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The main aim of this article is that the distance-based
parameters, in particularly the Steiner concept and the
hop domination combine to form interesting results in
graph theory. A subset W of vertices in a graph G
is called the Steiner hop dominating set of G if W is
both a Steiner set and a hop dominating set of G. The
minimum cardinality of a Steiner hop dominating set
of G is its Steiner hop domination number 7,5(G). The
Steiner hop domination number of some special graphs,
such as the middle graph and degree splitting graph of
standard graphs are determined. Also, it is determined
for lollipop graph, Barbell graph and pop barbell graph.

1. INTRODUCTION

By a graph G = (V, E), we mean a finite undirected connected graph without loops or

multiple edges. The order and size of G are denoted by n and m respectively. For basic

definitions and terminologies we refer to [5]. Two vertices u and v are said to be adjacent

if uv is an edge of G. For any vertex v in a graph G, the number of vertices adjacent to v

is called the degree of v in G, denoted by degg(v). A vertex v is called a universal vertez if

degc(v) =n — 1. For any set S of vertices of G, the induced subgraph < S > is the maximal
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subgraph of G with vertex set S. The distance d(u,v) between u and v is the length of a
shortest u — v paths in G and a u — v path of length d(u,v) is called a u-v geodesic.

Many authors have studied this concept with respect to several parameters like domina-
tion, Steiner, etc. In this paper, we study the concept of Steiner hop domination number of a
graphs. For a nonempty set W of vertices in a connected graph G, the Steiner distance d(W')
of W is the minimum size of a connected subgraph of G containing W. Necessarily, each such
subgraph is a tree and is called a Steiner tree with respect to W or a Steiner W-tree. For a
given set W C V(G), there may be more than one Steiner W-tree in G. Let S(W) denote
the set of vertices that lies in Steiner W-trees. Let G be a connected graph with at least 2
vertices. A set W C V(G) is called a Steiner set of G if S(W) = V(G). The Steiner number
s(G) is the minimum cardinality of its Steiner sets and any Steiner set of cardinality s(G) is
a minimum Steiner set of G. The Steiner number of a graph was studied in [6,9,11, 12, 16].

A set S C V of a graph G is a hop dominating set of G if for every v € V — S, there exists
u € S such that d(u,v) = 2. The minimum cardinality of hop dominating set is called the
hop domination number and is denoted by 74 (G), this concept was studied in [3,4,8,13].

The middle graph M(G) of a graph G is defined by the graph which the vertex set is
V(G) U E(G) and the two vertices a,b in the vertex set of M(G) are adjacent in M(G) in
case one the following holds (1) z,y € E(G) and z,y are adjacent in G; (2) z € V(G),
y € E(G), and z,y are incident in G, refer [7]. Let G = (V,G) be a graph with V =
S1US2U...5: UT where each S; is a set of vertices having at least two vertices of the same
degree and T' = V — US;. The degree splitting graph of G denoted by DS(G) is obtained
from G by adding vertices uq, ug, ..., us and joining u; to each vertex of S; for 1 <1 < t, refer
[10, 15].

The lollipop graph is obtained by connecting a complete graph to the path graph with a
bridge. It is denoted by L, 4 or L(p, q).

The vertices of a lollipop graph as two distinct sets.

(i) The vertices of the complete graph K, as {u1, us, ..., up} and

(ii) The vertices of the path graph P, as {v1,va, ..., v4}.

The vertices of Ly, 4 are V(Ly4) = V(K,) UV (P,) = {u1,u2, ..., up, V1, V2, ..., Vg }

A B(p, q) Barbell graph is obtained by joining ¢ — copies of a complete graph K, by a bridge.
It is denoted by B(p, q), we refer [2,14].

A subset W of vertices in a graph G is called the Steiner hop dominating set of G if W is
both a Steiner set and a hop dominating set of G. The minimum cardinality of a Steiner hop
dominating set of G is its Steiner hop domination number v,s(G). A Steiner hop domination
set of size v;,5(G) is said to be a y,s-set of G, refer [1].

The Steiner and hop domination concepts merge to facilitate effective coordination and
path planning for autonomous robots, sensor networks, and drone systems as they cover
specific distances in designated areas. It also helps in transmitting data in network commu-
nications with certain distances and social networks, as well as addressing location allocation
issues [1].

The following Theorems are used in the sequel.

Theorem 1.1. [6,4]

(1) Each extreme vertex of a connected graph G belongs to every Steiner set of G.

(2) No cut vertex of G belongs to any minimum Steiner set of G.
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(3) For a connected graph G, g(G) = 2, if and only if every vertex of G lies in a u — v
diametral path of G.
(4) For a connected graph G, g(G) = 2 if and only if s(G) = 2.

2. STEINER HOP DOMINATION NUMBER OF A MIDDLE GRAPH OF A GRAPH

Proposition 2.1. (1) Each extreme vertex of a connected graph G belongs to every
Steiner hop dominating set of G.
(2) Each universal vertex of a connected graph G belongs to every Steiner hop dominating

set of G.
(3) Let G be a connected graph with at least one universal vertex. Then ys(G) = n.

Theorem 2.2. Let G = M(P,) be the middle graph of the path P,(n > 3). Then y,s(G) = n.

Proof. Let us take the vertices of the path graph P,(n > 3) as v1,v9,...,0,. To obtain
the graph M (P,), let uj,ug,...,un—1 be the added vertices that correspond to the edges
€1, €2, ...,en—1 of P,. Then the vertex set |V (M (P,))| = 2n—1 and the edge set E(M(P,)) =
3n — 4. The graph M(P,) are shown in Figure 1.

