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The aim of this paper is to modify the Thakur iter-
ation process into hyperbolic metric space where the
symmetry condition is satisfied and establish the weak
w?-stability and data dependency results for contrac-
tion mappings. Next, we establish A-convergence and
strong  convergence theorems for  generalized
(c, B)-nonexpansive type 1 mappings. We give an ex-
ample of generalized («, 3)-nonexpansive type 1 map-
ping which is not nonexpansive mapping.

1. INTRODUCTION

In the field of analysis, fixed point theory has always played a significant role. Researchers

are constantly motivated to obtain fixed points of various mappings over various spaces

*Address correspondence to O. Sahu; Department of Mathematics, Babu Pandhri Rao Kridatt Govt. College Silouti,
Dhamtari (C.G.), India, E-mail: om2261995Qyahoo.com.

This work is licensed under a Creative Commons Attribution-NonCommercial 4.0 International License.
Copyright (© 2026 The Author(s). Published by University of Mohaghegh Ardabili.

1


https://doi.org/10.22098/jhs.2026.16382.1062
https://jhs.uma.ac.ir
https://doi.org/10.22098/jhs.2026.16382.1062
https://orcid.org/0000-0002-5832-4273
 https://creativecommons.org/licenses/by-nc/4.0/

2 O. Sahu and A. Banerjee

by the Banach contraction principle, which has become a landmark in fixed point theory.
Banach contraction principle, which is the most celebrated result in fixed point theory uses
Picard iteration process for approximating the fixed point. The Picard iteration process is
useful for the approximation of the fixed point of the contraction mappings but when one is
dealing with nonexpansive mappings then it may fail to converge to the fixed point even if
the fixed point is unique.

In 1953, Mann[35] introduced new iteration scheme which was powerful iteration method
for solving nonlinear operator equations involving nonexpansive mapping. It is known that

Mann’s iteration method is general not strongly convergent for non-expansive mappings
(1.1) Tnt1 = (1 —ap)xn + anTxy, n € N.

In 1955, Krasnoselskii[13] showed that the Picard iteration scheme for nonexpansive mapping
T may fail to converge to fixed point of T even if T" has a unique fixed point, but the Mann
sequence q, = % for all n > 1, converges strongly to the fixed point of T

In 1974, Ishikawa[22] introduced a two step iterative scheme to approximate fixed points of

pseudo-contractive mappings,where the sequence {x,} is generated by x¢ € C as:

Yn = (1 - Bn)xn + BnTxna

(1.2)
Tnt1 = (1 —ap)zp + anTyn

for all n > 0, where ay,, 8, € (0,1).

In 2000, Noor [16], introduced a three-step iterative scheme for approximating the fixed point
problem. Later on, several iterative schemes Agarwal [20], Abbas[15], SP[34], S*[8], CR[19],
Normal-S[5], Picard Mann[21], Picard-S[7], etc., have been developed by many authors to
study approximating fixed points.

The data-dependence result concerning Mann-Ishikawa iteration [25], where the data depen-
dence of Ishikawa iteration was proved for contractions mappings. Soltuz et al.[24]proved
data-dependence results for Ishikawa iteration for the contractive-like operators.

In 2016, Thakur et al.[3] introduced the following iteration scheme in frame work of a Banach
space. Let X be a Banach space and C' be any nonempty subset of X and for each z; € C,
the sequence {z,} in C' is defined by

Zn = (1 - 5n)xn + /BnTxnv
(1.3) Yn = T((1 — an)Tn + anzn),
Tn+1 = Tyn;

for all n > 1, where {a,} and {5,} are sequences in (0, 1). They proved that their iterative
scheme is faster than Picard, Mann, Ishikawa, Agrawal, Noor, and Abbas iteration processes.
They also proved some weak and strong convergence theorems for suzuki’s generalized non-
expansive mapping in a uniformly convex Banach space.

In this paper, we study some fixed-point results for generalized («, 8)-nonexpansive type
1 mappings in uniformly convex hyperbolic space and modify the Thakur iteration process
into a hyperbolic metric space where the symmetry condition is satisfied and establish the
weak w?-stability and data dependency results for contraction mappings. Next, we establish

A-convergence and strong convergence theorems for generalized («, 5)-nonexpansive type 1
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mappings. We give an example of a generalized («, 5)-nonexpansive type 1 mapping which

is not nonexpansive mapping.

