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Abstract. In this paper, we are going to consider a class of (α, β)-metrics which introduced
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1. Introduction

The (α, β)-metrics form an important class of Finsler metrics appearing

iteratively in formulating Physics, Mechanics and Seismology, Biology, Ecology,

Control Theory, etc, see for instance [4, 9, 10, 11, 13]. This class of metrics was

first introduced by Matsumoto [5]. According to definition, an (α, β)-metric

is a Finsler metric of the form F := αϕ(βα ), where ϕ = ϕ(s) is a C∞ on

(−b0, b0) with certain regularity, α =
√
aij(x)yiyj is a Riemannian metric and

β = bi(x)y
i is a 1-form on a manifold M .

The Matsumoto metric is special and significant (α, β)-metric which consti-

tutes a majority of actual research, which is defined by

F =
α2

α− β
. (1.1)
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The Matsumoto metric is an important metric in Finsler geometry, which is

the Matsumoto’s slope-of-a-mountain metric. In the Matsumoto metric, the

1-form β = biy
i was original to be induced by earth gravity. Hence, we could

regard bi as the infinitesimals. This metric was introduced by Matsumoto as a

realization of Finsler’s idea “a slope measure of a mountain with respect to a

time measure” (see [6, 14]).

In [2], Bao-Robles-Shen proved that the time-optimal solutions of the well-

known Zermelo navigation-moving that is the motion of a vehicle equipped

with an engine with a fixed output power in presence of a wind current-are

actually the geodesics of a Randers metric. One may find in [3], an analog

work for pure pursuit navigation formed on Matsumoto metric. Notice that,

Matsumoto gave an exact formulation of a Finsler surface to measure the time

on the slope of a hill and introduced the Matsumoto metrics in [6].

In [1], Akbar-Zadeh considered a non-Riemannian quantity H which is ob-

tained from the mean Berwald curvature E by the covariant horizontal differ-

entiation along geodesics. This is a positively homogeneous scalar function of

degree zero on the slit tangent bundle. Akbar-Zadeh proved that for a Finsler

metric of scalar flag curvature, the flag curvature is a scalar function on the

manifold if and only if H = 0. One can remark that the mean Berwald cur-

vature E obtained by taking a trace from the Berwald curvature B. Then

the quantity Hy = Hijdx
i ⊗ dxj is defined as the covariant derivative of E

along geodesics, where Hij := Eij|mym. A Finsler metric F is called of almost

vanishing H-curvature if

H =
n+ 1

2
F−1θ h, (1.2)

where hy(u, v) = gy(u, v) − F−2(y)gy(y, u)gy(y, v) is the angular metric and

θ = θi(x)y
i is a 1-form on a manifold M .

Theorem 1. Let F = αϕ(s), s = β/α, be an (α, β)-metric on an n-dimensional

manifold M defined by (1.1). Suppose that β satisfies

rij = c(b2aij − bibj), sij = 0, (1.3)

where c = c(x) is a scalar function on M . Suppose that F has almost vanishing

H-curvature. Then F reduces to a Berwald metric.

2. Preliminary

Given a Finsler manifold (M,F ), then a global vector field G is induced by

F on TM0, which in a standard coordinate (xi, yi) for TM0 is given by

G = yi
∂

∂xi
− 2Gi(x, y)

∂

∂yi
,
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where Gi(x, y) are local functions on TM0 satisfying Gi(x, λy) = λ2Gi(x, y),

λ > 0, and given by

Gi =
1

4
gil

[ ∂2F 2

∂xk∂yl
yk − ∂F 2

∂xl

]
.

G is called the associated spray to (M,F ). The projection of an integral curve

of the spray G is called a geodesic in M . F is called a Berwald metric if Gi

are quadratic in y ∈ TxM for any x ∈ M [12, 13, 15].

For y ∈ TxM0, define By : TxM ⊗ TxM ⊗ TxM → TxM by By(u, v, w) :=

Bi
jkl(y)u

jvkwl ∂
∂xi |x, where Bi

jkl :=
∂3Gi

∂yj∂yk∂yl . B is called Berwald curvature.

Then F is called a Berwald metric if B = 0.

Define the mean of Berwald curvature by Ey : TxM ⊗ TxM → R, where

Ey(u, v) :=
1

2

n∑
i=1

gij(y)gy

(
By(u, v, ei), ej

)
. (2.1)

The family E = {Ey}y∈TM\{0} is called the mean Berwald curvature or E-

curvature. In local coordinates, Ey(u, v) := Eij(y)u
ivj , where

Eij :=
1

2
Bm

mij .

By definition, Ey(u, v) is symmetric in u and v and we have Ey(y, v) = 0. E

is called the mean Berwald curvature. F is called a weakly Berwald metric if

E = 0.

The quantity Hy = Hijdx
i ⊗ dxj is defined as the covariant derivative of E

along geodesics. More precisely, Hij := Eij|mym. In local coordinates,

Hij =
1

2

[
ym

∂4Gk

∂yi∂yj∂yk∂xm
− 2Gm ∂4Gk

∂yi∂yj∂yk∂ym
−

∂Gm

∂yi
∂3Gk

∂yj∂yk∂ym
−

∂Gm

∂yj
∂4Gk

∂yi∂yk∂ym

]
.