Let Z = {v1,v9,...,v5} be the set of all extreme vertices of G. By Proposition 2.1 (1), Z is

U1 V2 U3 Un—1 Un

U1l U2 Up—1

FIGURE 1. The graph M (FP,)

a subset of every Steiner hop dominating set of G as a result, v,5(G) > n. Since for every
x € V(G)\Z there exists y € Z such that d(x,y) = 2, it follows that Z is a Steiner hop
dominating set of G. As a result, y,5(G) = n. O

Theorem 2.3. Let G = M(C,,) be the middle graph of the cycle Cr(n > 3). Then ys(G) =
n.

Proof. Let us take the vertices of the cycle graph C,(n > 3) as v1,v2, ..., Uy, v1. To obtain
the graph M(C,,), let uy,ug, ..., un,u; be the added vertices that correspond to the edges
€1, €, ...,en of Cy. Then the vertex set |V (M(C,,))| = 2n and the edge set E(M(C,)) = 3n.
The graph M (C,,) are shown in Figure 2.

Let Z = {v1,v9,...,v,} be the set of all extreme vertices of G. By Proposition 2.1 (1), Z is
a subset of every Steiner hop dominating set of G as a result, v,5(G) > n. Since for every
x € V(G)\Z there exists y € Z such that d(x,y) = 2, it follows that Z is a Steiner hop
dominating set of G as a result, v,5(G) = n. O

Theorem 2.4. Let G = M (K ,—1) be the middle graph of the star graph Ky ,—1(n > 3).
Then yhs(G) = n.

Proof. Let us take the vertices of the star graph Ki,—i1(n > 3) as z,v1,v2,...,0p—1. To
obtain the graph M (K 1), let uy, ug, ..., up—1 be the added vertices that correspond to the
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FIGURE 2. The graph M (C,)
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FIGURE 3. The graph M (K} 1)

edges e, e, ...,ep—1 Of Ki,—1. Then the vertex set |V (M (K1 p,—1))| = 2n — 1 and the edge
set E(M(Kqp-1)) = % The graph M (K 1) is shown in Figure 3.
Let Z = {v1,v9,...,v5—1} be the set of extreme vertices of G. By Proposition 2.1 (1), Z
is a subset of every Steiner hop dominating set of G as a result, v45(G) > n — 1. Since
S(Z) # V(G), Z is not a Steiner hop dominating set of G as a result, v,5(G) > n. It
is easily observed that x is a subset of every Steiner hop dominating set of G as a result,
Yms(G) > n. Let Z; = Z U {x}. Since S(Z1) = V(G), Z; is a Steiner set of G. Since
d(ui,vj) =2,(1<i<j<n—1)and d(z,v;) =2,(1 <i<n-—1), Z is a hop dominating
set of G. Thereby, it is a minimum Steiner hop dominating set of G as a result, v,5(G) = n.
O

3. THE STEINER HOP DOMINATING OF DEGREE SPLITTING GRAPH OF A GRAPH

Theorem 3.1. Let G = DS(P,,) be the degree splitting graph of the path P,(n > 3). Then

4 ifn=3
(@) =42 ifn=1
n—3 ifn>05.

Proof. Let P, : v1,v2,...,v, be the path graph of order n. Since deg(vi) = deg(v,) = 1 and
deg(v;) = 2 where (2 <1i <n —1), let the two partitions of G be S; = {va,v3,...,v,—1} and
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Sa = {v1,v,}. To obtain DS(P,) for P3, we introduce a vertex u; that corresponds to Sz,
since P is isomorphic to Cy. Also, to obtain DS(P,) for n > 4, we introduce new vertices
w1 and ug which correspond to S; and Sy respectively. Hence V(G) = {u1,v1,v2,v3} and
V(G) = {u1,u2,v1,v2, ..., 05}, where |V(G)| = n+2 for n > 4. The graph DS(P,) are shown
in Figure 4.

Case 1. Let n = 3. Then G = Cy. Therefore, any two antipodal vertices of G is a Steiner

uy

V1 Un

Uz

FIGURE 4. The graph DS(P,)

set of G but not a hop dominating set of G. Hence it follows that V(G) is the minimum
Steiner hop dominating set of G, resulting in v45(G) = 4.

Case 2. Consider n = 4. Let W = {uj,u2}. Since every vertex of G lies in the u; — ug
diametral path, by Theorem 1.1 (3) and (4), s(G) = 2. Since for every u € V(G)\W, there
exists v € W such that d(u,v) = 2, it follows that W is a hop dominating set of G. Therefore,
W is a minimum Steiner hop dominating set of G, resulting in v,s(G) = 2.

Case 3. Let W = V(DS(P,))\{v2, v3,Un,u1,u2}. Then W is a Steiner hop dominating set
of G as a result, v,5(G) < n — 3. We prove 745(G) = n — 3. On the contrary, suppose that
Yhs(G) < n — 4. Then there exists a yps- set W' of G such that Yhs(G) <n —4. Let x be a
vertex of G such that z € W and 2 ¢ W' if © = vy, then S(W') # V(G), which contradicts
itself. If = € {v4, vs, v6, ..., Un—1}. Then W' is not a Steiner hop dominating set of G, which
contradicts itself. As a result, v,5(G) =n — 3. O

Theorem 3.2. Let G = DS(C,,) be the degree splitting graph of the cycle Cp(n > 3). Then
'WLS(G) =n+1.

