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Abstract-In this paper, a heuristic mathematical model for optimal decision-making of a Distribution Company
(DisCo) is proposed that employs demand response (DR) programs in order to participate in a day-ahead market,
taking into account elastic and inelastic load models. The proposed model is an extended responsive load modeling
that is based on price elasticity and customers’ incentives in which they participate in demand response program,
voluntarily and would be paid according to their declared load curtailment amounts. It is supposed that DisCo has the
ability to trade with the wholesale market and it can also use its own distributed generation (DG), while decision
making process. In this regard, at first, DisCo s optimization frameworks in two cases, with and without elastic load
modelings are acquired. Subsequently, utilizing Hessian matrix and mathematical optimality conditions, optimal
aggregated load curtailment amounts are obtained and accordingly, individual customer’s load reductions are
calculated. Furthermore, effects of DG contributions and wholesale electricity market are investigated. An IEEE 18
bus test system is employed to obtain the results and show the accuracy of the proposed model.
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1. INTRODUCTION

Demand response provides an opportunity for consumers
to play a significant role in the operation of the electric
grid by reducing or shifting their electricity usage during
peak periods in response to time-based rates or other
forms of financial incentives. Demand response
programs are being used by electric system planners,
operators and consumers as resource options for
balancing supply and demand and reducing electrical
consumption costs. Such programs can reduce the cost of
electricity in wholesale markets, and in turn, lead to lower
retail rates [1]. Demand reduction can be interpreted as a
power plant except that, is has much lower marginal cost
in comparison to real power production units.Load
reduction techniques are known as demand response
programs which may be time based or incentive based,
each has a specific role on system characteristics [2,3].

Time-based programs include time of use, real time
pricing, and critical peak pricing strategies. In these
programs, the electricity price changes for different
periods, so customers should adjust their consumption
according to the time and associated tariffs [4]. On the
other hand, incentive- based programs consist of direct
load control, emergency demand response program,
interruptible/curtailable service, and capacity market
program. In these programs, customers are being
encouraged with independent system operator (ISO) or
local utility to moderate their consumption [4]. Demand
responseis a useful tool for the independent system
operator, which can be activated within a short time in
critical system conditions. In [5], an economic model of
price/incentive responsive loads for demand response has
been developed based on the concept of price elasticity
of demand and customers’ benefit function.The focus is
on direct load control and emergency demand response
programs. Economic models of time based and incentive-
based programs have been addressed in many researchers
in recent years. Reference [6] has presented an economic
model of price responsive loads based on constant value
of price elasticity. In Ref. [7], economic models of
responsive loads have been derived and their impacts on
system characteristics are discussed. A dynamic DR
pricing is presented in [8] in which interaction between
the load serving entity and its customers is formulated as
a bilevel optimization problem where the load serving
entity is the leader and DR aggregators are the
followers. In Ref. [9] a profit-maximization-based
pricing optimization model for the demand response
management with customer behavior learning is
proposed. An incorporated emergency demand response
program and unit commitment model is presented in [10]

in which impacts of demand response model on unit
participation factors are investigated. A method for
determining the optimal incentives in incentive-based
DR programs is proposed in [11]. A cost-benefit based
demand response in presence of renewable resources is
presented in [12] in which impacts of strategies on load
shape, benefits of customers and the reduction of energy
consumption are inspected. Despite other papers that deal
with residential and commercial consumers, Ref. [13]
provides an approach for time of use demand response
for industrial manufacturing systems under production
target constraints. Accordingly, electricity related costs
are integrated in production system modeling. Ref. [14]
proposes a decentralized framework in which the
aggregator seeks to maximize its profits while the
consumers minimize their costs in response to time-
varying prices, and additional incentives provided to
mitigate potential overloads in the distribution system.
Some studies have proposed decision making
frameworks for distribution companies or retailers to
purchase the electricity and provide for the end users;
however, not paid enough attention in applications of
demand response programs [15]. The effect of demand
side management on load elasticity and market power
exerted by generation companies is represented in [16].
In Ref. [17] a tool is described from aggregator’s
perspective in order to forecast the load demand response
of subscribed customers and minimize their electricity
bills. This tool allows aggregator to choose the most
appropriate control strategy for market participants. The
integration of responsive loads in distribution expansion
planning is investigated in [18]. The model is from utility
owner's perspective and the objective function is
minimizing total cost of line installations, maintenance,
energy losses, as well as system reliability.