2. MAIN RESULTS

In this section, we recall some definitions and results to be used in establishing the main
results.

In 1990, Reich and Shafrir [23] introduced hyperbolic metric spaces and studied an itera-
tion process for nonexpansive mappings in these spaces. In 2004, Kohlenbach [32] introduced
a more general hyperbolic metric space as follows;

Definition 2.1. A triple (X,d, W), where (X,d) is a metric space, is called a hyperbolic
metric space if the function W : X x X x [0,1] — X satisfies
(i) d(u, W(z,y,a)) < (1 — a)d(u,y) + ad(u, x)
(i) d(W(z,y,0), W(z,y,B)) = |a — Bld(z,y)
(iii) W(z,y,a) = W(y,z,1 — a)
(iv) d(W(z,z,a), W(y,w,a)) < (1 — a)d(z,w) + ad(z,y)
for all z,y,z,u € X and «, 3 € [0, 1].

Definition 2.2. [4] A hyperbolic space X is said to be uniformly convex if for any r > 0
and € € (0, 2], there exists a 6 € (0, 1] such that for all z,y,z € X

AW (2., %), 2 < (1—6)r

provided d(z,z) <r, d(y,z) < r and d(z,y) > er

Definition 2.3. [4] Let X be a hyperbolic space. A map 7 : (0,00) x (0,2] — (0, 1] which
provides a 0 = n(r,e) for a given r > 0 and € € (0,2] is known as a modulus of uniform
convexity of X. The mapping 7 is said to be monotone if it decreases with r.

Definition 2.4. Let {z,} be a bounded sequence in a nonempty subset of C' of a metric
space (X,d). Then, the mapping r(-, {z,}) : X — [0,00) is defined by

r(z,{xn}) = limsupd(z, z,), Vzr € X.

n—oo
The infimum of r(-, {z,}) over C is called the asymptotic radius of {z,} relative to C' and
is denoted by r(C, {:c}) A point u € C is said to be an asymptotic center of the sequence
{z,} relative to C' if

r(u,{zn}) = inf{r(z,{z,}) :x € C}
and the set of all asymptotic center of {z,} relative to C' is denoted by A(C,{z,}).

Definition 2.5. Let (X, d) be a metric space and C' be a nonempty subset of X. A mapping
T :C — C is said to be a contraction mapping if there exists a constant § € [0, 1) such that

d(Tz, Ty) < 5d(x,y)
Ve,y € C.

Definition 2.6. [9] Let (X, d) be a metric space and C be a nonempty subset of X. A

mapping T : C' — C' is said to be quasi-nonexpansive mapping if

d(Tz,e) < d(x,e)
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for all x € C and e € F(T'), where F(T) is the set of all fixed points of T

Definition 2.7. [6] Let C' be a nonempty subset of a metric space (X,d). A mapping
T : C — C is said to be generalized («a, §)-nonexpansive type 1 if there exist «, 5, A € [0, 1),
with a < 8 and o + 8 < 1 such that

for all z,y € C

Proposition 2.1. [6]IfT is a generalized (o, B)-nonexpansive type 1 mapping and F(T) # ¢,
then T s quasi nonerpansive mapping.

Proposition 2.2. [6] If T is a generalized (o, B)-nonexpansive type 1 mapping, then for all

z,yeC
24+ a+p

1-p

Proposition 2.3. [6]If T is a generalized («, 3)-nonexpansive type 1 mapping, then F(T) is

d(z,Ty) < d(z,Tz)+ d(z,y)

closed.

Definition 2.8. [31] Let (X, d) be a metric space and {z,} and {y,} be two sequences in

X. We say that these sequences are equivalent if lim,, o, d(zp, yn) = 0.

Definition 2.9. [26] Let (X, d) be a metric space, T be a self-mapping on X, and {z,} C X

be an iterative sequences defined by
T, € X
Tny1 = f(T,zy),Vn > 1.
where f is a function. Suppose that {z,} converges strongly to e € F(T). If for any
equivalent sequence {y,} C X of {z,}
Jim d(ypr, f(Tyy0)) = 0= lim y, = e

then the iterative process {x, }is said to be weak w?-stable with respect to 7.

