ci

= where

3Gt
Oy dyk oyt
The quantity B is called the Berwald curvature of the Finsler metric F'. We
call a Finsler metric ' a Berwald metric, if B = 0.

i —

The horizontal covariant derivatives of C along geodesics give rise to the
Landsberg curvature Ly : T,M @ T, M ® T, M — R defined by L, (u,v,w) :=
Lijr(y)uiviw®, where

Lijk = Ciji)sy°,
u =], v =155, and w = wy2|,. The family L := {L,},ern, is
called the Landsberg curvature. A Finsler metric is called a Landsberg metric
if L =0 (see [3]).

3. CHARACTERIZATION OF 3-DIMENSIONAL BERWALD METRICS

In [18], Moér introduced a special orthonormal frame field (¢¢, m?, n') in the
three dimensional Finsler space. The first vector of the frame is the normalized
supporting element, the second is the normalized mean Cartan torsion vector,
and third is the unit vector orthogonal to them. Let (M, F') be a 3-dimensional
Finsler manifold. Suppose that

&; = Fyi

is the unit vector along the element of support, m; is the unit vector along
mean Cartan torsion I, i.e.,

1
m; i= =1,
1]

where ||I|| := /¢¥L;I; = VI;I* and n; is a unit vector orthogonal to the
vectors ¢; and m;. Then the triple (¢;, m;, n;) is called the Modr frame. In this
frame, the fundamental tensor of F' is written as follows

9ij = &45] + mgim; + nin;.
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By a simple calculations, we get
g7 =00+ mimd + nind.
Then the Cartan torsion of F' is written as follows
FCijr = Hmymymy, — j{mimjnk +mijmgn; +mpmin; — nmjnk}
—|—I{nmjmk + nynEgm; + nmkmj}, (3.1)

where H, Z and J are called the main scalars of F. Taking a trace of Cartan
tensor (3.1) implies that

FI, = (H + T)my. (3.2)
Contracting (3.2) with g™* yields
FI* = (H 4+ T)m*". (3.3)
(3.2)%x(3.3) yields
FlI||=H+1Z, (3.4)

where ||I|| := \/T,,I™. The angular metric is given by
hij = mym; 4+ nyn;
By considering (3.4), one can rewrite (3.1) as follows
Cijk = {aihjk +ajhg; + akhij} + {binIk + Lbj I + Iinbk}v
where

1 F
A; ‘= —— {3Iml —+ j’ﬁ,l:| 5 b,L .

— =30 TP [(7—[ — 3T)m; — 4‘_’7711}. (3.5)

Proof of Theorem 1.1: Let (M, F) be a 3-dimensional non-Riemannian
Finsler manifold. Then the Cartan torsion of F' is given by following

Ciji = {aihjk + ajhyi + akhij} + {binIIc + LibjIr + Iiljbk}y (3.6)
where a; = a;(z,y) and b; = b;(x,y) are scalar functions on TM. Since
hijis = gijls = —2Lijs,
then by taking a horizontal derivation of (3.6), we get
Cijrls = {ailshjk + ajjshgi + ak|shij} - 2{aiijs +a;Lgis + akLijs}
+{bi(1j\slk + Ijlk\s) + bj(L‘\sIk + I¢Ik|s) + bk(Ii|SIj + Iifﬂs)}
{bia il + byeLil + b L . (3.7)
The following hold

1
ails = 51 [(31‘5 — Thy)m; + (3Ths + j‘s)nz}, (3.8)
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—20" I s

+[(H = 3D)h, — 47, mi) (3.9)

Let F' has constant main scalars. Then

1
Gifs = 5| = Tmi + 3Tng b, (3.10)
_ 1 2 m
byjs = 3E|[T| 2(2HI|| Ths = Ly I™(H — 3I)>m,
+(8Lan”j¥+HHF(H——3IV%)n4. (3.11)

Let F' be a Berwald metric. Then
Ins = (97 Ciji)js = gij|50ijk =0
Thus

1
s = ——— 4T m; — 3T)n; | hs. 12
bijs 3f7HIH2{ Tmi+ (H—3 )n@}hs (3.12)

In this case, (3.7) reduces to following
{aishsn + ajishni + arhis } + {bus I + b1 Ll + by LT | = 0. (3.13)
By putting (3.2), (3.10) and (3.12) in (3.13), and considering h;; = m;m;+n;n;

we get

{(jmi —3Zn;)(mjmy +ning) + (Tm; — 3In;)(mymy + nynyg)

(H+71T)?

+(Tmy — 3Ing)(mym; + ninj) — A

[(4jmi +(H - 3I)ni)mjmk
+(4Tm; + (H — 3L)nj)mmy + (4T mi + (H — 3I)nk)mim]} }hs =0.(3.14)

Contracting (3.14) with m'm/m* yields
[F2|1]]? = 4(H +1)%]T = 0. (3.15)
By (3.4), we have
H+T=F.

By putting it in (3.15), it follows that F' is Riemannian or J = 0. By assump-
tion, F'is not Riemannian, then we get

J =0.
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Putting it in (3.14) yields

3Zn;(mjmy + njng) + 3In;(mymi + ning) + 3Ing(mym; + nin;)

+I' | (H — 32)nim;my + (H — 3)njmymy, + (H — 3Z)ngm;m; | =0, (3.16)

where
r.— # +17)?
- PR
Contracting (3.16) with n‘n/n* implies
I=0. (3.17)

Putting (3.17) in (3.16) and contracting the result with nimmF give us

H =0.
In this case, F' is Riemannian. This is a contradiction. Therefore we get the
proof. |
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