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1. INTRODUCTION

One of the most important and applicable issues in mathematics is finding closures of a
binary relation. For instance, in fundamental relations in algebraic hyperstructures (such as
the § relation and its transitive closure, 5*), we need to compute the transitive closure of
a relation defined on an algebraic hyperstructure [4]. The closure of a binary relation has
a general definition. But three types of closures are more important and practical than the
rest, namely: reflerive, symmetric and transitive closures.

Finding the reflexive and symmetric closures of a binary relation R on a set A is easily
obtained as R U {(a,a)la € A} and R U {(b,a)|(a,b) € R} respectively, but obtaining the
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transitive closure is not as easy as the previous two closure. Look at the Example 1.1(Ref.
[6, p. 629]).

Ezample 1.1. Let R = {(1,3),(1,4),(2,1),(3,2)} be a relation on the set A = {1,2,3,4}. We
can see the relation R is not transitive. We have (1,2),(2,3),(2,4),(3,1) ¢ R. By adding
these pairs to R we will not have a transitive relation, because the resulting relation contains
the pairs (3,1) and (1,4) but does not contain the pair (3,4).

Example 1.1 shows that finding the transitive closure is not as simple as the other two
closures. Therefore, finding the transitive closure will be more complicated. Theorem 3.11
shows a primitive method that we can use to find the transitive closure of a binary relation.
Also, theorem 3.11 shows that finding the transitive closure requires more computations than
the other two closures.

Algorithm 3.1 and Algorithm 3.2, based on Theorem 3.11, compute the transitive closure
of a binary relation. Default assumption in this paper is that sets are finite. Algorithm 3.1
deals with the matrix form of a relation, while Algorithm 3.2 deals directly with members
of the relation. Algorithm 3.3 is a detailed form of Algorithm 3.2, so that it can be easily
implemented in mathematical software or programming languages.

Considering Algorithm 3.1 or Algorithm 3.2 shows that computing the transitive closure
of a binary relation requires a large amount of computations, and this has caused efforts
to find a faster algorithm. The result of these efforts is an algorithm known as Warshall’s
algorithm. Warshall’s algorithm is used in two equivalent topics: finding the shortest path in
a graph and finding the transitive closure of a binary relation. This algorithm was discovered
by Roy[7](1959) and Warshall [9](1962) ([3, pp. 330-331 and 353-356] and [10, 1]). Our main
goal in this paper is to find the transitive closure of a binary relation, so we exclude the
shortest path problem. The best-known transitive closure algorithm is Warshall’s algorithm,
which is given in many textbooks (e.g. [2, p. 19] and [8, p. 263]).

There are two methods for computing the transitive closure of a binary relation. In first
method, first the zero—one matrix of the desired relation is created. Then the matrix of
transitive closure of the relation is obtained. Finally, the transitive closure of the relation is
obtained from the matrix. In second method, by using set operators, such as adding member
to a set and union of sets, the transitive closure will be computed directly. The advantage
of the latter method is that the transitive closure is computed directly without the need for
matrix computations.

Based on research done by the authors of the paper, the existing algorithms obtaining the
transitive closure of a relation use first method, and indeed, no algorithm was found based
on second method yet.

In this paper, we try to compute the transitive closure of a binary relation using second
method and present Algorithm 3.2 and set-theoretic form of Warshall’s algorithm (Algorithm
4.2). These two algorithms are new and presented in two simple and detailed modes as well
as their order of time complexity based on RAM model. Algorithm 3.2 is the set-theoretic
form of Algorithm 3.1, and Algorithm 4.2 is the set-theoretic form of Warshall’s algorithm
(Algorithm 4.1).

Since most mathematical software and programming languages strongly support set-
theoretic instructions (such as algebraic operations on sets, including union, intersection,

etc.) and execute these instructions at an appropriate speed, and since such instructions
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allow for the direct programming of set-theoretic pseudocode in these environments; with-
out the need for converting sets to matrices and vice versa; it seems necessary to develop
algorithms for computing closures of binary relations in set-theoretic form. This is a key
motivation for this paper. The purpose of the algorithms presented in this paper is to
enable mathematical programmers to implement algorithms involving closure applications

more conveniently within their own code.