In 1976, Lim [30] introduced the concept of D-convergence, which is an analog of weak

convergence, in metric spaces using the asymptotic center.

Definition 2.10. [30] A sequence {x,} in a metric space (X,d) is said to A-converges to
a point z € X if x is the unique asymptotic center of {u,} for every subsequence {u,} of
{zyn}. In this case, we write A — lim,,_,oc 2, = x and call x as A — limit of {x,}.

Lemma 2.3.1. [12] Let (X,d, W) be a complete uniformly convex hyperbolic metric space
with the monotone modulus of uniform convexity n and C be a nonempty closed and convex

subset of X. Then every bounded sequence {x,} in X has a unique asymptotic center relative
to C.

Lemma 2.3.2. [1]Let (X,d, W) be a uniformly convex hyperbolic metric space with the

monotone modulus of uniform convexity . Let x € X and {a,} be a sequence in [p,q], for
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some p,q € (0,1). If {x,} and {yn} are sequences in X such that
limsupd(zy,z) <,
n—oo

limsup d(yn, z) <,

n—0o0

IL)HI d(W(wn,ymOén)ax) =r

for some r > 0, then

lim d(zp,y,) =0

n—o0

Lemma 2.3.3. [24]|Let {gn}, {rn} and {t,} be non-negative real sequences with ry, € (0,1),
Vn>1 and )y .2 ry = 00. Suppose that there exists ng € N such that for all n > ng, one
has the inequality

In1 < (1= 70)gn + matn
then the following inequality holds:

0 < limsup g, < limsupt,

n—oo n—oo

3. MAIN RESULTS

In 2023, Sahin et al.[2] modify the KF-iteration process into hyperbolic metric spaces,

r1€C

Tn1 = T(W(Txp, Typ, o))
Yn = Tz,

2n =T(W(xp, Txp, Br))-

where {a,,}, {8} are real sequences in (0,1). They established the weak w?-stability and
data dependence results for contraction mappings. Also we proved some strong and A-
convergence theorems for generalized («a, #)-nonexpansive type 1 mappings.

Motivated by the above results, we study some fixed points results for generalized (a, 3) -
nonexpansive type 1 mappings in uniformly convex hyperbolic space and establish strong and
A-convergence theorems for approximating a fixed point of generalized («, 3) -nonexpansive
type 1 mapping in hyperbolic spaces using the iterative scheme introduced by Thakur et
al.[3].

First, we modify the Thakur[3] iteration process into a hyperbolic metric space. Let C
be a nonempty closed and convex subset of a complete uniformly convex hyperbolic space
X and T : C — C be generalized (a, §)- nonexpansive type 1 mapping. For z; € C, we
construct the sequence {z,} as follows:

z1€C

Tpy1 = Tyn

Yn =T (W (@n, 2n, am))
zn = W(xn, Txn, Br).

(3.1)

where {a, }, {8,} are real sequences in (0,1).

3.1. Convergence, Stability and Data Dependency Results.
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Theorem 3.1.1. Let C be a nonempty closed convex subset of a hyperbolic metric space X.
T : C — C be a contraction mapping with the constant § € [0,1) s.t. F(T) # ¢ and {z,}
be the iterative scheme (3.1) with the real sequence {«a,}, {f,} are in (0,1) and satisfying
> oo | apfln = 00. Then the sequences {x,,} converge strongly to a fixed point of T'.

Proof. Let e € F(T) and using iteration (3.1), we have
d(zp,e) = d(W (xn, Txn, Bn),€)
< (1= Bp)d(xn,e) + Bnd(Txy,€)
< (1— Bp)d(zn,€) + Brod(xy,€)

(3.2) = (1= (1 =0)B)d(zn,e)
Now
d(yn, €) = d(T(W (2, 2, ), Te)
< Sd(W (2, 2n, ), €)
(3.3) < O[(1 — an)d(zn, €) + and(zn, €)]

From equations (3.2) and (3.3), we get
d(yn, €) < O[(1 = an)d(n, €) + an(l — (1 = 6)B)d(2n, €)]
(3-4) < 61— (1= d)anfp)d(zn,e)
Again
d(xpt1,e) = d(Typ, Te)
(3.5) < 6d(yn, €)