In this paper, a novel mathematical framework is
proposed for decision making of DisCos in which elastic
and inelastic responsive load models are utilized to obtain
the most beneficial strategies for distribution companies.
The proposed model is based on an incentive based load
control in which customers participate in demand
response program voluntarily and would be paid
according to their declared load curtailment amounts;
nevertheless, are not penalized otherwise. Furthermore,
impacts of upper level trading as well as owned DG
contributions are taken into account. Accordingly, a
combinatorial objective function is proposed to obtain
DisCo’s maximum profit. For the sake of reality,
customers’ participation factors are also considered in
proposed modeling. The main innovation of this study in
comparison to similar ones is presenting a novel
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mathematical framework for DisCo’s optimal decision
making rather than employing optimization algorithms.
Furthermore, unlike previous studies that consider
predetermined load reductions and incentives for the
subscribers, here, optimal load curtailment amounts as
well as corresponding incentive prices that result in
DisCo’s maximum payoff are derived. In this regard, at
first DisCo’s optimization frameworks in two cases with
and without elastic load modelings are presented.
Subsequently, utilizing Hessian matrix and mathematical
optimality conditions, optimal aggregated and individual
load reductions as well as corresponding hourly incentive
prices are obtained. In addition, effects of DG
contributions and upstream wholesale electricity market
are investigated. An IEEE 18 bus test system is employed
to obtain the results and show the accuracy of the
proposed model. It should be noted that here a single
period demand response modeling is assumed in which
consumers face load alleviations when called by DisCo.
Therefore, self elasticity coefficients are considered and
the impact of the mutual elasticity is neglected. The rest
of the paper is organized as follows:

In section two, the proposed mathematical framework
as well as corresponding optimality conditions are
represented. Subsequently, mathematical expressions for
DisCo’s optimal decision making in presence of inelastic
and elastic load modelings are derived. A case study is
presented in section three and finally section four
provides the conclusion.

2. Problem formulation

This section describes how to prepare each part of the
final manuscript more specificallyEach paper size should
be A4 and the margins should be 1.33 inches from top
and 0.98 inches from bottom, right, and left sides,
respectively. The represented framework is a decision
making model for a distribution company that includes a
combinatorial objective function in which owned
distributed resources as well as elastic and inelastic
responsive loads are employed as some tools to obtain the
most profitable strategy for DisCo. For obtaining more
realistic results, DisCo’s trading with wholesale market
is also taken into account. Subsequently, proposed
objective function would be as Eq. (1) :

Pr ofit = max{ %cg(ooi(t))—cw(vva))—

j=1
_ _ Q)
2.Cor (DR (©)~C, (P, ) |

In which the first term represents DisCo’s revenue
based on energy consumption and related selling price as

Eq. (2):
CJ (D’ 1) =Dy (1) x oy (1) @)

The second term refers to purchasing (selling) energy
from (to) wholesale market based on traded energy with
upstream market price as below:

C,(W (D) = p,[O)>xW(D) €)

The third term states the imposed cost to distribution
company arising from executing demand response that is
calculated as below. This cost is due to incentives that
should be paid to those customers participating in load
reduction program. As shown in Eq. (4) the aggregated
payable amount exceeds selling price in order to
encourage customers to attend DR programs.

3 Cls (DRV(0) = 0P+ g ) XPRI) g

and finally Eq. (5) illustrates ith DG operation cost.
Cy (P (1) = (& Py (t)* + B, Py () +77)S(t)

5
4+ STCh() ©

Substituting, Eqgs. (2) to (5) in Eq. (1) the proposed
objective function for DisCo is derived as below:

Profit = max{ 3 D, J (t)x g O =P, OXWEO
i1
~(DP()+ oy (0)x X PRI - ©

(iNggl(ai PI()? + 4, (1) + 7,)S(t) + STCh(D)}

As it is appear from Eq. (6), demand side management
(DSM) has been considered as a main applicable tool for
DisCo’s decision making. Therefore, in this regard an
economic load model which represents the change of
customer's demand with respect to change of electricity
price and incentives is developed here. Due to variety of
load modelings in DSM programs and for the sake of
reality the proposed mathematical model is categorized
based on inelastic and elastic load modelings that will be
represented as follows :