Proof. To obtain DS(C),) for n > 3, define a cycle as vy, va, ..., v,. We introduce a new vertex
u1, which is adjacent to each and every vertex in C,,. Hence V(G) = {u1, v1,v2, ..., vy}, where
[V(G)| =n+1 for n > 3. The graph DS(C,,) are shown in Figure 5. It is easily observed
that DS(C,,) is isomorphic to the wheel graph W,,, since DS(C,,) contains a universal vertex
by Proposition 2.1 (3), y4s(G) = n + 1. O
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U4
FIGURE 5. The graph DS(C),)

Theorem 3.3. Let G = DS(K, ) be the degree splitting graph of the bipartite graph K, s(2 <
r <s). Then

2 ifr#s

'Yhs(G) = )
2r+1 ifr=s.

Proof. Consider K, ¢ with V(K ;) = {xq, /1 < a < r,1 <b < s}. Let the two bipartite
sets of G be X = {z1,29,...,2,} and Y = {y1,y2,...,ys}. The following two cases are
characterized.
Case 1. r # s. Let the added vertices be u; and us, where u; is adjacent to every x, and
ug is adjacent to every y,. Each vertex x, and ¥, is of the same degree in this case, where
deg(zq) # deg(yp), (1 < a <r)and (1 <b <s). Thus, the graph DS(K, ) is obtained.
Then DS(K, ) = {zq, yp, u1,u2/1 <a <71 <b<s}and DS(K, ;) =r+s+2. The graph
DS (K, ;) is shown in Figure 6.

Let Z = {u1,uz}. Then S(G) = V(G) and Z is a subset of every Steiner hop dominating

U1

U2

FIGURE 6. The graph DS(K, ;)

set of G. As a result, v,5(G) = 2. Since for every x € V(G)\Z there exists y € Z such that
d(xz,y) = 2, it follows that Z is a Steiner hop dominating set of G resulting in, y,5(G) = 2.
Case 2. r = s. Let the added vertex be u; that is adjacent to z, and v, where 1 < a <r
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and 1 < b < s. In this case each vertex has the same degree. Thus, the graph DS(K, ) is
obtained. Then DS(K,,) = {zq,yp,u1/1 < a <7,1 <b < s}and DS(K,,) =r+s+ 1.
The graph DS(K,,) is shown in Figure 7.

Since u; is the universal vertex of G, by Proposition 2.1 (2), yns(G) = 2r + 1.

FIGURE 7. The graph DS(K, )

O

Theorem 3.4. Let G = DS(K1,,—1) be the degree splitting graph of the star graph K1,,—1 (n >
3). Then yhs(G) =n+ 1.

Proof. To obtain the graph DS(K7,,—1 ), let x be the full vertex of the star graph K7,,—1 and
u1 is the equivalent vertex that is introduced. Let v1,v2, ..., v,—1 be the end vertices. Clearly,
V(DS(Ki-1)) = {x,v1,v2,v3,...,0p_1,u1 }. Therefore, |V(DS(Ki,,—1))] =n+ 1. The
graph DS(Kj,,—1 ) are shown in Figure 8.

Let W = V(G), since G is the complete bipartite graph Ky ,_1, by Theorem 3.3, W is the

X

(%1 Un—1

u1
FIGURE 8. The graph DS(K 1)

unique Steiner hop dominating set of G, resulting in v,5(G) =n + 1. O

Theorem 3.5. Let G = DS(B, ) be the degree splitting graph of the bi-star graph By s(n >
3). Then
2 ifr#s

sG:
el G) 3 ifr=s

Proof. The bi-star graph B, s is characterized by the graph V (B, ) = {z,y,Za, yp/1 < a <
r,1 < b < s}. In this cases, the vertices that are next to x and y are z, and ys, respectively.
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Uz

FIGURE 9. The graph DS(B,,)

Now, the following two cases are characterized.

Case 1. r = s. Let u; and ug be the corresponding vertices that are introduced to obtain
DS(By,). Hence, V(DS(B,,)) = {z,y,%a,yp,u1,u2/1 < a < r,1 <b < r}. Therefore,
[V(DS(By))| = 2r + 4. The graph DS(B,.,) is shown in Figure 9.
Let Z = {u1} be the extreme vertex of G. Then by Proposition 2.1 (1), Z is a subset of
every Steiner hop dominating set of G. Let Z; = {uy,u2}. Since every vertex of G lies in the
u1 —ug diametral path, by Theorem 1.1 (3), g(G) = 2. Hence, by Theorem 1.1 (4), s(G) = 2.
Therefore, Z; is a Steiner set of G. Since for every u € V(G)\Z;, there exists v € Z; such
that d(u,v) = 2, it follows that Z; is a hop dominating set of G. Therefore, Z; is a Steiner
hop dominating set of G resulting in, y,5(G) = 2.
Case 2. r # s. Let u; be the added vertex that is introduced to obtain DS(B, ;). Hence,
V(DS(Brs)) ={z,y, e, Yp,u1/1 < a <r,1 <b < s}. Therefore, [V(DS(B,s))| =r+ s+ 3.
The graph DS(B, ) is shown in Figure 10.