(2.2)

A Finsler metric F is called of almost vanishing H-curvature if H = (n +

1)/(2F )θh, where θ := θi(x)y
i is a 1-form on M and h = hijdx

i ⊗ dxj is the

angular metric.

An (α, β)-metric is a Finsler metric of the form F := αϕ(βα ), where ϕ = ϕ(s)

is a C∞ on (−b0, b0) with certain regularity, α =
√
aij(x)yiyj is a Riemannian

metric and β = bi(x)y
i is a 1-form on M (see [8]). For an (α, β)-metric F :=

αϕ(s), s = β/α, let us define bi|j by bi|jθ
j := dbi − bjθ

j
i , where θi := dxi and

θji := Γj
ikdx

k denote the Levi-Civita connection form of α. Let

rij :=
1

2

[
bi|j + bj|i

]
, sij :=

1

2

[
bi|j − bj|i

]
.

Thus β is a closed form if sij = 0 and is a Killing form if rij = 0. Also, β

reduces to a parallel 1-form if sij = rij = 0. Let us define

rj := birij , sj := bisij , ri0 := rijy
j , si0 := sijy

j , r0 := rjy
j , s0 := sjy

j .
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To satisfy that F is positive and strongly convex on TM0, it is known that if

and only if

ϕ(s) > 0, ϕ(s)− sϕ′(s) + (B − s2)ϕ′′(s) > 0, |s|2 ≤ B < b0,

where B := b2 = ∥β∥2α.
Let Gi = Gi(x, y) and Ḡi

α = Ḡi
α(x, y) denote the coefficients of F and α

respectively in the same coordinate system. Then, we have

Gi = Gi
α + αQsi0 +

(
r00 − 2Qαs0

)(
Θ
yi

α
+Ψbi

)
, (2.3)

where

Q :=
ϕ′

ϕ− sϕ′ ,

∆ :=1 + sQ+ (b2 − s2)Q′,

Θ :=
Q− sQ′

2∆
,

Ψ :=
Q′

2∆
.

If β is a parallel 1-form, namely sij = rij = 0, then (2.3) reduces to Gi = Gi
α.

In this case, F reduces to a Berwald metric.

In this section, we are going to find the formula of H-curvature of (α, β)-

metrics. First, we remark the formula of E-curvature of (α, β)-metrics.

Lemma 2 ([8], Proposition 3.1.). Let F = αϕ(s), s = β/α, be an (α, β)-metric.

Put Ω := Φ/(2∆2), where

Φ := −(Q− sQ′)(n∆+ 1 + sQ)− (b2 − s2)(1 + sQ)Q′′.

Then the E-curvature of F is given by the following

Eij = C1bibj + C2(biyj + bjyi) + C3yiyj + C4aij + C5(ri0bj + rj0bi) + C6(ri0yj + rj0yi)

+C7rij + C8(sibj + sjbi) + C9(siyj + sjyi) + C10(ribj + rjbi) + C11(riyj + rjyi),

(2.4)

where

C1 :=
1

2α3∆2

{
ΦαQ′′s0 + 2α∆2Ψ′′r0 −∆2Ω′′r0 + 2∆2αΩ′′Qs0 + 4∆2αΩ′Q′s0 + 2α∆2Ψ′′s0

}
,

C2 :=
−1

2α4∆2

{
2α∆2Ψ′′s0 − 2Ω′∆2r0 + 2Ω′∆2αQs0 −∆2Ω′′sr0 + 2∆2αΩ′′sQs0

+ 4∆2αΩ′Q′s0s+ 2α∆2Ψ′r0 + 2α∆2Ψ′′sr0 + 2α∆2Ψ′′ss0 +ΦαQ′s0 +ΦαQ′′s0s
}
,
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C3 :=
1

4α5∆2

{
4∆2s2Ω′′αQs0 − 2∆2s2Ω′′r0 + 12α∆2Ψ′sr0 + 12α∆2Ψ′ss0 + 4α∆2Ψ′′s2r0

+ 4α∆2Ψ′′s2s0 + 8∆2s2Ω′αQ′s0 + 2ΦαQ′′s0s
2 − 10Ω′∆2sr0 + 12Ω′∆2sαQs0

+ 6ΦαQ′s0s− 3Φr0

}
,

C4 :=− 1

4α3∆2

{
4α∆2Ψ′ss0 − Φr0 − 2Ω′∆2sr0 + 4Ω′∆2sαQs0 + 4α∆2Ψ′sr0 + 2ΦαQ′s0s

}
,

C5 :=− Ω′

α2
,

C6 :=
2∆2sΩ′ +Φ

2α3∆2
,

C7 :=− Φ

2α∆2
,

C8 :=
1

2α∆2

{
2Ω′∆2Q+ 2∆2Ψ′ +ΦQ′

}
,

C9 :=− s

α
C8,

C10 :=
Ψ′

α
,

C11 :=− s

α
C10.