2. PRELIMINARIES

In this section, we recall some definitions and properties of binary relations. The content
of this section is mainly adopted from [6, 5] with slight changes. Preliminary definitions
in set theory, group theory, ring theory and matrices are assumed to be known, but some
special definitions are mentioned. It should be noted that the proofs of the propositions and
theorems of this section and the following sections are presented in [6, pp. 624-636] and
therefore omitted, but the proofs of the new propositions and theorems are presented.

2.1. Binary Relations And Properties. Let A and B be non-empty sets. Every subset
of A x B is defined as a binary relation from A to B.

Since we use only binary relations, if there is no ambiguity, we remove the word binary
and only use the word relation instead of binary relation.

A relation R on a set A is defined as R € A x A. The relation R on a set A is called
transitive if from (a,b), (b, c) € R follows that (a,c) € R, for every a,b,c € A.

Let R and S are relations that R C A x B and S C B x C. The composite of R and S is
define as follow:

SoR={(a,c) € Ax C | 3be B such that (a,b) € R and (b,c) € S}.

This definition yields the composition of relations is associative, that is, if R, S and T
are three relations on A, then we have T'o (So R) = (T'o S) o R. Now, let A = {ay,...,a,}
be a finite set of cardinality n, and let R(4) = {R | R C A x A} denotes the set of all
binary relations on A. Since the composition of relations is associative, it yields (R(A), o) is
a semigroup.

Let R be a relation on the set A. We define the powers R", for n =1,2,3,..., as follow:

R'=R
R = R"o R.

2.2. Representing Relations. We can use several methods to represent relations on finite
sets. In this paper, we use set of ordered pairs of a relation and zero—one matrices for this

purpose.

2.2.1. Required Definitions In Matrices. In this paper, we let D = {0, 1}.
Let z,y € D. We define Boolean operations A, V, and — as follow:

1 ife=y=1 1 ife=1lory=1 1 ifxz=0
TAY = TVy= T =

0 o.w. 0 o.w. 0 ifz=1
The structure (D, V,A) is a commutative semiring: (D,V,0) is a commutative monoid

with identity element 0, (D, A, 1) is a monoid with identity element 1, the operation A is
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distributive over V on both sides, and 0 is an absorbing element for A, i.e. a A0 =0Aa = 0.
Since the element 1 admits no additive inverse with respect to V (because 1V 0 # 0 and
1V 1 #0), this structure is not a ring, but only a semiring. The algebraic structure (D, V, A)
is called a Boolean semiring.

Now we consider the set of all m x n matrices with entries from the semiring (D, V, A).

Definition 2.1. A matrix A that all its entries are in D is called a zero—one matrixz or

Boolean matriz. In other words, we have A = [aijlmxn @ aij € D ={0,1}.

The all-zero matrix 0 and the all-one matrix 1 serve as the least and greatest elements,
respectively.

Let m,n € N. The M,, (D) means that the set of all m x n zero-one matrices endowed
with operations A, V and = defined componentwise on the matrix entries. In other words,
let A,B € M, (D) and A = [a;;] and B = [b;;]. Then we define

AVB = [ai; V bijlmxn AAB = [aij A bijlmxn =A = [Hayj]

For m = n, we denote M,, ,(D) by M,,(D).

Definition 2.2. Let A € M,, (D) and B € My, ,,(D). The map © is defined as

© 1 My (D) X My (D) = My n(D)
A © B = [¢ijlmxn,
cij = ViZt (@i A byj)
This means that A ® B is obtained via the usual row-by-column matrix multiplication,
using the Boolean operations from D. The map © is called the Boolean product of A and B.

Since the product of matrices is associative, ® is also associative on M, (D), and thus
(M, (D),®) is a semigroup. In the following subsection we will examine the relationship
between (R(A), o) and (M, (D), ®).

Now, we provide an example about the Boolean product of matrices.

Example 2.3. Let A = [é El))} and B = [{ 1 {]. We have

(1A1)V(0A0) (IA1)V(0AT) (1A0)V(OAL)
AOB= [(om)v(mm (OA1)V(1A1) (O/\O)\/(l/\l):|

1v0 1V0 0V0 110
=|0v0OvVIOVl | = [011].
(1A1)V(0A0) (1A1)V(0AL) (1A0)V(0AT) 110

1v0 1v0 0vO0

Definition 2.4. Let A be a square zero—one matrix and n be a positive integer. The Boolean

power of A is defined as follows:

AM=AOAGOAG---OA

n times

This operation is well-defined, because the Boolean product of matrices is associative. Also

we define ~ _
1 0 --- 0
A, — 0 1 0
0 0
_0 0 1_ e
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Ezxample 2.5. Let A = [? § é}. We have

Amzh:H%} AM:A:?%] AM:AM@A:[
001 110

= O
R OO
el el o)

[E—)
I
=

It is easy to check that A = ABl =T for every integer n > 5.