From equations (3.4) and (3.5), we get

d(zni1,€) < 82(1 = (1 = 8)anfn)d(zn, €)

H 1-— 1—5 Oék,Bk) (wn_l,e)

n

(3.6) <o [ = (1= )ewBr)d(z1,e)

k=1
where 0 € (0,1) and also {ay},{f5,} are in (0,1). Since 1 —z < e™*, z € [0,1], so from

equation (3.6), we obtain
(3.7) d(2ps1,€) < d(2, )02 e (170) Ximr B

Taking the limit of both sides of (3.7) and then using the hypothesis 6 € (0,1) and ) >~ | a,fp =
00, we obtain
lim d(z,,e) =0.

n—oo
ie. x, — easn— oo. O

Theorem 3.1.2. Let C be a nonempty closed convex subset of a hyperbolic metric space X.
T : C — C be a contraction mapping with the constant § € [0,1) s.t. F(T) # ¢ and {x,} be
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the iterative scheme (3.1) with the real sequence {a,}, {8, } are in (0,1). Then the iteration

process (3.1) is weak w? stable with respect to 7.

Proof. Let {p,} C C be an equivalent sequence of {x,} and suppose that ¢, = d(pn+t1, T'qn),
where ¢, = T'(W (pn, Tn, o)) and 1, = W (py, Tpn, Br). Suppose that lim,,_, €,0. It follows
that using triangular inequality and (3.1), we have

d(pn+1, 6) < d(PnH, Tpi1) + d(l'n-s-l, 6)
(38) § d(pn+1a TQn) + d(an7 Tyn) + d($n+17 6)

Now, observe that
d(zm Tn) = d(W(xm Ty, ﬂn)a W(pna T'pn, ﬂn))
S (1 - Bn)d(xrwpn) + 5nd(T$na Tpn)
< (1 - Bn)d(xmpn) + Bnéd(xmpn)

(3.9) = (1= (1=98)Bn)d(@n, pn)
Again
d(yna Qn) = d(T(W(xm Zns an))? T(W(pn, Tns an)))
< 0(d(zn; 2y an), APy Tny )
(310) < 5[(1 - an)d(xnapn) + Oénd(Zn, Tn)]

From equations (3.8), (3.9), and (3.10), we get
(3.11) d(pn=1,¢€) < €y + 62(1 — (1 = 8)anBn)d(xn, pn) + d(Tpi1,€)

From Theorem 3.1.1, it follows that lim, . d(z,4+1,¢) = 0 and since {z,} and {p,} are
equivalent, we have lim,, oo d(2y, pn) = 0. Now taking the limit of both sides of (3.11) and
then using the assumption lim, o €, = 0, yield to lim, o d(pn+t1,€) = 0. Thus, {z,} is

weak w2-stable with respect to 7. O

Theorem 3.1.3. Let C be a nonempty closed convex subset of a hyperbolic metric space X.
T : C — C be a contraction mapping with the constant § € [0,1) s.t. F(T') # ¢ and {x,} be
the iterative scheme (3.1) with the real sequence {a,,}, {8,} are in (0,1) and T : C — C be
an approximate operator of T" for given € and define an iterative sequence {Z,} as follows:

(3.12)

with real sequence {o, } and {8, } in (0, 1) satisfying a, 8, > 3,Vn > 1, and > 0% | oy, 3, = o0.
If Te = e and Te = € such that lim,_,o T,, = €, then one has
o€

d(e,e) < 7

where § € [0, 1).
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Proof. Tt follows from iteration (3.1) and (3.12) that
d(zn,Zn) = AW (2, TxnBn), W (Zn, TTn, Bn))
< (1 - Bp)d(zn,Tpn) + Bud(Txp, TTy)
< (1= Bn)d(xn, Tn) + Buld(Tn, TTy) + d(TTy, TTy)]
< (1= Bu)d(@n, Tn) + Bnl0d(zn, Tn) + €]
=

(3.13) — (1 =0)Bn)d(xn, Tpn) + Bne

Now

A(Yn; ) = AT (W (@0, 2, o)), T(W (T, 2y o))
< d(T(W (2, 2n,0n)), TW (T, Zny ) + d(T(W (T, Zny o)), T(W (T, Zny )
< O[d(W (xn, 2y i)y W (T, Zny )] + €