By Lemma 2, we get the following.

Proposition 3. Let F = αϕ(s), s = β/α, be an (α, β)-metric on a manifold

M . Then, the H-curvature of F is given by the following

Hij =C1[(ri0 + si0)bj + (rj0 + sj0)bi] + C2bibj + C3[(ri0 + si0)yj + (rj0 + sj0)yi]

+ C4(biyj + bjyi) + C5yiyj + C6aij + C7[ri0|0bj + rj0|0bi + ri0(rj0 + sj0) + rj0(ri0 + si0)]

+ C8(ri0bj + rj0bi) + C9[ri0|0yj + rj0|0yi] + C10(ri0yj + rj0yi) + C11rij|0 + C12rij

+ C13[si|0bj + sj|0bi + si(rj0 + sj0) + sj(ri0 + si0)] + C14(sibj + sjbi)

+ C15[si|0yj + sj|0yi] + C16(siyj + sjyi) + C17[(ri|0bj + rj|0bi)

+ ri(rj0 + sj0) + rj(ri0 + si0)] + C18(ribj + rjbi)

+ C19(ri|0yj + rj|0yi) + C20(riyj + rjyi),

(2.5)

where

C1 :=
1

2α3∆2

[
ΦαQsss0 +∆2(2αΨssr0 − Ωssr0 + 2αΩssQs0 + 4αΩsQss0 + 2αΨsss0)

]
,

C2 :=
−∆|0

α3∆3

[
ΦαQsss0 +∆2(2αΨssr0 − Ωssr0 + 2αΩssQs0 + 4αΩsQss0 + 2αΨsss0)

]
+

1

2α3∆2

[
α(Φ|0Qsss0 +ΦQss|0s0 +ΦQsss0|0) + 2α∆

(
2∆|0Ψssr0 +∆Ψss|0r0 +∆Ψssr0|0

)
−∆(2∆|0Ωssr0 −∆Ωss|0r0 −∆Ωssr0|0) + 2α∆

(
2∆|0ΩssQ+∆Ωss|0Q+∆ΩssQ|0

)
s0
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+ 2α∆2ΩssQs0|0 + 4α
(
2∆∆|0ΩsQss0 +∆2Ωs|0Qss0 +∆2ΩsQs|0s0 +∆2ΩsQss0|0