2.2.2. Representing Relations Using Matrices. Let R be arelation from the set A = {ay,a2,...,an}
totheset B = {b1,ba,...,by}. We canrepresent the relation R by the matrix Mg = [mj]mxn
, that

1 if (a;,bj) € R

0 if (a;,b5) ¢ R.

This representation depends on the orderings for A and B. When A = B we use the same

mij =

ordering for A and B.

Now we determine the matrix of composition of two relations.

Proposition 2.6. Let R and S are relations that R C AXx B and S C B x C. Let A, B,

and C' are finite sets and have m, n, and p elements respectively. Then we have
Mgor = Mr © M.

Now, consider the following natural map between (R(A),o) and M, (D):
0:R(A) - M,(D)
. 1 if (a;,a;) € R,
R MR = [mij]an ; 1, € {1, ,n} , Mij = v
0 o.w.

By Proposition 2.6 we conclude §(S o R) = Mg ® Mg and 0~ }(Mg © Mg) = S o R.
Therefore, 6(S o R) # 6(S) o §(R). It means that map 6 is not a homomorphism. On the
other hand, it is obvious map 6 is bijective. So we conclude that (R(A), o) is not isomorphic
to (M, (D), ®), but corresponds to it.

Although the map 6 is not an isomorphism, its bijectivity enables us to convert relation

R into Mp and vice versa, a property sufficient for the continuation of this paper.

Ezample 2.7. Let A = {a,b,c}, R = {(a,a), (a,c), (b,a), (b,b)} and S = {(a,b), (b, c), (c,a), (¢, c)}.
Then SoR = {(a,a), (a,b), (a,c), (b,b), (b,c)} and R?> = RoR = {(a,a), (a,c), (b,a), (b,b), (b,c)}.

On the other hand Mg = H) g é] and Mg = [§ é (ﬂ Then we have

Montinoms= [f] Me=mE = [[]]
)

Remark 2.8. Let R be a relation on the finite set A, and Mg be its corresponding zero—one
matrix. Since o on R and ® on M, (D) are associative, then we have R" o R = R o R" and
Ao A =Ae AN forneN.

The remark 2.8 and map 6 enable us to provide algorithms, that are presented for zero—one

matrices, similarly for their corresponding binary relations on a set A.
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3. TRANSITIVE CLOSURE OF RELATIONS

In this section, first, we define the transitive closure of a relation R based on definition of
transitive property. The transitive closure of a relation R is defined as the smallest transitive
relation S that contains R. Other closures are defined similarly.

Although there is not necessarily the closure of a relation R on a set A with respect to
arbitrary property P exists, but the three famous closures, i.e. reflexive, symmetric, and
transitive closures, can be computed. However, obtaining the transitive closure of a relation
is more complicated than two other closures. In the rest of this section, we try to present

the algorithms for computing the transitive closure.

Definition 3.1. A path from a to b in a relation R on a set A is a finite sequence of elements
a, r1, 2, ... , Tn—1 and b with (a,z1) € R, (z1,22) € R, ... , and (x,_1,b) € R. This path
is denoted by ax1x2 - - - x,_1b and has length n. A path of length n > 1 that begins and ends
at the same elements is called a circuit or cycle.

Definition 3.2. Let R is a relation on a set A. If azizs---x,_1b is a path of length n > 1
in R from a to b, its interior vertices is defined as x1,x2, ..., Tp_1, that is, all the vertices
of the path that occur somewhere other than as the first and last vertices in the path. We

denote interior vertices of a path by V; ;. Hence we have V,;, = {x1, %2, ..., Zn—1}.

Theorem 3.3. Let R be a relation on a set A. There is a path of lengthn > 1, from a to b
if and only if (a,b) € R™.

Ezample 3.4. Suppose that R = {(a,b), (a,c), (b,a),(b,d),(c,b),(c,d)} is a relation on the
set A = {a,b,c,d}. The acbd is a path from a to d of length three, therefore (a,d) € R3.
The aba is a cycle of length two, so (a,a) € R?.

Definition 3.5. Let R be a relation on a set A. The connectivity relation R*° consists of

the pairs (a,b) such that there is a path of length at least one from a to b in R.