2.1. Inelastic load modeling
Here it is assumed that load is inelastic so that the

customer load amount is unchanged with respect to price
volatility; however, there would be some changes due to
applying incentives to responsive loads. Assuming
customers’ aggregated initial and reduced load amounts
as Egs. (7) and (8):
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i D, (t) =D, @)
=
DR’ (t) = RD(t) ®)
i

Eq. (6) can be rewritten as :

Profit = max{ D, (t)x p, () - p,, () xW (t) -
(DP(t)+ py(t))x RD(t) -

Ng _ _ )
(X (@R, €+ AR, ©)+7)S(0)+ STCH(0))

Considering various load resources the load balance
equation can be represented as below. In the other words
Eq. (10) represents the amount of energy that should be
traded with upstream market at time t. It is noticeable that
all DG units are assumed to be owned by the same DisCo.

W()=D,(0) - RD() - Y-Pi (1) (10

Substituting Eq. (10) in Eq. (9) we have:
Profit = max{ D, (t)x pg (t) — p,, (t) x (D, (t)

~RD(t)- P, ()~ (DP(t) + pg (1)) xRD()

|:.1 . (11)
—(iNgi(ai P, ()7 + 4P, (1) +7,)5() +
STCb(t))}

Let a linear relationship exists between DR incentive
price and j th customer’s reduced load amount for each
time as Eq. (12) [19]. Actually, this equation shows
customer preference to participate in DR program. As

indicated, it depends on @;,b; coefficients such that the

lower a; and bi means the higher customer tendency to

execute DR programs.

DP(t)-b,
DR!(t) = ——— (12)
a;
Thus, taking into account Eq. (8), amount of DR
incentive price can be derived as Eq. (13):

RD(t) +§:b—’

~a. (13)
DP(t) = =
In which:
Ny 1
s=3— (14)
i1 a;

In Eq. (13), RD (t) is the aggregated demand reduction

for all participants that in turn can be interpreted as the
difference between initial and reduced load amounts of
customer j as shown in Eq. (15):

D, (t) — D(t) = RD(t) (15)

In above equation D(t) is customers aggregated load
amount after implementing DR that is calculated by
summation of all individual loads as:

>.D'(®) =D 16)

Accordingly, DisCo’s optimal objective function can
be represented as follows:

Profit = max{A(t) x D(t) — DOT(t) 4

2D x Do (M) Do ®) “fli
S S j#ia
2 .
_D’(), DM b; (17)

—+ t
3 3 Eaj Pu (1)

Ng i Ng iy 2 i
X%Pg (t)—(__Zl(ain O+ BP9
+7;)S(t) + STCh(t))}
In which A(t) is the difference between customer

selling price and upstream wholesale market price for
each hour as Eq. (18):

At) = pq (t) — o, (1) (18)

Considering the objective function is called F,
derivation of Eq. (17) with respect to D(t) one can
conclude:

oF 2D, (1) 2D(t) 1 b,
— = A+ —2 +=)y L
o AOTT Ty T2 ™

By equating Eq. (19) to zero, Eq. (20) is obtained that
shows customers optimal (alleviated) load amount that
results in maximum profit for DisCo.

A(t)x S 1D,
D(t) = Al)xS )2 + D, (t) +§Z_j (20)

j# 4
Similarly, by derivation of Eq. (17) with respect to
i
Py ()

and equating to zero Eq. (21) is derived as bellow:

i ()= B,

P (t)=—W2 : Q1)
&;

On the other hand, second order derivatives of the

objective function with respect to D(t) and P, (¢) are as
Egs. (22) and (23) :
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°F 2
E:—§<O 22)
0°F

> =—2a; <0 (23)
6Pg

Accordingly, the Hessian matrix of the optimality
problem is obtained as Eq. (24)

o°F o°F
oD*  oDP/ 2o
H=l . |=| S 24
O°F oO'F oa
oP'oD 0P’

Given that the both second order derivatives are
negative and since first square determinant of Hessian

matrix is negative (,E) and second square determinant
S
of Hessian matrix is positive (‘L“) and according to
S

optimality condition the obtained values for D(t) and F’gi

will maximize the objective function that is desirable
from DisCo’s point of view.