It is easily observed that no two element subsets of V(G) is a Steiner hop dominating set

I Ys

u1

F1GURE 10. The graph DS(B, ;)

of G, as a result, v,5(G) > 3. Let W = {uy,z,y}. Then every vertex of G lies in a Steiner
W-tree of G. Hence it follows that S(W) = V(G). Therefore W is a Steiner set of G. Since
for every u € V(G)\W, there exists v € W such that d(u,v) = 2, it follows that W is a
hop dominating set of G. Therefore W is a Steiner hop dominating set of G resulting in,
Yhs(G) = 3. O
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Theorem 3.6. Let G = DS(K; + P,_1) be the degree splitting graph of the fan graph
K1+ P,—1(n >4). Then

2 ifn=4
Yhs(G) = 3 ifn=>5
n—3 ifn>6.

Proof. The fan graph F,,(n > 4) is characterized by V(P,—1) = {v1,v2, .., vp—1} and V(K;) =
x. To obtain a graph G, we introduce the vertices u; and us be the corresponding vertices.
Then V(G) = {z,v1,v2, .., Un—1,u1,u2}. Hence |V(G)| = n+ 2. The graph DS(F,) is shown
in Figure 11.

Case 1. Let n = 4. Then W = {uj,us} is a minimum Steiner hop dominating set of G,

Ul U vnil
Uz

FIGURE 11. The graph DS(F,)

resulting in v,5(G) = 2.

Case 2. Let n = 5. Then W = {z,uj,us} is a minimum Steiner hop dominating set of G,
resulting in v;,5(G) = 3.

Case 3. Let W = V(DS(F,))\{z,v1,v2,vp—2,0p—1}. Then W is a Steiner hop dominating
set of G as a result, 145(G) < n — 3. We demonstrate v,5(G) = n — 3. On the contrary,
suppose that 745(G) < n —4. Then there exists a vyps-set W' of G such that Yhs(G) < n—4.
Let y be a vertex of G such that y € W, y ¢ W' if y = uy, then S(W') # V(G), which
contradicts itself. If y € {ug,vs,v4,...,vp—3}. Then W' is not a Steiner hop dominating set
of G, which contradicts itself. Therefore, y,s(G) =n — 3. O
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4. THE STEINER HOP DOMINATION NUMBER OF LOLLIPOP GRAPH, BARBELL GRAPH AND
Popr BARBELL GRAPH

Theorem 4.1. Let G = L(p, q) be the lollipop graph (p > 3). Then

p ifqg—1=1
p+1 ifq—1=0o0r2or4
ne(G) = p+2 z:fq—1:307’5
2s+p ifq—1=6s+1
2s+p+1 ifgq—1=06s or6s+2 orbs+4
2s+p+2 ifqg—1=6s+3 orbs—+5.

u9 U1
D
us Up xr (%] () Vg_o Uq_4

FIGURE 12. The graph L(p, q)

Proof. Let G can be splitted into two subgraphs namely Gluy, us, ..., up, ] = G1 and G[vy, va,
..yVg—1] = Py_,. The graph L(p,q) is shown in Figure 12. First we find the Steiner hop
domination number of P, . Let it be y,5(P,_,). Since Z = {uy,ug, ..., up—1} is the set of all
extreme vertices of G by Proposition 2.1 (1), Z is a subset of every Steiner hop dominating
set of G. Hence it follows that v,s(G) =p — 1 + yns(Py_, ).

Case 1. ¢ —1=1. Let ZU {v1} is the set of all extreme vertices of G. Then by Theorem
1.1 (1), ZU{v1} is a subset of every Steiner set of G. Since u, and z are cut vertices of G,
by Theorem 1.1 (2), {up,,z} ¢ W. Consequently, W = Z U {v;} is a minimum Steiner set of
G. Since d(up,v1) = d(ui,z) =2, W is a hop dominating set of G. Thus, W is a minimum
Steiner hop dominating set of G resulting in, v45(G) = p.

Case 2(a). ¢—1 = 0. Let ZU {z} is the set of all extreme vertices of G. Then by
Theorem 1.1 (1), Z U {x} is a subset of every Steiner set of G. Consequently, Z U {z} is
a minimum Steiner set of G. Since d(z,up) # 2, {z,u,} is the hop dominating set of G.
Thus, Wi = {u1,us,...,up,x} is a minimum Steiner hop dominating set of G resulting in,
Yhs(G) =p + 1.

Case 2(b). ¢—1 = 2. Let Z U {va} is the set of all extreme vertices of G. Then by
Theorem 1.1 (1), Z U {va2} is a subset of every Steiner set of G. As a result, Z U {v2} is a
minimum Steiner set of G. Since d(vi,up) = d(ve,x) = 2, {vi,v2} is the hop dominating set
of G. Thus, Wo = Z U {v1,v2} is a minimum Steiner hop dominating set of G resulting in,
Yhs(G) =p+ 1.

Case 2(c). ¢—1 =4. Let ZU{v4} is the set of all extreme vertices of G. Then by Theorem
1.1 (1), ZU{v4} is a subset of every Steiner set of G. As a result, Z U {v4} is a minimum
Steiner set of G. Since d(v4,v2) = d(vi,up) = 2, {z,v1,v4} is the hop dominating set of
G. Thus, W3 = Z U {v1,v4} is a minimum Steiner hop dominating set of G resulting in,
Yhs(G) =p+ 1.
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Case 3(a). ¢—1 = 3. Let ZU{vs3} is the set of all extreme vertices of G. Then by Theorem
1.1 (1), Z U{vs} is a subset of every Steiner set of G. Therefore, Z U {v3} is a minimum
Steiner set of G. Since d(x,v2) = d(vs,v1) = d(v1,up) = 2, {x,v1} is the hop dominating set
of G. Thus, Wy = Z U {vy,vz,v3} is a minimum Steiner hop dominating set of G resulting
in, yhs(G) = p+2.