By Theorem 3.3, the next lemma can be deduced.

(0@
Lemma 3.6. Let R be a relation on a set A. Then R = URi.
i=1

Ezample 3.7. According to the Example 3.4, we have (a,d) € R* and also (a,a) € R*.
Notation 3.8. For simplicity we denote the transitive closure R by R*.
Theorem 3.9. Let R be a relation on a set A. Then we have R* = R*.

Theorem 3.9 says R* = R* and so we should compute every power of R, to obtain R*.

But this is not desirable. Lemma 3.10 give a bound for R* when A is a finite set.

Lemma 3.10. Let A be a finite set with |A| = n and R be a relation on A. If there is a
path of length at least one in R from a to b, then there is a path with length not exceeding n

without any repeated interior vertices.

By Lemma 3.6, Theorem 3.9 and Lemma 3.10, we have the following important theorems.
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Theorem 3.11. Let A be a finite set with n elements and R be a relation on A. Then we

have

R*=R®=RUR’UR’U---UR" = R".
i=1

Theorem 3.12. Let My be the zero—one matriz of the relation R on a set A with |A| =n.
Then we have
Mg = Mg Vv MA v ME v ... v ML

Theorem 3.12 is a basis for an algorithm for computing M pg~. This algorithm is presented
in Algorithm 3.1.

Algorithm 3.1: Computing the Transitive Closure Matrix (Mpg-).

1 Input: Mp (zero—one n x n matrix)

2 Output: Mp+ (zero—one n X n matrix for R*)
3 X := MR

4Y = MR

5 for : =2 to n do

6 | X:=XoMpg

7 Y=YVX

8 end for

9 return Y

Based on [6, p. 634], the order of Algorithm 3.1 is O(n?) bit operations.

Ezample 3.13. Let R = {(a,b), (b,a), (b, c),(c,d)} and A = {a,b,c,d}. Since |A| = 4, we
must calculate Mg, Mgz, Mpp and Mgy Mg« and R* is obtained using Algorithm 3.1
or Theorem 3.12 as follows:

1070
(1) MR: 0001 |
0000

B 1110
@ Ma ¥ Mga = |44
0000
B B 1111
(3) Mg V Mpp) V Mpis) = [656%}
0000l
(4) Mg V Mg V Mg V Mpy = [35})%} = Mg-
0000
Hence R* = {(a,a), (a,b), (a,c),(a,d), (b,a),(b,b), (b,c),(b,d), (c,d)}.

In an analogous way, Theorem 3.11 is a basis for an algorithm to compute R*, while only
the matrix form of algorithms in this area is presented in scientific resources. The Algorithm
3.2 is designed, similar to the Algorithm 3.1, for set-theoretic form of it. In Algorithm 3.1,
we have used Remark 2.8 to compose the relation R with X from the right side (line 6).

To evaluate the time complexity of the Algorithm 3.2, we do in the same way as the
Algorithm 3.1, with the difference that here the basic special operations are adding members
and checking the membership of a member in the set, instead of bit operations in the matrix
(A and V). It should be noted that basic operations in the set have different time complexities
according to the type of definition of the set in mathematical software. In some cases, the
set is defined as a linked list, while in others it is defined as an (dynamic) array. The

membership of a member in a set can be checked by a for loop or a hash table (depending on
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Algorithm 3.2: Computing the Transitive Closure of a Relation (R*).
1 Input: Binary relation R C A x A, |[A| =n
2 Output: Transitive closure: R*
3 X:=R
4 Y =R
5 for i =2 to |A| do
6 X:=XoR
7 Y =YUX
8 end for

9 return Y

the implementation of the membership function). Also adding a member can be done using
index operators or pointers, according to the type of set definition, that is done in a certain
and fixed time.

First, we rewrite the Algorithm 3.2 in terms of basic operations of the sets to find the
complexity. We have Algorithm 3.3.