Obtaining customers’ optimal (alleviated) load amount
and taking into account aggregated initial load, optimal
load curtailment amount is calculated by Eq. (15).
Subsequently, optimal load incentive price and individual
load curtailment amounts are obtained via Eqgs. (13) and
(12), respectively. Individual load curtailment amounts
represent the curtailment quotas of individual customer
participating in DR program.

Finally, amount of DisCo’s tradable energy with
upstream wholesale market may be obtained by Eq. (10).

2.2. Elastic load modeling
Besides inelastic loads, there may be price responsive

loads that are changed based on price fluctuations. Load
elasticity is defined as the relationship between load and
price variations. A variety of mathematical functions can
be used to show the load elasticity model in terms of
linear, exponential logarithmic and hyperbolic functions
each applicable for different types of customers.

In this case system load would be sensitive to price
variations. Accordingly, load elasticity is defined as Eq.
(25) [20].

E=—— (25)
In those electrical systems that price is time dependant,

customers’ behaviors may be different with respect to
price variations. Some loads such as lighting loads are

fixed and cannot be shifted to other periods. These kinds
of loads have single period sensitivity and have self
elasticity with price. The self elasticity coefficients are
always non-positive indicating the higher price leads to
the lower consumption.

On the other hand, some loads may be shifted to off-
peak periods due to high prices in peak hours. These
loads have multiple-period sensitivity and have mutual
elasticity with price. The mutual elasticity coefficients
are always non-negative indicating that higher price in
one period leads to higher consumptions in some other
periods.

For 24 hours load variations and assuming one hour
for each time span, load elasticity matrix can be written
as follows.

51.1 51,2 T *}::1,23 9':1,24

52,1 érz,z e 52‘23 52,24
: : : : : (26)
523,1 ‘523,2 9:23,23 523,24

_9524,1 524,2 o 524.23 524,24_

In which diagonal and non-diagonal elements are self

elasticity and mutual elasticity coefficients, respectively.
Columns of the matrix show the effects of electricity
price on loads within all periods of time. The matrix
represents customers to shift their load demands based on
price variations such that if the elements above the main
diagonal are non-zero it indicates that customers try to
consume their loads, in advance in order not to coincide
with higher price. On the other hand, if elements below
the main diagonal are non-zero it means that customers
try to postpone their loads not to face peak price periods.
In this study, all loads are assumed to have self elasticity
and all mutual elasticity coefficients are zero.

Considering load elasticity equation in Eq. (25), one
can rewrite the equation as below:
D(t) — Dy (t)
__ b®
~pa(t) = poq (1)
Poq (1)

Substituting Eqgs. (10), (13), (15) and (27) in Eq. (9)
DisCo’s objective function would be deduced as Eq. (28):

27
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Profit = max{ p, (©)xD(0)+ D?UEX%AU
—ﬁ”wmm—mawom+%awpm 28)

~ D2(t) . Doz(t)_ZDn(t)xD(t)
S S S

{moz,_sz:}

j#i a j#i a
Ng
(Z (o
=

Derivation of Eq. (28) with respect to D(t) and
equating to zero, one can reach to Eq. (29) that shows

P, (t)’+ B P, (t)+7,)S(t)+STCh(t))}

customers new consumption, which results in maximum
profit for the DisCo.

—P5s )X D,y (t) xS xE + p,, () xD, (t) xS
2p,, (t)xS =2D, (t)xE
A (t)xD,(t)xS xE 2D’ (t)xE
2p0d(t)><5—2D (t)xE (29)

D,(t)xE xz

je j

+
2p,, (t)xS 2D, (t) xE

D(t) =

Obtaining D(f) and taking into account demand
elasticity, the updated energy price offered by DisCo is
calculated as below:

D(t)— D, (t))x t

pd(t)=( (t) — Dy (1)) % poq (1)
E xD,(t)

Similarly, derivation of Eq. (28) with respect to

+ Poq (1) (30)

Pgi (t) and equating to zero the optimal contribution of

ith DG unit is obtained as follows:

%m=ﬁ%tﬁ- (31)

A
On the other hand second order derivatives of the
objective function (entitled F) with respect to D(t) and

i
P are provided in Egs (32), (33):
OF _ 2pu() 2

= <0 32
oD? D,(t)xE S (32)
a F =—20L <0 (33)
8Pg'

And subsequently, corresponding Hessian matrix
would be derived as below:

o°F o°F
oD*  oDoP,
H = =
o°F O°F
oP'oD 0P’ (34)
2P ) 2
D,(t)xE S
0 —2a

Again considering that second derivatives with respect
to both variables are negative and first and second square
determinants of Hessian matrix are negative and positive,
the obtained D(t) and P, '(t) will maximize DisCo’s

objective function.