Case 3(b). ¢—1 = 5. Let ZU {uvs} is the set of all extreme vertices of G. Then by
Theorem 1.1 (1), Z U {vs} is a subset of every Steiner set of G. As a result, Z U {vs} is a
minimum Steiner set of G. Since d(z,v2) = d(v1,up) = d(va, u2) = 2, {z,v1,v4,v5} is the
hop dominating set of G. Thus W5 = Z U {v1,v4,v5} is a minimum Steiner hop dominating
set of G resulting in, y,5(G) = p + 2.

Case 4. ¢ —1 = 6s+1,(s > 1). First, we demonstrate that v,s(P, ,) = 2s + 1. Let
We = {v1,v4,v7, ..., V6541} is a Steiner hop dominating set of P, | resulting in, v,s(FP,_,) <
|Ws| = 25 + 1. We demonstrate that, y45(FP,_,) = 2s + 1. If s = 1, then the outcome is
clear. So, let s > 2. On the contrary, let us proceed by assuming that v,s(FP,_,) < 2s. Then
there exists a yps-set W’ of P, | such that |W’| < 2s. Hence, there exists v € Wg such
that v ¢ W’. Therefore, v is a cut vertex of P, . By Theorem 1.1 (1), {v1,v6s41} € W'.
Thereby it follows from Theorem 1.1 (2), W’ is a Steiner set of P, ,. Since v ¢ W', there
does not exist u € W’ such that d(u,v) = 2. Hence, W' is not a hop dominating set of P, |,
which contradicts itself. As a result, W’ is not a Steiner hop dominating set of P, . Thus
Yhs(Py_,) = 25+ 1. Now, it follows that v45(G) = 2s + p.

Case 5(a). ¢ — 1 = 6s,(s > 1). First, we demonstrate that vy,s(FP,_,) = 2s + 2. Consider
Wy = {v1,v4,07,...,v6s—2} U {V6s—1,V6s} is a Steiner hop dominating set of P, , resulting
in, yhs(Py_,) < |[Wr| = 25 + 2. We demonstrate that, y,5(P;_,) = 2s + 2. If s = 1, then
the outcome is clear. So, let s > 2. On the contrary, let us proceed by assuming that
Yhs(Pg_,) < 2s+ 1. Then there exists a yps-set W] of P, | such that [W{| < 2s+ 1. Hence,
there exists v € W7 such that v ¢ W/{. Therefore, v is a cut vertex of P, ,. By Theorem 1.1
(1), {v1,v6s} € W{. Hence it follows from Theorem 1.1 (2), W7 is a Steiner set of P, . Since
v ¢ W1, there does not exist u € W7 such that d(u, v) = 2. Thus, W] is not a hop dominating
set of P, |, which contradicts itself. As a result, W7 is not a Steiner hop dominating set of
P, .. Hence yu5(P;_,) = 25+ 2. Now, it follows that v,s(G) =2s+p + 1.

Case 5(b). ¢g—1 =6s+2, (s > 1). First, we demonstrate that y,s(P,_,) = 2s+2. Let Wy =
We U {vgs42} is a Steiner hop dominating set of P, , resulting in, y4s(FP,_,) < |[Wg| = 25+ 2.
We demonstrate that, y,s(FP,_,) = 2s + 2. If s = 1, then the outcome is clear. So, let s > 2.
On the contrary, let us proceed by assuming that v,s(F,_,) < 2s + 1. Then there exists a
Yhs-set W4 of P, | such that [Wj| < 2s + 1. Hence, there exists v € Wy such that v ¢ W3.
Therefore, v is a cut vertex of P, ,. By Theorem 1.1 (1), {v1, ves+2} € W. Hence it follows
from Theorem 1.1 (2), W3 is a Steiner set of P, ,. Since v ¢ W3, there does not exist u € Wj
such that d(u,v) = 2. Hence, W} is not a hop dominating set of P, ,, which contradicts
itself. As a result, I is not a Steiner hop dominating set of P, ,. Hence y;5(P;_,) = 2s+2.
Now, it follows that y,s(G) = 2s + p + 1.