Algorithm 3.3: Computing the Transitive Closure of a Relation (R*)(detailed form)

1 Input: Binary relation R C A x A, |[A| =n
2 Output: Transitive closure: R*

3 X =R

4 Y =R

5 for i =2 to |A| do

6 | T:=0

7 for (a,b) € X do

8 for (¢,d) € R do

9 if b=cand (a,d) ¢ T then

10 T:=TU{(a,d)} /* This step computes R'"! from X = R’ and

R x/

11 end if

12 end for
13 end for
14 | X:=T /¥ Now X = R %/
15 Y =YUT /* This step computes RUR?U---UR! x*/

16 end for
17 return Y

To analyse Algorithm 3.3, we use the RAM model for this. The details of this topic
are given in [1] and [8]. In short, in the RAM model each instruction or data access takes
a constant amount of time, even indexing into an array [1]. To find time complexity of
Algorithm 3.3, we calculate time complexity of each step separately and finally add them
together. The execution steps of the algorithm start from line number 3. We assume that
assignment operations, mathematical operators and simple “if” conditions require a specific
and fixed time to execute, which depends on the hardware. We denote these specific times
with Cq, C5 and ..., which is called the cost of running the algorithm. If a number of
commands are repeated (i.e. loop block), the execution time will be equal to the product of

the number of repetitions in the execution time of the commands. The total execution time
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of Algorithm 3.3 is equal to the sum of the execution time of the pieces of the algorithm,
which is denoted by T'(n) with n = |A|.

TABLE 1. Complexity of Algorithm 3.3

] Line \ Cost \ Time \ Total time of the step in algorithm
3 Cl 1 Cl x 1
4 CQ 1 CQ x 1
) Cs |A] C3 x |A]
6 Cy |A] —1 Cyx (JAl - 1)
TG | X[+1 Cs % (A~ D)(IX| + 1))
S [ Co | IRI+1 Co x (A= DIX[( R+ 1))
9 [ Cr i Cr x (([A[— DIXIR]
10 | Cs | Tor[X| | Csx (IA— DIX[IR] or Cs x (([A] — DIXPIR]
14 [ Cy | [X[or [X|[Y] Co % JA]IX] or Cy x [A|IX[[Y]
15 | Cyo | |X] or | XY Cho x |A||X] or Cyo x |A|| XY
17 011 1 CH x 1

In table 1, the values in lines 10 and 15 in the column “Time” have more than one value.
The reason for this difference is that searching for an element in a set or adding an element
to a set is implemented in at least two ways in mathematical software and programming
languages. The faster method is to use a hash table, which has time complexity of O(1).
The slower method is the linear search method, which has time complexity of O(n).

To obtain the total time T'(n) for n = |A|, it is sufficient to sum all the values of the right
column of the table 1 together. On the other hand, to evaluate the order of time complexity
of an algorithm, it is enough to consider the sentence with the highest degree, that has most
effect on the values of T'(n). With these explanations and the previous paragraph, function
T'(n) has two values: T'(n) = Cs|A||X|?|R|+--- and T(n) = (C+C7+ Cs)|A||X||R|+ (Cy +
Cro)|A[IX[[Y ] +---.

In Algorithm 3.3, the number of members of sets X and Y changes in the for loops
execution, but A and R are constant. Let |A| = n. To evaluate the time complexity of the

algorithm, an upper bound for R, X and Y can be considered. We consider two cases:

First case: Average—case

Let C = 3 x Max{C1,Cq,...,C11} and assume that 0 < |X|,|Y],|R| < k- n, where k is a
constant number and k£ > 0 and n = |A|.

Hence, in linear search method we get T'(n) < 2-C-n-k?-n*-k-n+--- =2-C-k3-n*+.-.. So,
we have | T'(n) € O(n*)|. But in hash table method we get T(n) <2-C-n-k-n-k-n+---=

2.C-k%-n3+---. So, we have | T(n) € O(n?)|.

Second case: Worst-case

Let C = 3« Max{C},Cy,...,Ci1}. Since X, Y,R C A x A and |A| = n , we assume that
0 < |X|,|Y],|R| € n? So, we set |X|,[Y|,|R| < k-n?, where k is a constant number
and 0 < k < 1. Hence, in linear search method we get T(n) < 2-C-n-k*-n*-k-n? +
o =2.-C-k>-n"+---. So, we have | T(n) € O(n")|. But, in hash table method we get

Tn)<2-C-n-k-n?>k-n>+..-=2-C-k? n®+---. So, we have | T(n) € O(n%) |
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Remark 3.14. According to the above explanations, it seems that the time complexity of
Algorithm 3.3 in real problems is between the above two orders, i.e. O(n*) < T(n) < O(n")
in linear search method, and O(n?) < T'(n) < O(n®) in hash table method.