Having optimal values of D(t) and Pgi (t), other

unknown variables may be obtained, using Eqs (12), (13)
and (15).

For those category of loads that can be shifted to off-peak
periods, mutual elasticity is defined. Accordingly, mutual
rth

elasticity of " period with respect to t' period is
calculated based on Eq. (35) [21].
D(t) - Dy (1)
D, (t)
E(tt)=—7 " , (35)
Py (t) = po (1)
Poq (1)

Similarly, by means of mathematical formulations, it
can be concluded that in a multi period model, amount of
load in each period depends on price variations in that
period and other time periods as well. Eq. (36) shows the
customers’ updated demand after implementing DR
program in a multi period framework.

D) = Z( =Py E)x D, (t)xS xE(t, t')
5 2p,, ) xS -2D (t)xE(tt)

Pos ( )><D0(t)><S +p, t)xD,(t)xS xE(t,t")
2p,, (') xS —2D,(t)xE (t.t)

) (36)

—ZDOZ(I)XE(tvt’)—DO(t)XE(t,t')xibf‘

ji aj
2p,, (t')xS —2D, (t) xE (t,t") )

3. Case study
In this section in order to show the accuracy of the
proposed model, a case study is implemented. An IEEE
18 bus test system is utilized for this purpose (See
Appendix):

Table 1 shows the customers’ permissible load
reduction amounts as well as corresponding coefficients
at each bus.
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Table 2 represents price of selling energy to customers
as well as price of purchasing energy from wholesale
market for each hour. In addition, customers’ initial load
amounts are also provided in this Table.

As illustrated in some hours, selling price to customers
exceeds purchasing price from wholesale market,
however, at some other hours (like 13 to 21) it is vice
versa. Also distributed generator cost coefficients are

represented in Table 3.
Table 1. DR characteristics of individual customers [4]

Bus | A b Max Bus | @ b Max
DR(MW) DR(MW)

1 0.7 2.21 0.366 10 0.77 | 228 | 0.244
2 0 0 0 11 0 0 0
3 0.75 | 1.85 0.821 12 0.7 2.29 | 0.252
4 0.72 | 2.29 0.244 13 0.73 | 229 | 0.244
5 0.71 | 2.24 0.315 14 0 0 0
6 0.78 | 2.28 0.244 15 0.78 | 2.27 | 0.255
7 0.80 | 2.27 0.244 16 0 0 0
8 0.73 | 2.29 0.230 17 0.72 | 233 | 0.192
9 0.76 | 2.01 0.594 18 0.78 | 1.92 | 0.704

Table 2. Hourly initial load amounts and related prices

Hour | Dy (t)(MW) | pq(t)($/MWh) |p,, ()($/ MWh)
s

1 13.69 38 30
2 12.50 38 29
3 11.61 38 29
4 11.31 38 28.5
5 14.88 38 32
6 15.17 38 32
7 16.37 60 55
8 17.85 60 55
9 20.24 60 55
10 20.83 60 56
11 18.45 67 65
12 16.66 67 67
13 15.47 67 69.5
14 15.17 60 62.4
15 14.88 60 62.3
16 15.77 60 62.4
17 16.07 60 62.3
18 20.53 60 62.2
19 22.91 67 69.7
20 25.00 67 69.5
21 23.21 67 69.6
22 20.24 67 62.3
23 17.85 60 55
24 14.88 60 54

The study is implemented in two scenarios, with
inelastic and elastic load modelings, respectively.

In the latter case, it is assumed that loads have single
period sensitivity with self elasticity of -0.1 and no
mutual elasticity.