Case 5(c). ¢ —1 =6s+4,(s > 1). First, we demonstrate that vy,s(FP,_,) = 2s + 2. Let
Wy = {v1,v4,v7, ..., V6544} is a Steiner hop dominating set of P, | resulting in, yps(FP,_,) <
|Wy| = 25 +2. We demonstrate that, y,s(F;_,) = 2s+2. If s = 1, then the outcome is clear.
So, let s > 2. On the contrary, let us proceed by assuming that v4s(P;_,) < 2s + 1. Then
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there exists a yp,5-set Wé of P, , such that |W§| < 25 4+ 1. Hence, there exists v € Wy such
that v ¢ Wj. Therefore, v is a cut vertex of P, ,. By Theorem 1.1 (1), {v1,v6s44} € W5.
Hence it follows from Theorem 1.1 (2), W3 is a Steiner set of P, ,. Since v ¢ Wj, there
does not exist u € W4 such that d(u,v) = 2. Thus, W is not a hop dominating set of P, |,
which contradicts itself. As a result, W5 is not a Steiner hop dominating set of P, ,. Hence
Yhs(Py_,) = 25+ 2. Now, it follows that v,5(G) = 2s +p + 1.
Case 6(a). ¢ — 1 =65+ 3,(s > 1). First, we demonstrate that vy,s(F,_,) = 2s + 3. Let
Wio = WsU{ves4+3} is a Steiner hop dominating set of P, , resulting in, y45(P;_,) < |Wio| =
2s + 3. We demonstrate that, v,s(F,_,) = 2s + 3. If s = 1, then the outcome is obvious.
So, let s > 2. On the contrary, let us proceed by assuming that v4s(P;_,) < 2s + 2. Then
there exists a yps-set Wy of P, | such that |[Wj| < 2s+ 2. Hence, there exists v € Wiy such
that v ¢ W). Therefore, v is a cut vertex of P, ,. By Theorem 1.1 (1), {vi,v6s43} € WJ.
Hence it follows from Theorem 1.1 (2), W} is a Steiner set of P, ,. Since v ¢ Wy, there does
not exist uw € Wy such that d(u,v) = 2. Hence, W} is not a hop dominating set of P, ,,
which contradicts itself. As a result, W} is not a Steiner hop dominating set of P, ,. Thus
Yhs(Py_,) = 25+ 3. Now, it follows that v,5(G) = 2s +p + 2.
Case 6(b). ¢ —1 = 65+ 5,(s > 1). First we demonstrate that v,5(P,_,) = 25 + 3. Let
W11 = WyU{vesss} is a Steiner hop dominating set of P, | resulting in v,5(P,_,) < [Wi1| =
2s + 3. We demonstrate that, y,5(P,_,) = 25 + 3. If s = 1, then the outcome is obvious.
So, let s > 2. On the contrary, let us proceed by assuming that vy,s(FP,_,) < 2s + 2. Then
there exists a yps-set W of P,_, such that |W!| < 2s + 2. Hence, there exists v € Wi; such
that v ¢ W{. Therefore, v is a cut vertex of P, ,. By Theorem 1.1 (1), {vi,v6s45} € WZ.
Hence it follows from Theorem 1.1 (2), WY is a Steiner set of P, ,. Since v ¢ W/, there does
not exist uw € W such that d(u,v) = 2. Hence, W/ is not a hop dominating set of P, ,,
which contradicts itself. As a result, WY is not a Steiner hop dominating set of P, ,. Thus
Yhs(Py_.) = 25+ 3. Now, it follows that v,s(G) = 2s + p + 2.

O

Theorem 4.2. Let G = B(p,q), (p > 2) and (¢ > 3) be the Barbell graph. Then v,s(G) =
p(g—1).

Proof. Let B(p, q) be a barbell graph. Let the vertices of B(p, q) be V(G) = {v'1,v%, ....,v';}
where (i = 1,2,...,p). Then |V(G)| = pq and |E(G)| = p(@) + 1. The graph B(p,q) is
shown in Figure 13.

Let W = {{v}y,vlg, oy vlgo1} U {021, 0%, o, 0?21} U U {oP, 0P, .., vP g1 }} be the set

of all extreme vertices of G, Then by Proposition 2.1 (1), W is a subset of every Steiner hop
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dominating set of G and so y,5(G) > p(g—1). Since S(W) = V(G) and d(u,v) = 2 for every
u € Wandv ¢ W, W is a Steiner hop dominating set of G resulting in, v,s(G) = p(¢—1). O

Definition 4.3. The pop barbell graph is the graph obtained by joining two copies of a
complete graph to a path graph by a bridge. It is denoted by PB(p, q).

The vertices of a pop barbell graph as:

(a) The vertices of two copies of a complete graph K}, as {u1, uz, ..., up} and K, as {u1’, uo/, ...,
up'}.

(b) The vertices of the path graph P, as {v1,v,...,v4}.

(c) The vertices of PB(p,q) are V(PB(p,q)) = V(K,) UV(K,) UV (F,) =

{ur, ug, ..., up, v1, v, .., vg, ur’ uo’, . wy'}

(d) The first vertex v; of the path graph P, is connected to the last vertex w, of the complete
graph K, and the last vertex v, of the path graph P, is connected to the last vertex w,’ of
the complete graph K]’), as shown in the Figure 14.

U2 Uy Ull U2/
D q
us Up V1 V9 V3 Vq_y Vq Up, USI

FIGURE 14. The graph BP(p,q)

Theorem 4.4. Let G = PB(p,q) be the pop barbell graph (p > 3). Then

2p—1 ifqg—2=1
2p ifg—2=0o0r2or4
(G) = 2p+1 ifg—2=3o0rb
2s+2p—1 ifq—2=06s+1
2s+2p ifq—2=6s or 6s+ 2 or 6s+4
2s+2p+1 ifq—2=06s+3 or6s+5.

Proof. Let G can be splitted into three subgraphs, namely Gluy, ug, ..., up, x] = G1, Gluy’, ud/,
oy Y] = Go and Glvy,ve, ..., vg—2] = P,_,. The graph BP(p,q) is shown in Figure 15.