)
+ 2α

(
2∆∆|0Ψsss0 +∆2Ψss|0s0 +∆2Ψsss0|0

)]
,

C3 :=
−1

2α4∆2

[
2α∆2Ψsss0 − 2Ωs∆

2r0 + 2Ωs∆
2αQs0 −∆2Ωsssr0 + 2∆2αΩsssQs0 + 4∆2αΩsQss0s

+ 2α∆2Ψsr0 + 2α∆2Ψsssr0 + 2α∆2Ψssss0 +ΦαQss0 +ΦαQsss0s
]
,

C4 :=
−1

2α4∆2

[
2α

(
2∆∆|0Ψsss0 +∆2Ψss|0s0 +∆2Ψsss0|0

)
− 2Ωs|0∆

2r0 − 4Ωs∆∆|0r0 − 2Ωs∆
2r0|0

+ 2α
(
Ωs|0∆

2Qs0 + 2Ωs∆∆|0Qs0 +Ωs∆
2Q|0s0 +Ωs∆

2Qs0|0

)
− 2∆∆|0Ωsssr0 −∆2Ωss|0sr0

−∆2Ωss
r00

α
r0 −∆2Ωsssr0|0 + 2α

(
2∆∆|0ΩsssQs0 +∆2Ωss|0sQs0 +∆2ΩsssQ|0s0 +∆2ΩsssQs0|0

)
+ 4α

(
2∆∆|0ΩsQss0s+∆2Ωs|0Qss0s+∆2ΩsQs|0s0s+∆2ΩsQss0|0s

)
+ 4∆2ΩsQss0r00

+ 2∆2ΩssQr00s0 + 2α
(
2∆∆|0Ψsr0 +∆2Ψs|0r0 +∆2Ψsr0|0 + 2∆∆|0Ψsssr0 +∆2Ψss|0sr0

+∆2Ψss|0sr0|0 + 2∆∆|0Ψssss0 +∆2Ψss|0ss0 +∆2Ψssss0|0

)
+ 2∆2Ψssr00s0 + 2∆2Ψssr00r0

+ α
(
Φ|0Qss0 +Φ(Qs|0s0 +ΦQss0|0 +Φ|0Qss)s0s+ΦQss|0s0s+ΦQsss0|0s

)
+ΦQsss0r00

]
,

+
∆|0

α4∆3

[
2α∆2Ψsss0 + 2Ωs∆

2αQs0 + 2∆2αΩsssQs0 + 4∆2αΩsQsss0 + 2α∆2Ψssss0

+ΦαQss0 +ΦαQssss0 + 2α∆2Ψsr0 + 2α∆2Ψsssr0 −∆2Ωsssr0 − 2Ωs∆
2r0

]
,

C5 :=
1

4α5∆2

[
4α

(
2∆∆|0s

2ΩssQs0 + 2∆2s
r00

α
ΩssQs0 +∆2s2Ωss|0Qs0 +∆2s2ΩssQ|0s0 +∆2s2ΩssQs0|0

)
− 2

(
2∆∆|0s

2Ωssr0 + 2∆2s
r00

α
Ωssr0 +∆2s2Ωss|0r0 +∆2s2Ωssr0|0

)
+ 12α

(
2∆∆|0Ψssr0

+∆2Ψs|0sr0 +∆2Ψs
r00

α
r0 +∆2Ψssr0|0 + 2∆∆|0Ψsss0 +∆2Ψs|0ss0 +∆2Ψs

r00

α
s0 +∆2Ψsss0|0

)
+ 4α

(
2∆∆|0Ψsss

2r0 +∆2Ψss|0s
2r0 + 2∆2Ψsss

r00

α
r0 +∆2Ψsss

2r0|0 + 2∆∆|0Ψsss
2s0 +∆2Ψss|0s

2s0

+ 2∆2Ψsss
r00

α
s0 +∆2Ψsss

2s0|0

)
+ 2αs2

(
8∆∆|0ΩsQss0 + 4∆2Ωs|0Qss0 + 4∆2ΩsQs|0s0

+ 4∆2ΩsQss0|0 +Φ|0Qsss0 +ΦQss|0s0 +ΦQsss0|0

)
+ 4ss0

(
4∆2ΩsQs +ΦQss

)
r00

− 10
(
Ωs|0∆

2sr0 + 2Ωs∆∆|0sr0 +Ωs∆
2 r00

α
r0 +Ωs∆

2sr0|0

)
+ 6α(2Ωs|0∆

2sQs0 + 4Ωs∆∆|0sQs0

+ 2Ωs∆
2 r00

α
Qs0 + 2Ωs∆

2sQ|0s0 + 2Ωs∆
2sQs0|0 +Φ|0Qss0s+ΦQs|0s0s+ΦQss0|0s

)
− 3Φ|0r0 − 3Φr0|0 + 6ΦQss0r00

]
−

∆|0

2α5∆3

[
4∆2s2ΩssαQs0 − 2∆2s2Ωssr0 + 12α∆2Ψssr0

+ 12α∆2Ψsss0 + 4α∆2Ψsss
2r0 + 4α∆2Ψsss

2s0 + 8∆2s2ΩsαQss0 + 2ΦαQsss0s
2 − 10Ωs∆

2sr0

+ 12Ωs∆
2sαQs0 + 6ΦαQss0s− 3Φr0

]
,

C6 :=
−1

4α3∆2

[
4α

(
2∆∆|0Ψsss0 +∆2Ψs|0ss0 +∆2Ψs

r00

α
s0 +∆2Ψsss0|0

)
− Φ|0r0 − Φr0|0

− 2
(
Ωs|0∆

2sr0 + 2Ωs∆∆|0sr0 +Ωs∆
2 r00

α
r0 +Ωs∆

2sr0|0

)
+ α

[
4
(
Ωs|0∆

2sQs0 +Ωs∆
2 r00

α
Qs0

+Ωs∆
2sQ|0s0 +Ωs∆

2sQs0|0 + 2Ωs∆∆|0sQs0 + 2∆∆|0Ψssr0 +∆2Ψs|0sr0 +∆2Ψs
r00

α
r0

+∆2Ψ′sr0|0

)
+ 2Φ|0Qss0s+ 2ΦQs|0s0s+ 2ΦQss0|0s+ 2ΦQss0r00

]
+

∆|0

4α3∆3

[
4α∆2Ψsss0

− Φr0 − 2Ωs∆
2sr0 + 4Ωs∆

2sαQs0 + 4α∆2Ψssr0 + 2ΦαQss0s
]
,

C7 :=−
1

α2
Ωs,

C8 :=−
1

α2
Ωs|0,

C9 :=
1

2α3∆2
(2∆2sΩs +Φ),
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C10 :=
4∆∆|0sΩs + 2∆2sΩs|0 +Φ|0

2α3∆2
+

r00Ωs

α4
−

(2∆2sΩs +Φ)∆|0

α3∆3
,

C11 :=
−Φ

2α∆2
,

C12 :=
−Φ|0

2α∆2
+

Φ∆|0

α∆3
,

C13 :=
1

2α∆2

[
2Ωs∆

2Q+ 2∆2Ψs +ΦQs

]
,

C14 :=
1

2α∆2

[
2Ωs|0∆

2Q+ 4Ωs∆∆|0Q+ 2Ωs∆
2Q|0 + 4∆∆|0Ψs + 2∆2Ψs|0 +Φ|0Qs +ΦQs|0

]
,

−
∆|0

α∆3

[
2Ωs∆

2Q+ 2∆2Ψs +ΦQs

]
,

C15 :=−
s

α
C13, C16 := −

s

α
C14 −

r00

α2
C13, C17 :=

1

α
Ψs,

C18 :=
1

α
Ψs|0, C19 := −

s

α
C17, C20 := −

r00

α2
C17 −

s

α
C18,

and

∆|0 :=Q|0s+
r00

α
Q+ 2

[
r0 + s0 −

sr00

α

]
Qs + (b2 − s2)Qs|0

Φ|0 :=−
[
n∆|0 +

r00

α
Q+ sQ|0

]
(Q− sQs)− (Q|0 −

r00

α
Qs − sQs|0)(n∆+ 1 + sQ)