Table 3. DG cost coefficients [22]

DG | Max PMW) | « Vi
1 0.048 | 50
2 5 0.060 | 65
3 5.5 0.055 | 55
4 7 0.050 | 60

Based on opimal reduced loads, Fig. 1 illustrates
customers’ hourly load curtailments for inelastic and
elastic load modelings. As it is appear, for inelastic load
modeling, customers face load curtailments at hours 13
to 21 since within these periods it is not beneficial for
DisCo to purchase energy from wholesale market. Note
that during hours 1 to 12 no load curtailment is occured
due to relatively low energy purchase prices. In addition,
maximum load reductions have been occured at hours 13
and 19 due to relatively high market prices within these
periods. For elastic load modeling, subscribers face load
curtailment in those periods that it is not beneficial for
DisCo to purchase energy from wholesale market.
However, unlike inelastic load modeling, here customers
experience load reductions from hour 11 and are exposed
to their maximum permissible load curtailments within
hours 12 to 21. This is because of customers’ preferences
for load reduction due to increased selling prices within
these periods. In this case, it would be more beneficial for
DisCo to apply maximum permissible load alleviations,
despite paying much more incentives to the curtailed

customers.
et RD(MW)_Inelastic
6 e=fl== RD(MW)_Elastic
5
4
3
=
2 ]
1
0
1 2 4 6 8 10 12 14 16 18 20 22 24
Hours

Fig. 1. Customers' total load curtailments for each hour

Accordingly, Fig. 2 illustrates hourly price incentives
payable by DisCo to responsive subscribers. As expected,
the incentive prices vary in accordance with
corresponding load curtailment amounts such that in the
first 12 hours no incentive is necessary for inelastic load
modeling. However, applying maximum load reduction
within hours 12 to 21 in elastic loads, results in maximum
incentives for corresponding customers. Note that at hour
11 the incentive price varies proportional to applied load
curtailment.
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= DP($)_Inelastic m DP($)_Elastic

2.5 . .
a5 E
&1 : H—
0.5

0

1234567 89101112131415161718192021222324

Fig. 2. Hourly incentive prices payable by DisCo to customers

Taking in to account hourly aggregated load
curtailments the contribution of each individual customer
in providing load mitigation can be extracted. For
inelastic load modeling, the quota of each subscriber in
total load curtailment amount at hour 20 is illustrated in
Fig. 3. As can be seen the lower @; and b; coefficients

leads to the higher customer preferences to reduce the
load. Accordingly, consumers in buses 3, 9 and 18
relatively experience higher load curtailments based on
their requests, whereas consumers in buses 4, 8, 13 and
especially 17 are exposed to lower load mitigations.

0.669
0.554

s : 0.445
0861 :
E 05 202 o151 0.085 0.030:!
I3 : .
= 0 0'10&07"09380.087 0105,
0 B BsBosslo _sa_8s_.

123456 7 8.9101112131415161718
bus.no

Fig. 3. Quota of existing customers in total load curtailment
amount at hour 20 (Inelastic load)

1 0.821

123456 7 8 9101112131415161718
bus.no

Fig. 4. Quota of existing customers in total load curtailment
amount at hour 20 (Elastic load)

Similarly, Fig. 4 illustrates customers’ reduction
quotas at hour 20 in case of elastic load modeling. As it
is shown, in this case maximum permissible load
curtailment has been applied to each subscriber (See
Table 1).

In above mentioned cases, contributions of existing
DG units are shown in Table. 4. As illustrated, DG
generation outputs are increased drastically in some

hours (12, 13, 19- 21), when price of upstream market
exceeds market selling price. At hour 12, DisCo utilizes
its DG contribution to meet customers’ load demand and
to sell to the upstream market as well. However, during
hours 13 and 19-21 it would be more beneficial to sell
mostly to the upstream market rather than supplying local
demand. Subsequently, relatively  higher load
curtailments occur within these periods. It is noticeable
that generation of DG units in some other periods is due
to higher wholesale market prices comparing their related
selling prices. Obviously, quota of each DG contribution
is based on its operation cost coefficient. It is worth
mentioning that DG unit outputs are the same for both
inelastic and elastic load modelings, since they are just
dependant of upstream market prices and corresponding
cost coefficients as well.