Ezample 3.15. As Example 3.13, let R = {(a,b), (b,a), (b,c),(¢c,d)} and A = {a,b,c,d}.
Since |A| = 4, we must calculate R, R?, R® and R*. The transitive closure of R (i.e. R*) is

obtained using Algorithm 3.2, Algorithm 3.3 or Theorem 3.11 as follows:

(1) R = {(a7b>v(b’a)’(bac)v(C7d)}

(2) RUR2 = {(a,a), (a,b), (a, ), (b, @), (b,B), (b, ), (b, ), (c, )},

(3) RUR?U R’ = {(a,a), (a,b), (a,c), (a,d), (b,a), (b,b), (b,c), (b,d), (c,d)},

(4) RUR?UR3UR* = {(a,a),(a,b), (a,c),(a,d), (b,a), (b,b), (b,c), (b,d), (c,d)}.

Hence R* = {(a,a), (a,b), (a,c¢), (a,d), (b,a),(b,b), (b,c),(b,d), (c,d)}.
4. WARSHALL’S ALGORITHM

Based on [6, p. 634] and [5, p. 45], Warshall’s algorithm, which is described in 1962 by
Stephen Warshall, is an efficient method for computing the transitive closure of a relation.
Algorithm 3.1 obtain the transitive closure matrix of a relation on a finite set with n elements
using O(n*) bit operations. However, Warshall’s Algorithm (4.1) can compute the matrix
of transitive closure using only O(n?) bit operations. In this section we present this algo-
rithm in two mode. First mode is matrix form that given in subsection 4.1. The necessary
preliminaries along with the matrix form of Warshall’s algorithm and proofs are also given
from [6, pp. 634-637]. Its set-theoretic form is also presented in subsection 4.2 along with

the necessary preliminaries.

4.1. The Matrix Form Of Warshall’s Algorithm. The matrix form of Warshall’s al-
gorithm is based on the construction of a sequence of zero—one matrices. We denote these

matrices by Mw,, Mw,, ... , Mw, , which is defined as follows.

Definition 4.1. Let R is a relation on a set A = {aj,aq, ...,a,}, where |A| = n. Warshall’s
matrices Mwy, is defined as follows:

Mw, = Mg,

1 (aj,a;) € R* and Vg3 ={ai,as,...,ax},

Mw, = [Wijlnxn » 1<k <n, w;=

0 o.w.

In other words, Mw, = [Wij]nxn, Where w;; = 1 if there is a path from a; to a; such that
all the interior vertices of this path are in the set {a1,as,...,a;} and otherwise is 0. The
first and last vertices in the path may be outside the set of the first k£ vertices in the list.

Proposition 4.2 explains the wisdom of Definition 4.1.

Proposition 4.2. Let R is a relation on a set A = {a1,aq2, ...,an} where |A| = n. Then

we have Mw, = Mp-.

Theorem 4.3. Let Mw, = [wl[];}] be the zero—one matrixz so that has a 1 in its (i,7)th

position if and only if there is a path from a; to aj with interior vertices from the set {a1, as,

(k] _

.yai}t. Then Wy = w[]; Uy (w UZ U A w[k 1}), whenever i, j, and k are positive integers

not exceeding n.
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Theorem 4.3 gives a tool that we can compute the matrices Mw,, k = 1,2,...,n, effi-
ciently. The Warshall’s algorithm, by using Proposition 4.2 and Theorem 4.3, is Algorithm
4.1.

Algorithm 4.1: Matrix form of Warshall’s Algorithm

1 Input: Mpg: n X n zero—one matrix of a relation R

2 Output: Mpg+: n X n zero—one matrix of transitive closure of relation R
3 W= MR

4 for k:=1tondo

5 for i :=1 to n do

6 for j:=1ton do

7 | wij = wij V (wig, A wg;)
8 end for

9 end for

10 end for
11 return W

Based on [6, p. 637], The complexity of Algorithm 4.1 is O(n?) bit operations.

Ezample 4.4. As Example 3.13, let R = {(a,b), (b,a), (b,c),(c,d)} and A = {a,b,c,d}. We
assume aj = a, ag = b, ag = ¢, aq = d. Since |A| = 4, we must calculate Mw,, Mw,, Mw,,
Mw, and Mw,. The transitive closure of R (i.e. R*) is obtained using Algorithm 4.1 as
follows:

0100
(1) Mw, =Mpzr=|53591,
0000
(0100
(2) Mw, = 6601 |
L0000
1110
(3) Mw, = %)(1)(1)? )
LOOO0O
(11117
(4) Mw, = 16601 |
L0000
1111
(5) Mw, = (1)(1)(1]%
L0000
Hence R* = {(a,a), (a,b), (a,c), (a,d), (b,a), (b,b), (b,c),(b,d), (¢,d)}.