− 2
[
r0 + s0 −

sr00

α

]
(1 + sQ)Qss − (b2 − s2)

[ r00
α

QQss + sQ|0Qss + (1 + sQ)Qss|0

]
.

3. Proof of the Theorem 1

For the Finsler metric defined by (1.1), we get

Q :=
1

−1 + 2s
, Ψ =

1

1− 3s+ 2B
. (3.1)

Using the Maple program, we can obtain the quantity H for the Finsler metric

defined by (1.1). By using Proposition 3, putting sij = 0 and rij = c(b2aij −
bibj) in (2.5) and decomposing of the rational (Rat) and irrational (Irrat) parts,

we have the following

Hjk = (Rat)jk + α(Irrat)jk, (3.2)

where Rat and Irrat are listed in Appendix 4. It is remarkable that, if H =

(n + 1)/(2F )θh then by equating the parts of rational and irrational parts in

two sides of equation, we get two simple equations. By the obtained equations,

one can get the desired result.

Now, suppose that F has almost vanishing H-curvature on a n-dimensional

manifold M . Then

Hij =
n+ 1

2
F−1θhij , (3.3)

where θ := θi(x)y
i is a 1-form on M . Substituting (3.2) in (3.3), we get

(n+ 1)θhjk = 2F
[
(Rat)jk + α(Irrat)jk

]
. (3.4)



80 M. Faghfouri and N. Jazer

Multiplying (3.4) with bibj and using Maple program, we get the following

Π

[(
− 32B3c2b4 − 32nB3c2b4 + 52B4c2 − 20nB4c2 − 2B3c2 − 2nB3c2

)
α12 +B

(
9Bθ

+ 96nB2c2b4β − 188B3c2β + 4nB2c2nβ + 100B3c2nβ − 2Bc2nβ + 44B3nθ − 32B2c2β

+ 30B2nθ − 2Bc2β + 44B3θ + 96B2c2b4β + 9Bθ + θ + nθ + 30B2θ + 24B4θ + 24B4nθ
)
α11

+
(
− 10Bnβθ − 148B4c2nβ2 + 284B4c2β2 − 69B2βθ − 96B3c2b4nβ2 + 64B2c2b4nβ2

+ 64B2c2b4β2 + 96B3c2β2 − 96B3c2b4β2 − 69B2nβθ + 96B3c2nβ2 + 30B2c2β2 − 156B3nβθ

− 116B4nβθ − 156B3βθ − 116B4βθ + 30B2c2nβ2 − 10Bβθ
)
α10 +

(
123B2β2θ − 192B2c2b4β3

− nβ2θ + 2Bc2nβ3 − 76B2c2β3 + 2Bc2β3 − 476B3c2nβ3 − 116B3c2β3 − 48B4β2θ + 32B3c2b4nβ3

+ 32B3c2b4β3 − 148B2c2nβ3 − 192B2c2b4nβ3 − 48B4nβ2θ + 44B4c2nβ3 + 123B2nβ2θ + 24Bnβ2θ

+ 118B3β2θ − 244B4c2β3 + 118B3nβ2θ + 24Bβ2θ − β2θ
)
α9 +

(
810B3c2nβ4 + 90B3c2β4

+ 192B2c2b4nβ4 + 64B2c2β4 + 192B2c2b4β4 + 280B2c2nβ4 − 28Bc2nβ4 − 32Bc2b4nβ4

+ 128B4c2β4 + 256B3β3θ + 66Bnβ3θ + 177B2β3θ − 28Bc2β4 + 14nβ3θ + 56B4c2nβ4

+ 256B3nβ3θ + 177B2nβ3θ + 66Bβ3θ − 32Bc2b4β4 + 14β3θ
)
α8 +

(
+ 96Bc2b4β5 − 12B3c2β5

− 88B3nβ4θ + 108Bc2β5 − 32B4c2β5 − 64B2c2b4β5 + 66B2c2β5 − 88B3β4θ + 96Bc2b4nβ5

− 64B2c2b4nβ5 − 552B3c2nβ5 − 636B2nβ4θ − 435Bβ4θ − 78B2c2nβ5 − 636B2β4θ − 83β4θ

− 32B4c2nβ5 − 83nβ4θ + 144Bc2nβ5 − 435Bnβ4θ
)
α7 +

(
88B3c2nβ6 − 230B2c2β6 − 212Bc2β6

− 356Bc2nβ6 + 160B3nβ5θ + 948Bβ5θ + 160B3β5θ − 96Bc2b4β6 − 56B3c2β6 − 374B2c2nβ6

+ 948Bnβ5θ + 636B2β5θ − 96Bc2b4nβ6 + 281β5θ + 636B2nβ5θ + 281nβ5θ
)
α6 +

(
220B2c2β7

+ 238β7c2B + 454nβ7c2B + 32B3c2nβ7 − 120B3β6θ + 32B3c2β7 − 120B3nβ6θ + 436B2c2nβ7