Table 4. Hourly DG contributions

P1 (P2 |P3 |P4 \n |P1 |P2 |P3 | P4
h

ojlo|o0o|o0|13|4|5]|55|7

S5

ojlo|o0of|o0|14|4|0|55|7

ojlo|o0o|o0 (15| 4|0 |55|7

16| 4| 0 |55]| 7

ojloflof|o0 (17| 4|0 |55|7

o|0|0|0118|4]|0]|55]|7

4100|0119 | 4|5 |55|7

410|0|01]20| 4|5 |55]|7

O || N O | 0B W |N |- | I
o
o
o
o

410|0|0121| 4|5 ]|55]|7

55| 0122 | 4 | 0 |55 7

[N
o
N
o

0|55 71|23 4|0|0]|O0

-
[N
N

12| 4 | 5|55 7 (24| 4| 0] 0] 0

Subsequently, load exchange of DisCo with upstream
wholesale market is represented in Fig. 5. As shown, rate
of purchased energy is decreased by executing DR
programs in both elastic and inelastic load modelings. In
addition, DisCo sells back its excessive power to
upstream market while wholesale price is higher than
market selling price. Nevertheless, it intends to purchase
from wholesale market when corresponding upstream
prices are relatively low. In this figure positive and
negative values represent hourly purchased and sold
powers, respectively. As it is appear, maximum export
occurs at hour 13. However, unlike expectation, less
export has been occured at hour 19 due to high existing
demand in this period. As shown, both curves are almost
coincident, except that DisCo decides to purchase less
from and sell more to the upstream electricity market in
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case of elastic load modeling. This is due to much more Table. 5. Energy selling prices with inelastic and elastic load
load curtailments that would release DG capacities to sell models
back more excess power to the wholesale market. Tl | 22| 2| @2 | 9=
E| £Eg | E58| 58 | E58 | E8
£2 | g £ | £9
) = = = % = = = %
et \Wholesale(MW)_Inelastic ~ g | = g |~
=== \\/holesale(MW)_Elastic . ®
20
1 38 38 13 67 69.14
15 ﬂ 2 38 38 |4 60 | o
10 3| 38 3 | 15 | 60
s s 61.99
s 4 38 38 16 60
g o 61.88
50 2 4 6 8 10 22 o4 5 38 3 AT 60 s
10 6 38 38 18 60 61.44
15 . 7 60 60 19 67 68.45
ours 8 60 60 | 20 | 67
68.32
Fig. 5. Power exchange amounts with wholesale market 9 60 60 21 67
68.43
Based on load elasticity model, customers are exposed 10 60 60 22 67 .
to much more load curtailments due to increased market M 67 6300 | 23 50
prices. Considering corresponding load curtailment ' 60
. . . 12 67 68.98 24 60
amounts (in Fig. 1), Table. 5 represents energy selling 60
prices in presence and absence of DR programs. As Table. 6. DisCo’s payoffs in different cases
§hown, customers experience increases in energy prices 5 g2 78 72| 5 2= g5 7o
in those periods that DR programs are applied. §| 28 2% 2zl & E g 25 2z
. . .. . . = e =8 e
Obviously, no price variations will occur in case of % =l 28 2 = ‘é S
inelastic load modeling. = § § ® § §
Subsequently, DisCo’s relative payoffs in three 1 |109.52 | 109.52 | 1095 | 13 | 201.67 | 202.08 |224.40
scenarios, entitled: "without DR", "with DR and inelastic 2 11250 | 11250 | 11250 | 14 | 6579 | 65.970 | 85.47
load" and "with DR and elastic load" are represented in 3 | 10446 | 10446 | 10446 | 15 | 6634 | 6638 | 8534
Tablse. 6. As can be seen, D1§Co bejneﬁts more in case of 4 | 10744 | 10724 | 10744 | 16 | 6436 | 6a54 | 8441
elastic load modeling. It is noticeable that obtained
. . 5 | 89.28 | 89.28 | 8928 | 17 | 63.60 | 63.64 | 83.33
payoffs are directly dependant on market prices and load 91071
curtailment amounts as well. Relatively high increases in 6 | 9107 | 91.07 ' 18] 53.33 | 53.54 | 7501
payoffs at hour 13 are because of increasing in power sold 7 | 101.07 | 101.07 | 101071 19 | 182.79 | 183.95 | 209.95
to the upstream market. Note that profits are unchanged 8 | 10851 | 108.51 | 108511 20 | 177.86 | 178.28 | 204.64
during first 10 hours in all scenarios, since no curtailment 9 [120.42 12042 | 12042 21 | 182.16 | 182.89 |208.92
is implemented then (see Fig. 1). It is the same situation 10 | 11040 | 11040 | 11040 | 22 | 19561 | 195.61 | 195.61
s ) s "
w1t.h1n first 12.hours in two scenarios "without DR" and 1 18202 18202 [ 18576 | 23 | 10851 | 10851 | 10851
"with DR and inelastic load".
12 | 186.61 | 186.61 | 19772/ 24 | 104.51 | 10451 | 104.51
Finally, impact of different load elasticity coefficients
on DisCo’s aggregated payoffs is illustrated in Fig. 6.
Decreasing in load elasticity means to move towards 6000
inelastic load modeling. In this regard, corresponding 5000
payoffs decrease as load elasticity approaches to zero. 4000
Accordingly, one can conclude that when load elasticity payoff 3000
. 2000
becomes zero, obtained payoff would be exactly equal to 1000
DisCo’s corresponding payoff in inelastic load modeling. 0
Load elasticity