4.2. Set-Theoretic Form Of Warshall’s Algorithm. In subsection 4.1, Warshall’s al-
gorithm was given in matrix form. In this section, we are going to create the Warshall’s
algorithm in set-theoretic form. The process of doing this is similar to the process done in
section 4.1, except that it is done in set-theoretic form instead of matrix form. First, the

necessary preliminaries are given and then the corresponding algorithm.

Definition 4.5. Let R is a relation on a set A = {ay,ag, ...,a,} where |A| = n. Warshall’s

sets Wy, is defined as follows:

W0:R7
Wk:{(a,b)€R°°|Va7b§{al,ag,...,ak}}, VE: 1<k<n

In other words, (a,b) € Wy, if there is a path from a to b with all the interior vertices of
this path in the set {aj,as,...,a;}.
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Proposition 4.6. Let R is a relation on a set A = {ay,aqg, ...,a,} where |A| = n. Then
we have W,, = R*.

Proof. By Theorem 3.9 we have R* = R*>. On the other hand, by Definition 3.5 we have
(a,b) € R™ if and only if there is a path from a to b, with all interior vertices in the set
A ={a1,a2, ...,ay}, if and only if (a,b) € R* and V,;, = {a1, a2, ...,ay}, if and only if

(a,b) € W, O
Theorem 4.7. Let R is a relation on a set A = {ai,aq, ...,a,} where |A| = n. Then we
have

Wy = R,
Wi = Wi U{(a,b) € Ax A’{(a,ak+1), (ak+1,0)} CTWih Vk: 0<k<n

Proof. Let X = {(a,b) € Ax A|{(a,ar11), (ar41,b)} € Wy} and k is a positive integer with
0 <k <n. It is enough to prove Wy 1 = Wi UX.

By Definition 4.5, it is clear that Wy C Wy ;. Now suppose (a,b) € X. So (a,ax+1),
(ak+1,b) € Wy. Thus by Definition 4.5, we get (a,b) € Wg41. Hence we have X C Wy ;.
Therefore, it is concluded that W UX C Wy .

Conversely, to prove W1 C Wy U X, suppose (a,b) € Wiy1. From (a,b) € Wiy1, by
Definition 4.5 we have (a,b) € R™ and Vg, C {a1, a2, ..., ak, ag+1}. There are two cases:
Case 1: ap+1 & Vap.

So, we have V,;, C {a1,a2,...,a;}. Therefore, by Definition 4.5 it is concluded that (a,b) €
Wj.. This means (a,b) € W; U X.

Case 2: ap41 € Vgp.

Since (a,b) € R*, by Definitions 3.5 and 3.1 there is a path from a to b, such as axy - - - 2b.
By Lemma 3.10, this path changes to a path like ay; - - - ymb in which m < n and there
are no repeated interior vertices. If agyi is an interior vertex in this new path, then
(a,ak+1), (ags+1,b) € Wi. So we have (a,b) € X C W UX. If ag11 is not an interior vertex
in this new path, then (a,b) € Wj, C W UX. Therefore, we conclude (a,b) € W UX. O

Now, using Proposition 4.6 and Theorem 4.7, the Warshall’s algorithm can be given in
set-theoretic form.

Algorithm 4.2: Set-theoretic form of Warshall’s Algorithm
1 Input: Binary relation R C A x A, A ={a1,az2,...,a,}

2 Output: Transitive closure: R*

3 W:=R

4 for ke A do

5 X :={(a,b) EAXA‘{(a,k),(k,b)} C W}

6 W:=WuX

7 end for

8 return W

To evaluate the time complexity of Warshall’s Algorithm 4.2, we first rewrite it in terms

of basic operations of the sets.
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Algorithm 4.3: Set-theoretic form of Warshall’s Algorithm (detailed form)
1 Input: Binary relation R C A x A, A ={a1,az2,...,a,}
2 Output: Transitive closure: R*

3 W:=R

4 forke A do

5 X =0

6 for (a,b) ¢ W do

7 for (c,d) e W do

8 if b=c=k then

9 ‘ X :=XU{(a,d)}
10 end if

11 end for

12 end for

13 W =WuX
14 end for
15 return W

In Algorithm 4.2 and Algorithm 4.3, variable X means the set X in the proof of Theorem
4.7. Tt should be noted that in line 5 of Algorithm 4.2 and line 9 of Algorithm 4.3, each
member added to the set X is a new member. The reason for this goes back to details of
definition of X (see the proof of Theorem 4.7).