− 627β6θ − 1404Bβ6θ + 32Bc2b4β7 − 900B2β6θ + 32Bc2b4nβ7 − 900B2nβ6θ − 627nβ6θ

− 1404Bnβ6θ
)
α5 +

(
− 72B2c2β8 + 48B3β7θ − 144Bc2β8 − 144B2c2nβ8 + 1656Bnβ7θ

+ 48B3nβ7θ − 288Bc2nβ8 + 612B2nβ7θ + 612B2β7θ + 1656Bβ7θ + 978nβ7θ + 978β7θ
)
α4

+
(
72Bc2nβ − 1032Bnθ − 1032Bθ − 8B3nθ − 1000θ + 36Bc2β − 8B3θ

− 1000nθ − 228B2nθ − 228B2θ
)
β8α3 +

(
576n+ 360B + 360Bn+ 36B2n

+ 36B2 + 576
)
β9θα2 −

(
189n+ 189 + 54(n+ 1)B

)
β10θα+ 27(n+ 1)β11θ

]
= 0, (3.5)

where

Π := − 1

2(α− β)3
[
(1 + 2B)α− 3β

]3
α6

.

By (3.5), it follows that 27β11θ(n + 1) should be a multiple of α2 which is

impossible. So θ = 0. By putting θ = 0 in (3.5), the coefficient of α3 reduces to

(2n+ 1)Bc2β9 = 0. Thus c = 0 and β is parallel with respect to α. Therefore,

F reduces to a Berwald metric. □
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4. Appendix: Coefficients in (3.2)

(Rat)ij :=A
(
96nB2c2b4biyj + 96nB2c2b4bjyi − 6nBc2bibjβ − 192Bc2b4bibjβ + 176nB3c2bibjβ

+ 36nB2c2bibjβ − 48B4c2aijβ − 8nB4c|0aij + 96B3c2aijβ − 12nB3c10aij + 32B3c|0bibj

+ 6B2c2aijβ − 6B2c|0aijn+ 36B2c|0bibj − c|0Baijn+ 12c|0Bbibj + c10bibjn+ 18B2yjc
2bi

+ 18B2yic
2bj − 216B3yjc

2bi − 216B3yic
2bj − 2c2biβbj − 96Bc2b4bibjnβ + c|0bibj

− 36B3c|0aij − c|0Baij − 12B2c|0aij − 32B4c|0aij − 78Bc2bibjβ − 2c2bibjnβ + 6nB2yjc
2bi