First, we find the Steiner hop domination number of P, ,. Let it be y,4(P;_,). Since
Z = {u1,uz, ..., up—1,u1’,u2’, ..., up—1'} is the set of all extreme vertices of G by Proposition
2.1 (1), Z is a subset of every Steiner hop dominating set of G. Hence, it follows that
Yhs(G) = 2p — 2 4 Yhs(Py_,)-

Case 1. ¢ —2 = 1. Since d(vi,up) = d(vi,u,’) = 2, {v1} is a subset of Steiner hop
dominating set of G as a result, 1,5(G) >2p—24+1=2p—1. Let W = ZU {v1}. Then W
is a minimum Steiner hop dominating set of G resulting in, v45(G) = 2p — 1.

Case 2(a). ¢ —2 = 0. Since d(y,up) = d(x,u,") = 2, either {uy, z} or {z,y} or {y,u,'} or
{up,up'} is a subset of Steiner hop dominating set of G as a result, y45(G) > 2p — 2 + 2 = 2p.
Let W1 = Z U {x,y}. Then W7 is a minimum Steiner hop dominating set of G resulting in,



14 D. Abisha and S. Chandra Kumar

U2 (1 uy’ ug’
] q
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F1GURE 15. The graph BP(p,q)

Yns(G) = 2p.

Case 2(b). ¢—2 = 2. Since d(v1, up) = d(ve, up’) = 2, either {up, va} or {v1,v2} or {vy, u,'}
is a subset of Steiner hop dominating set of G with the result that, v45(G) > 2p — 2 + 2 = 2p.
Let Wy = Z U {vy,v2}. Then Wy is a minimum Steiner hop dominating set of G resulting
in, ys(G) = 2p.

Case 2(c). ¢ —2 = 4. Since d(vi,up) = d(va,up’) = 2, {vi,v4} is a subset of Steiner hop
dominating set of G with the result that, v45(G) > 2p — 2+ 2 = 2p. Let W3 = Z U {v1,v4}.
Then W3 is a minimum Steiner hop dominating set of G resulting in, v,5(G) = 2p.

Case 3(a). ¢ —2 = 3. Since d(vi,up) = d(vs,up’) = d(ve,z) = 2, either {uy,x,v3} or
{up, x,up'} or {v1,v2,v3} or {v1,y,up'} or {up,y,uy'} or {z,v1,u,} or {z,v1,v3} or {v1,v3,y}
or {v1,v2,up’'} or {up,vs,y} or {upy,ve,v3} is a subset of Steiner hop dominating set of G
with the result that v,5(G) >2p—2+3 =2p+ 1. Let Wy = Z U {v1,v2,v3}. Then Wy is a
minimum Steiner hop dominating set of G resulting in, y,5(G) = 2p + 1.

Case 3(b). ¢ —2 = 5. Since d(vi,up) = d(vs,up’) = d(va,v2) = 2, either {up,vs,v5} or
{v1,v2,v5} or {vi,v2,up’'} or {v1,v4,u,'} or {vi,va,v5} or {up, v, v5} is a subset of Steiner
hop dominating set of G as a result, v,5(G) > 2p—2+3 =2p+1. Let W5 = ZU{vy1,v4,v5}.
Then W; is a minimum Steiner hop dominating set of G resulting in, v,5(G) = 2p + 1.
Case 4. ¢ —2 = 6s+ 1,(s > 1). First, we demonstrate that v,s(P, ,) = 2s + 1. Let
Wes = {v1,v4,07, ..., U6s41} is a Steiner hop dominating set of P, , resulting in v,s(P;_,) <
|[Ws| = 25 + 1. We demonstrate that, y4s(P;_,) = 2s + 1. If s = 1, then the outcome is
clear. So, let s > 2. On the contrary, let us proceed by assuming that v,s(P,_,) < 2s. Then
there exists a yps-set W’ of P, , such that |W’| < 2s. Hence, there exists v € Wg such
that v ¢ W’. Therefore, v is a cut vertex of P, ,. By Theorem 1.1 (1), {v1,v6s41} € W'.
Hence it follows from Theorem 1.1 (2), W' is a Steiner set of P, ,. Since v ¢ W’, there does
not exist u € W’ such that d(u,v) = 2. Hence, W’ is not a hop dominating set of P, ,,
which contradicts itself. As a result, W’ is not a Steiner hop dominating set of P, ,. Thus
Yhs(Py_,) = 25+ 1. Now, it follows that v,5(G) = 25 + 2p — 1.

Case 5(a). ¢ —2 = 6s,(s > 1). First we demonstrate that vy,s(FP,_,) = 25 + 2. Let
Wy = {v1,v4,v7,...,v6s—2} U {vV6s—1,V6s} is a Steiner hop dominating set of P, , resulting
in yps(Py_,) < |Wr| = 2s + 2. We demonstrate that, v,s(P,_,) = 2s +2. If s = 1, then
the outcome is obvious. So, let s > 2. On the contrary, let us proceed by assuming that
Yhs(Py_,) < 25+ 1. Then there exists a yps-set W] of P, , such that [W7| < 2s+ 1. Hence,
there exists v € W7 such that v ¢ W{. Therefore, v is a cut vertex of P, ,. By Theorem
1.1 (1), {v1,v6s} € W{. Hence it follows from Theorem 1.1 (2), W7 is a Steiner set of P, ,.
Since v ¢ W/, there does not exist u € W] such that d(u,v) = 2. Hence, W] is not a
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hop dominating set of P, ,, which contradicts itself. Consequently, W7 is not a Steiner hop
dominating set of P, ,. Thus v,s(P;_,) = 25 + 2. Now, it follows that v,5(G) = 2s + 2p.
Case 5(b). ¢ —2 = 65+ 2,(s > 1). First we demonstrate that v,5(P,_,) = 25 + 2. Let
Wgs = We U {vest2} is a Steiner hop dominating set of P, , resulting in y45(FP,_,) < |Ws| =
25 + 2. We demonstrate that, y,5(P,_,) = 2s + 2. If s = 1, then the outcome is obvious.
So, let s > 2. On the contrary, let us proceed by assuming that v,s(FP,_,) < 2s + 1. Then
there exists a yps-set Wy of P, , such that W3] < 2s+ 1. Hence, there exists v € Wy such
that v ¢ Wj. Therefore, v is a cut vertex of P, ,. By Theorem 1.1 (1), {vi,ves42} € W5.
Hence it follows from Theorem 1.1 (2), W3 is a Steiner set of P, ,. Since v ¢ W3, there does
not exist uw € Wj such that d(u,v) = 2. Hence, W} is not a hop dominating set of P, ,,
which contradicts itself. As a result, W7 is not a Steiner hop dominating set of P, ,. Thus
Yhs(Py_o) = 25 + 2. Now, it follows that v,s(G) = 2s + 2p.