(3.14) < O[(1 — an)d(xn, Tn) + and(zn, Zn)] + €

From equations (3.13) and (3.14), we obtain
(3.15) A(Yn,T,) <01 — (1 — 0)anBn)d(xn, Tn) + 0ty Bne+ €
Again
d(Tnt1,Tnt1) = A(TYn, TT,,)
< d(Tyn, TY,) + AT, THy)
(3.16) < 0d(Yn, Yn) + €
From equations (3.15) and (3.16), we obtain
A(Tpi1, Tng1) < 621 — (1 = 8)anBn)d(Tn, Tn) + 62n e + de + €
Because {«a,} and {3,} are in (0,1) and § € (0,1), we obtain
A(Tpt1,Tp1) < (1= (1= 8)anSBn)d(n, Tn) + anfne + 2¢
(3.17) =(1—-(1—=0)anBn)d(zn, Tpn) + anfne + 2(1 — anBy + anfn)e
By the assumption oy, 5, > %, we have 1 — a,, 8, < a,[,. From equation (3.17), we get

d(Tn11,Tns1) < (1 — (1 = 8)anBn) + danBne

(3.18) —< (1= (1= 8)amBn) + (1 — 8)anfy—2F

(1-9)

Let g, = d(zpn,Tn), ™ = @nfn(1 —9) and t, = (15_65) and then from Lemma 2.3.3, together
with (3.18), we have
(3.19) 0 < limsup g, < limsup o
n—00 n—oo (1 —19)
By Theorem 3.1.1, we have lim,, .o, x,, = e and by the assumption in the hypotheses, we
have lim,,_,o, T,, = €. Using these together with (3.19), we obtain
D€
=

d(e,e) <
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3.2. Strong and A-Convergence Theorems for Generalized («, 5)- Nonexpansive
Type 1 Mappings.

Lemma 3.2.1. Let T be a generalized («,[3)-nonexpansive typel mapping defined on a
nonempty convez subset C' of a hyperbolic metric space X with F(T) # ¢. If e € F(T)

and {x,} is the iterative process defined by (3.1), then lim, oo d(xy,, €) exists.

Proof. By Proposition 2.1, we have
d(zp,e) = d(W(xn, Txn, Bn),e)
< (1 —Bp)d(xn,e) + Bnd(Txy, €)
< (1= Bn)d(zn, €) + Brd(n, €)
(3.20) = d(zn,e)
Now
d(yn,e) = d(T(W (2, zn, ), €)
< d(W (2, 2n, ), €)
(3.21) < (1 — ap)d(xn, €) + and(zp, €)
From equations (3.20) and (3.21), we get
(3.22) d(yn,e) < d(xy,e)
Again
d(xpt1,€) = d(Tyn,€)
(3.23) < d(yn;e)
From (3.22) and (3.23), we obtain
d(xpi1,e) < d(zp,e)

This shows that {z,} is a non-increasing sequence and it is bounded from below for each
e € F(T). So, we obtain that lim,,_, d(z,, e) exists for any e € F(T). O

Lemma 3.2.2. Let C be a nonempty closed convex subset of a complete uniformly convex
hyperbolic metric space X with the monotone modulus of uniform convezityn andT : C' — C
be a generalized («, 5)-nonexpansive typel mapping. Let {x,} be the iterative scheme (3.1)
with real sequences {a,} and {Bn} in [p,q| for some p,q € (0,1). Then F(T) # ¢ if and
only if {xn} is bounded and limy, o0 d(zp, Tx,) = 0.