+ 144B2c2b4bjyi − 96B4c2aijnβ − 60B3c2aijnβ − 16B3c2bibjβ + 144B2c2b4biyj

+ 6nB2yic
2bj + 60nB3yjc

2bi + 60nB3yic
2bj + 6nc|0Bbibj + 8B3c|0bibjn− 6B2c2aijnβ

+ 72B2c2bibjβ + 12B2c|0bibjn
)
α6 +

(
− 56B3c|0binyjβ − 56B3c|0bjnyiβ + 240nB2c|0bibjβ

2

− 96c2b4bibjnβ
3 − 288B2c2b4yiyjβ + 176B4c2nyiyjβ − 12nβbjc|0Byi + 12β2nbjc

2Byi

− 12nβbic10Byj + 12β2nbic
2Byj − 12B2c2nβyiyj − 72nβB2bjc|0yi + 318β2nBbjc|0bi

− 696β3nBbjc
2bi + 24β2nB2bjc

2yi − 72nβB2bic|0yj + 24β2nB2bic
2yj − 24B3c2nβyiyj

− 32β2nB3yjc
2bi − 32β2nB3yic

2bj − 2nyjβc
2Byi + 48β2b4yjc

2biB + 48β2b4yic
2bjB

− 672B2c2bibjnβ
3 + 96c|0b

4bibjnβ
2 − 48c|0Bb4biyjβ − 48c|0Bb4bjyiβ + 2yjc|0Byi

− yjc|0βbi + 2yjc
2biβ

2 − yic|0βbj + 2yic
2bjβ

2 + 48B3c2aijβ
3 − 96B2c2aijβ

3 + 64B4c|0yiyj

− 120B3c|0aijβ
2 − 6Bc2aijβ

3 − 228B2c|0aijβ
2 + 24B2yjc|0yi + 72B3yjc|0yi − 57β2c|0Baij

+ 45bjc|0β
2bi − 36c2bibjβ

3 − 192B2c2b4nyiyjβ − 48c|0Bb4binyjβ − 48c|0Bb4bjnyiβ

+ 48β2nb4yjc
2biB + 48β2nb4yic

2bjB + 96c|0b
4bibjβ

2 + 16B4c|0nyiyj − 144B3c|0aijnβ
2

+ 6Bc2aijnβ
3 − 216Bc2bibjβ

3 − 32B3c|0biyjβ − 32B3c|0bjyiβ − 198B2c|0aijnβ
2

+ 120B2c|0bibjβ
2 + 96B3c2aijnβ

3 + 16β2B3yjc
2bi + 16β2B3yic

2bj + 2nyic
2bjβ

2

+ 60B2yjc|0βbi + 72B2yjc
2biβ

2 + 168B3yjβc
2yi + 60B2yic|0βbj + 72B2yic

2bjβ
2

− 2yjβc
2Byi + 75β2nbjc|0bi − 156β3nbjc

2bi − 6βbjc|0Byi + 24bjβ
2c2Byi − 6βbic|0Byj

+ 24biβ
2c2Byj − 72B2c2βyiyj − 63β2nc|0Baij + 12nB2yjc|0yi + 24nB3yjc|0yi + 2nyjc|0Byi

− nyjc|0βbi + 2nyjc
2biβ

2 − nyic|0βbj + 36c|0Bbibjβ
2 + 32B4c2yiyjβ + 60B2c2aijnβ

3

− 42β3yjc
2Byi − 48β3b4yjc|0bi − 48β3b4yic|0bj + 108nβ4bjc|0bi − 216nβ5bjc

2bi

− 132β3bjc|0Byi + 288bjβ
4c2Byi − 132β3bic|0Byj + 288biβ

4c2Byj − 312B2c2β3yiyj

− 108nβ4c|0Baij − 69β3nyjc|0bi + 144nβ4yjc
2bi − 69β3nyic|0bj + 144nβ4yic

2bj

+ 264β2B2yjc|0yi + 240β2B3yjc|0yi)α
2 + 108β6yjc

2bi + 108β4yjc|0Byi − 108β5yjc
2Byi

− 54β5yjc|0bi + 216nβ6yic
2bj − 108nβ5yjc|0bi + 216nβ6yjc

2bi − 108nβ5yic|0bj

− 216nβ5yjc
2Byi + 108β6yic

2bj + 216nβ4yjc|0Byi − 54β5yic|0bj
)
,

(Irrat)ij :=A

[(
144β4yjc

2Byi + 144β4Byic|0bj − 144β3yjc|0Byi − 288nβ5yjc
2bi + 72β4yjc|0bi

+ 144β4nyjc|0bi − 288β3B2yjc|0yi + 144β4Byjc|0bi − 288bjβ
5c2Byi − 288biβ

5c2Byj

+ 288β4B2yjc
2yi − 288nβ5yic

2bj + 144β4nyic|0bj + 72β4yic|0bj − 144β5yjc
2bi

− 144β5yic
2bj + 576β4nB2yjc

2yi − 576nβ5bic
2Byj + 288β4nByic|0bj − 576nβ5bjc

2Byi
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− 288β3nyjc|0Byi + 288β4nyjc
2Byi + 288β4nByjc|0bi − 576β3nB2yjc|0yi

)
α7

+
(
72B2c2bibj − 64B2c2b4bibj + 12B3c2aijn− 32B4c2bibj + 32nB5c2aij + nB2c2aij

− 3Bc2bibj + 32B5c2aij − 36B4c2aij − 24B3c2aij − 32B4c2bibjn+B2c2aij + 36B4c2aijn

− 32Bc2b4bibj − 3nBc2bibj − 36nB2c2bibj − 76B3c2bibjn− 64B2c2b4bibjn+ 140B3c2bibj

− 32Bc2b4bibjn
)
α6 +

(
192Bc2b4bibjnβ

2 − 32B2c2b4binyjβ − 32B2c2b4bjnyiβ

− 16βnb4yjc
2biB − 16βnb4yic

2bjB − 64Bc|0b
4bibjnβ − 18βnB2yjc

2bi − 18βnB2yic
2bj

− 128βnB3yjc
2bi − 128βnB3yic

2bj − 16βb4yjc
2biB − 16βb4yic

2bjB + 396B2c2bibjnβ
2

− 64Bc|0b
4bibjβ + 16Bc|0b

4binyj + 16Bc|0b
4bjnyi − 32c|0b

4bibjnβ − 32B3c|0bibjnβ

+ 213Bc2bibjnβ
2 − 124B2c|0bibjnβ − 84c|0Bbibjnβ − 32B2c2b4biyjβ − 32B2c2b4bjyiβ

−Bc2aijβ
2 + bjc|0Byi − 15bjc|0βbi + 33bjc

2biβ
2 + bic|0Byj − 2B2c2yiyj + 13c|0Baijβ

− 32B4c2aijβ
2 + 72B4c2yiyj + 36B3c2aijβ

2 − 64B5c2yiyj + 32B4c|0aijβ + 48B3c2yiyj

− 3B2c2aijβ
2 + 156B3c|0aijβ − 52B3c|0biyj − 52B3c|0bjyi + 96B2c|0aijβ − 24B2c|0biyj