Case 5(c). ¢ —2=06s+4,(s > 1). First we demonstrate that the Steiner hop dominating
set of Yps(Py_,) = 25+ 2. Let Wy = {v1,v4,v7, ..., V6s44} is a Steiner hop dominating set of
) < |Wy| = 2s + 2. We demonstrate that, y,5(P;_,) = 2s + 2. If
s = 1, then the outcome is clear. So, let s > 2. On the contrary, let us proceed by assuming
that v,5(P,_,) < 2s + 1. Then there exists a y,s-set W5 of P, , such that |[Ws| < 2s + 1.
Hence, there exists v € Wy such that v ¢ Wj. Therefore, v is a cut vertex of P, ,. By
Theorem 1.1 (1), {v1,v6s4+4} € W5. Hence it follows from Theorem 1.1 (2), W3 is a Steiner
set of P, _,. Since v ¢ W3, there does not exist u € W4 such that d(u,v) = 2. Hence, W3 is
not a hop dominating set of P, ,, which contradicts itself. As a result, W3 is not a Steiner
_,) = 2s+2. Now, it follows that v,s(G) = 2s + 2p.
Case 6(a). ¢ —2=06s+3,(s > 1). First we demonstrate that the Steiner hop dominating
set of yns(Py_,) = 25+ 3. Let Wig = Ws U {vest3} is a Steiner hop dominating set of P, ,
resulting in v,5(Py_,) < [Wig| = 25 + 3. We demonstrate that, v,s(P,_,) =2s+3. If s =1,
then the outcome is clear. So, let s > 2. On the contrary, let us proceed by assuming that
Yhs(Py_5) < 25+ 2. Then there exists a yps-set Wy of P, , such that [Wj| < 2s + 2. Hence,
there exists v € Wi such that v ¢ Wj. Therefore, v is a cut vertex of P, ,. By Theorem
1.1 (1), {v1,v6s43} € Wj. Hence it follows from Theorem 1.1 (2), W is a Steiner set of
P, ,. Since v ¢ Wy, there does not exist u € Wy such that d(u,v) = 2. Hence, W is not
a hop dominating set of P, ,, which contradicts itself. As a result, Wy is not a Steiner hop
dominating set of P, ,. Thus, y4s(P,_,) = 25+ 3. Now, it follows that v,s(G) = 2s + 2p + 1.
Case 6(b). ¢ —2=06s+5,(s > 1). First we demonstrate that the Steiner hop dominating
set of yps(Py_,) =25+ 3. Let W11 = Wy U {vesy5} is a Steiner hop dominating set of P, ,
resulting in, y45(Py_,) < |[Wi1| = 2s 4+ 3. We demonstrate that, vps(P,_,) =2s+3. If s =1,
then the outcome is clear. So, let s > 2. On the contrary, suppose that v,4(P,_,) < 2s + 2.
Then there exists a ys-set W¢ of P, , such that [W{| < 2s+ 2. Hence, there exists v € Wy
such that v ¢ WY{. Therefore, v is a cut vertex of P, ,. By Theorem 1.1 (1), {v1, vgs45} € WE.
Hence it follows from Theorem 1.1 (2), WY is a Steiner set of P, ,. Since v ¢ W, there does
not exist u € W} such that d(u,v) = 2. Hence, W/ is not a hop dominating set of P, ,,

P, , resulting in y,(F,

—2

hop dominating set of P, ,. Thus, y4s(F,

which contradicts itself. As a result, WY is not a Steiner hop dominating set of P, ,. Thus,
Yhs(Py_,) = 25+ 3. Now, it follows that v,5(G) = 2s + 2p + 1.
O
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5. CONCLUSIONS

In this article, the Steiner hop domination number for some special graphs was generalized.
This concept is also derived for the lollipop graph, the barbell graph. Also, here a new graph
formed by combining them, as the pop barbell graph, which is defined and generalized.

Real world Applications

In CCTYV placement, Steiner concept helps to calculate the minimum number of cameras
needed to cover all areas this results in minimum costs and resource usage and hop domi-
nation concept helps in area coverage with certain distance (each within a distance 2). Also
the cameras are liked together to maintain a functional, connected network.

In wireless networks, Steiner concept helps in forming network routes and hop domination
concept helps in transmitting the data for communication with certain distance. Thus, this

concept helps in real world solving problems in various fields.
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