Proof. Suppose F(T') # ¢ and choose e € F(T). Then by Lemma 3.2.1 lim,,_c d(xy, €)
exists and {z,} is bounded. Put

(3.24) nh_)rglo d(zp,e) =r

Case I: If r = 0 we are done.
Case II: If » > 0. From equation (3.20), we get

d(Zn, 6) S d(xnv 6)
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By taking limsup on both sides, we get

(3.25) limsup d(zp, €) < limsupd(z,,e) =r
n—oo n—oo

By Proposition 2.1, we have

(3.26) limsup d(Txy,e) < limsupd(x,,e) =r

n—oo n—oo

On the other hand

(3.27) o < d(zn,e) — d(zy,€)
So
d(zpi1,€) — d(zp,e) < d(@n 1, el— d(n, €) < d(zp,e) —d(zp,€)

< d(zn,e) — C;L(l'n, e)

i.e.,

(3.28) d(zpt1,e) < d(zn,e)

Therefore

(3.29) r < liminf d(z,, e)

n—oo

From equations (3.25) and (3.29), we get

lim d(z,,e) =r
n—oo

(330) lim d(W(l'n» Ty, 6n)7 6) =T

n—oo

Finally, from (3.24), (3.25), (3.30), and Lemma 2.3.2, we deduce that

lim d(zy, Tx,) =0

n—oo

Converse: We assume that {z,} is bounded and lim,,_oc d(xy, Txy,) = 0. Let e € A(C, {zn}).
By Proposition 2.2, we have

r(Te,{x,}) = limsupd(z,, Te)

n—0o0
2
< 220 iy sup d(,, Te) + limsup d(z, )
(1 _ /3> N—00 n—o0
(3.31) = limsup d(xy, €)
n—ro0

(3.32) = 7’(6, {xn})

This implies that Te € A(C,{x,}). Because the sequence {z,} is bounded by Lemma 2.3.1,
A(C,{x,}) consists of exactly one point. Hence we have T'e = e. Thus F(T) # ¢. O



Generalized (o, 8)-nonexpansive type 1 mapping in hyperbolic metric spaces 11

Theorem 3.2.3. Let C' be a nonempty closed convex subset of a complete uniformly convex
hyperbolic metric space X with the monotone modulus of uniform convexity nand 7 : C' — C
be a generalized («, §)-nonexpansive typel mapping. Let {x,} be the iterative scheme (3.1)
with real sequences {«a,} and {3,} in [p, | for some p,q € (0,1). Then the sequence {x,}
A-convergence to a fixed point of T.

Proof. By Lemma 2.3.1, the sequence {x,, } has a unique asymptotic center A(C, {z,}) = {z}.
Let {u,} be any subsequence of {x,} such that A(C,{u,}) = {u}. Then by Lemma 3.2.2,
we have

lim d(up, Tu,) =0

n—oo
It follows similarly from the proof of Lemma 3.2.2, that u is a fixed point of S. Next, we
have to show that the fixed point w is the unique asymptotic center for each subsequence
{up} of {z,}. On the contrary, we assume that  # u. From Lemma 3.2.1, we deduce that
lim,, o0 d(zp, u) exists. Therefore, by the uniqueness of the asymptotic center, we can see
that

lim sup d(uy, u) < limsup d(u,, )
n—oo n—oo

< limsup d(xy, )

n—oo

< limsup d(xy,, u)

n—oo

= limsup d(up, u)
n—oo

which is contradiction. So u € F(T') is the unique asymptotic center for each subsequence
{un} of {z,,}. This prove that the sequence {z,} A-convergence to a fixed point of 7. [

Theorem 3.2.4. Under the assumption of Theorem 3.2.3, if C' is a compact subset of X, then

the sequence {z,} converges strongly to a fixed point of T'.

Proof. We consider an element e € C'. Because C is a compact set, we can say that there
exists a subsequence {z, } of {z,} such that limy_,~ d(x,,,e) = 0. By Proposition 2.2, we
have

2
lim d(zy,,Te) < 2tath lim d(xy,,Tzy,) + lim d(z,,,e).

k—o0 1-— B k—ro0 k—ro0

From Lemma 3.2.2, we obtain limy_,o(2p,,T%n,) = 0. Then we obtain Te = e, that is
e € F(T). Using Lemma 3.2.1, lim,,_oo d(x,, €) exists and hence {x,} converges strongly to
e. U

Theorem 3.2.5. Let C' be a nonempty closed convex subset of a complete uniformly convex
hyperbolic metric space X with the monotone modulus of uniform convexity nand 7' : C' — C
be a generalized («, §)-nonexpansive typel mapping. Let {z,} be the iterative scheme (3.1)
with real sequences {a,} and {8,} in [p,q| for some p,q € (0,1). Then the sequence {z,}
converges strongly to a fixed point of 7' if and only if

liminf d(x,,, F(T)) = 0.

n—oo

where d(z, F(T)) = inf{d(x,e) : e € F(T)}.