− 24B2c|0bjyi + 192Bc2b4bibjβ
2 + 96c2b4bibjnβ

2 + 32B4c2binyjβ + 32B4c2bjnyiβ

+ 96B3c2bibjnβ
2 + 32B2c|0b

4binyj + 32B2c|0b
4bjnyi −Bc2aijnβ

2 + 54B2βyjc
2bi

+ 54B2βyic
2bj + 16βB3yjc

2bi + 16βB3yic
2bj + 13c|0Baijnβ − 48c|0Bbibjβ

+ bic|0Bnyj + bjc|0Bnyi − 15c|0bibjnβ + 32B4c|0aijnβ − 24B3c2nyiyj − 3B2c2aijnβ
2

− 36B2c2bibjβ
2 + 16Bc|0b

4biyj + 16Bc|0b
4bjyi − 32c|0b

4bibjβ + 84B3c|0aijnβ

+ 20B3c|0binyj + 20B3c|0bjnyi − 2B2c2nyiyj − 32B3c|0bibjβ − 3Bc2bibjβ
2 + 33bjc

2binβ
2

+ 60B2c|0aijnβ − 52B2c|0bibjβ + 12B2c|0binyj + 12B2c|0bjnyi − 64B5c2nyiyj

+ 96c2b4bibjβ
2 − 32B4c2aijnβ

2 + 32B4c2biyjβ + 32B4c2bjyiβ − 72B4c2nyiyj

+ 36B3c2aijnβ
2 + 96B3c2bibjβ

2 + 32B2c|0b
4biyj + 32B2c|0b

4bjyi

)
α4 +

(
32β2yjc

2Byi

− 120β3B2yic
2bj − 28βyjc|0Byi + 16β2b4yjc|0bi − 48β3b4yjc

2bi + 16β2b4yic|0bj

− 153β3nbjc|0bi − 48β3b4yic
2bj + 14nβ2yjc|0bi − 30β3nyjc

2bi + 14nβ2yic|0bj

+ 297β4nbjc
2bi + 45β2bjc|0Byi − 96bjβ

3c2Byi + 45β2bic|0Byj − 96biβ
3c2Byj

− 6B2c2β2yiyj − 30β3nyic
2bj − 144B2βyjc|0yi − 208βB3yjc|0yi + 104β2B2yjc|0bi

− 120β3B2yjc
2bi + 32β2B3yjc

2yi + 104β2B2yic|0bj + 135c|0Baijnβ
3 − 144c|0Bbibjβ

3

− 9Bc2aijnβ
4 + 128B4c2yiyjβ

2 − 96B3yjc
2biβ

3 − 96B3yic
2bjβ

3 − 72B2c2aijnβ
4

+ 288Bc2bibjβ
4 − 64B4c|0yiyjβ + 32B3c|0biyjβ

2 + 32B3c|0bjyiβ
2 + 216B2c|0aijnβ

3

+ 99c|0Baijβ
3 + 27Bc2aijβ

4 + 144B2c|0aijβ
3 + 14β2yjc|0bi − 30β3yjc

2bi + 14β2yic|0bj

− 30β3yic
2bj − 45bjc|0β

3bi + 117bjc
2biβ

4 + 128B2c2b4nyiyjβ
2 − 96Bc2b4binyjβ

3

− 96Bc2b4bjnyiβ
3 − 64B2c|0b

4nyiyjβ + 32Bc|0b
4binyjβ

2 + 32Bc|0b
4bjnyiβ

2

+ 64nβ2b4yjc
2Byi − 32nβb4yjc|0Byi − 96Bc2b4bjyiβ

3 + 128B4c2nyiyjβ
2

− 96nB3yjc
2biβ

3 − 96nB3yic
2bjβ

3 + 210B2c2nβ2yiyj − 144βnB2yjc|0yi

− 208βnB3yjc|0yi + 16nβ2b4yjc|0bi − 48β3nb4yjc
2bi + 16nβ2b4yic|0bj − 48β3nb4yic

2bj

− 32βb4yjc|0Byi + 64β2b4yjc
2Byi − 28βnyjc|0Byi + 32nβ2yjc

2Byi − 64B2c|0b
4yiyjβ
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+ 32B3c|0bjnyiβ
2 + 32Bc|0b

4biyjβ
2 + 32Bc|0b

4bjyiβ
2 − 64B4c|0nyiyjβ + 32B3c|0binyjβ

2

+ 128B2c2b4yiyjβ
2 − 96Bc2b4biyjβ

3 + 648β4nBbjc
2bi − 264β3nB2bjc

2yi + 176nβ2B2bic|0yj

− 264β3nB2bic
2yj + 464B3c2nβ2yiyj + 81nβ2bjc|0Byi − 168β3nbjc

2Byi + 81nβ2bic|0Byj

− 168β3nbic
2Byj + 176nβ2B2bjc|0yi − 360β3nBbjc|0bi

)
α2

]
,

where

A := −
1

2α3
[
(1 + 2B)α− 3β

]4 .
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