Fig. 6. Impact of different load elasticity coefficients on payoff
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In order to validate the proposed model, the results
were obtained by means of GAMS/CPLEX solver. Table
7, shows customers’ hourly load curtailments for inelastic
and elastic load modelings obtained from GAMS
programming. Comparing the results with those obtained
by the proposed mathematical modeling (in Fig.1), one
can see an appropriate coincidence that validates the
represented modeling.

Table 7. Customers’ hourly load curtailments

h |1{2|3[4[5(6|7|8|9|1]|1
RD 0|12

(MW)

[EEN

Inelasti [o|o|ofo|ofo0o|O|OfO0O|O|O]|O
c

Elastic |o|o|o|o0o|0o|O0|O0|O|O]|O]|3]|a4

RD
(Mw)

Inelasti | 2. 1|0 |1.[0. |0 |4 |2 |3 |0]|0]O
C 718|9(8|9|4|6]|7]|7

Elastic | 4. (4. |4 |4 |4 |4 |4 |44 |0]|0]O

4. CONCLUSIONS
A heuristic mathematical modeling for DisCo’s optimal
decision-making is presented in which elastic and
inelastic responsive load modelings as well as effect of
owned DG contributions are taken into account.
Furthermore, impact of customers’ preferences in
corresponding load curtailments is investigated by
heuristic DR cost coefficients, which represent
customers’ reactions to aggregated load reduction
amounts. The main innovation of this study in
comparison to similar ones is presenting a novel
mathematical framework for DisCo’s optimal decision
making rather than employing optimization algorithms.
Based on proposed combinatorial framework, DisCo
would obtain its: optimal trading with upstream market,
optimal load curtailment amounts, DR incentives, and its
appropriate DG contributions. As shown, in both elastic
and inelastic load modelings, customers may experience
load curtailments in those periods that are not profitable
for DisCo to purchase from wholesale market. However,
in case of elastic loads they would expose more
curtailments due to increased market prices. In this case,
despite much more payable incentive prices, DisCo
prefers to make use of released DG capacities for selling
back to the external grid. Accordingly, there would be
some increases in DisCo’s corresponding payoffs in
comparison to inelastic load modeling. Also, it is shown

that by moving load elasticity coefficients towards zero,
the payoffs in both elastic and inelastic load modeling
would be the same. Finally, comparing the results of
proposed mathematical modeling with those obtained
from GAMS/CPLEX solver, shows an appropriate
coincidence.

Appendix:

IEEE 18 bus test system

)

16 17 #

From | To | R(Q) X (Q)
1 2 0.07 0.15
1 3 0.03 0.07
1 4 0.09 0.21
1 5 0.03 0.08
2 3 0.01 0.02
2 13 0.12 0.18
4 7 0.03 0.07
5 6 0.08 0.19
6 1 0.09 0.2
7 8 0.06 0.13
8 9 0.11 0.22
9 10 0.22 0.2
9 12 0.1 0.2
10 12 0.12 0.26
12 13 0.12 0.18
13 14 0.19 0.33
14 15 0.25 0.38
14 16 0.11 0.21
16 17 0.22 0.42
16 18 0.32 0.6
17 18 0.24 0.45
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