Proof. If the sequence {z,} converges strongly to a point e € F(T'), then lim,, o d(xy,e) =
0. Because 0 < d(zp, F(T)) < d(zp, €), we have lim,,_,oc d(xy, F(T')) = 0.
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Converse: Suppose that liminf, o d(zy, F(T)) = 0. It follows from Lemma 3.2.1 that
limy, o0 d(zp, F(T')) exists and hence lim,, oo d(xy, F(T')) = 0. Therefore, there exist a
subsequence {xy, } of {z,} and a sequence {e} in F(T) such that

1
d(zp,,er) < oF Vk > 1.
By the proof of Lemma 3.2.1, we have

1
d(xnk+17ek+1) S d(xnk7 ek) < 27
which implies that

d(ek+17 ek) < d(ek+17 xnk+1) + d($nk+1 ’ ek)
1 1

9k+1 + ok
1

Qkfl

(3.33) — 0as k — oo.

<

Hence {ex} is a Cauchy sequence in F(T'). By Proposition 2.3, F(T) is closed and so {ej}
converges strongly to e € F/(T'). On the other hand, we have

d(xnk’ e) < d(:L‘nk, elc) + d(ek, 6)

By taking the limit of both sides of this inequality, we obtain that {x,, } converges stronglye
F(T). Because lim,_,o d(zn, €) exists by Lemma 3.2.1, e is the strong limit of {zy,}. O

3.3. Numerical Examples. In this subsection, we see an example of Generalized (a, 3)-

nonexpansive type 1 mapping, which is not nonexpansive mapping.

Example 3.3.1. Let X = R with the usual metric C = [0,00). Define a mappingT : C — C

by

0 z€0,%

Tr = 6 [ 76)
15 TE [g,oo)

Clearly x = 0 is the fized point of T'. Then the following

(1) Because T is not continuous at the point x = %, then T is not nonexpansive mapping.

(2) Now, we prove that T is a generalized («, 3)-nonexpansive mapping type 1 mapping.

For this purpose, let X = %, o= %, 8= 1—73 and the consider the following cases:

(I) Case A:z € [0,1). Then Nz—Tz| =tz < |x—yl|, which gives two possibilities;
(1) Let x < y.Then

1 < — :>é <
ESy—z=> <y

14
(3.34) = yefo.)
(a) Ify € [0,%), then we have

)
Tz —Ty|=0< —

g+ Ja] + =z — gl
=TT gty
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(b) Ify € [, ), then we have

7 1
Tz —Ty| = |— ~ 2yl —
Tz —Ty| = | !713\y|+13 y|+13 —
(2) Let x >y. Then
1 < oy < 2z
S < g e
3 YTY=T
7 7
=yel|0,=-)C|0,=
e o)
which is already included in case (1)(a).
(I) Case B: z € [Z,00). Then
1 6
Nz —Ta| = ~|z — -
3 13
Tz < |
= — €T —
39 Y
Tz
= — < —
39 =" Y
which gives two possibilities:
(1) Let x <y. Then Z <y—a=y>2 =y e [18 o0) C [I,00). o
\va—Tylzflw—yl
5 6x 6y 1
< 2 |12Z _ e —
Sl Yt ‘ EEIR L
(2) Let © > y. Then £ <z —y =z > 3?—27’ = y € [}2,00) which gives two
possibilities;
(a) Ify € [112, 1), then we have
T =Tyl = 12l < 2wl + 5lo] + 15l — o]
T — — x|+ =z —
Y St Tt Y

(b) y € [L,00) is already included in Case (1).

Hence, T is a generalized (o, B)-nonexpansive type 1 mapping with F(T) # ¢, where
_ 5 _

a=r13 =13

4. CONCLUSIONS

The main contributions of our work are:

e We modify the Thakur iteration process into hyperbolic metric space where the
symmetry condition is satisfied.

e We established the weak w?-stability and data dependency results for contraction
mappings.

e We established A-convergence and strong convergence theorems for generalized («, /3)-
nonexpansive type 1 mappings.

e Numerical Examples.
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