To analyse the time complexity of Algorithm 4.3, like Algorithm 3.3, we use the RAM
model. The details of this model are given in the analysis of Algorithm 3.3. First, we form
the table of the time function 7'(n) of Algorithm 4.3.

TABLE 2. Complexity of Algorithm 4.3

] Line \ Cost \ Time \ Total time of the step in algorithm
3 Cl 1 Cl x 1
4 Co |A] +1 Cy x (Al +1)
5} Cg 1 Cg Xn
6 0o | Wil C % (AW + 1))
TG | Wil Cs x (JAWI([W] + 1))
8 C6 1 C6 X (|AHW’2)
9 Cy 1 or |X] C7 x (JA[|[W]?) or C7 x (JA]|X][W]?)
13 | Cs |[Xor [X[W]| Cs x (JAIX]) or Cs x (JA[X[[W])
15 Cg 1 Cg x 1

Similar to Algorithm 3.3, to evaluate the total time T'(n) for n = |A|, it is enough to sum all
the values of the right column of the table 2 together. On the other hand, to evaluate the order
of time complexity of an algorithm, it is enough to consider the sentence with the highest
degree, that has most effect on the values of T'(n). With these explanations and similar to the
analysis of Algorithm 3.3, T'(n) has two values: T'(n) = C7 x |A||W |2+ Cg x |A||X|[W|+---
and T'(n) = C7 x |A||X||[W|? +---.

In Algorithm 4.3, the number of members of sets W and X changes in the for loops
execution. Hence, to evaluate the time complexity of the algorithm, an upper bound for R,
W and X can be considered. We consider two cases:
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First case: Average—case

Let C = Max{C{,Cs,...,Cy} and assume that 0 < |W/|, |X|, |R| < k-n, where k is a constant
number and k£ > 0 and n = |A].

Hence, in linear search method we get T'(n) < C-n-k-n-k*>n?+- .- = C-k>n*+---. So, we have
T(n) € O(n*) | But in hash table method we get T'(n) < 2-C-n-k%?n+4--- = 2.C-k?n3+---.

So, we have | T'(n) € O(n?) |

Second case: Worst—case

Let C = Max{C1,Cs,...,Cy}. Since W, X, R C A x A and |A] = n , we have 0 <
W/, |X], |R| < n?%. So, we assume |W/|, |X|,|R| < k- n?, where k is a constant number and
0 < k < 1. Hence, in linear search method we get T'(n) < C-n-k-n?-k*.n* = C-k3-n"+- ...
So, we have | T'(n) € O(n") | But in hash table method we get T'(n) < 2-C-n-k%-n*+... =

2.C-k?-n%+---. So, we have | T'(n) € O(n%) |

Remark 4.8. According to the above explanations, it seems that the time complexity of
Warshall’s Algorithm 4.3 in real problems is between the above two orders, i.e. O(n?) <
T(n) < O(n") in linear search method, andO(n?) < T'(n) < O(n%) in hash table method.

Considering Remarks 3.14 and 4.8, It can be concluded that the complexity of Warshall’s
algorithm in matrix form (4.1) is lower than Algorithm 3.1. But the complexity of Warshall’s
algorithm in set-theoretic form (Algorithm 4.2 or 4.3) is equal to Algorithm 3.2 or 3.3. On
the other hand, examining these two algorithms shows that the memory consumption and
number of calculations of Algorithm 4.3 are less than Algorithm 3.3, and this is a slight
improvement in Algorithm 4.3 compared to Algorithm 3.3.

Ezample 4.9. As Example 3.13, let R = {(a,b), (b,a), (b,¢), (¢,d)} and A = {a,b,c,d}. We
assume a1 = a, ag = b, az = ¢, ag = d. Since |A| = 4, we must calculate Wy, W1, Wy, W3
and Wy. The transitive closure of R (i.e. R*) is obtained using Algorithm 4.2 or Algorithm
4.3 as follows:
(1) Wo = R ={(a,b), (b, a), (b,¢), (c,d)},
(2) Wi = Wo U {(2,5) € A x Al{(z,a), (a,5)} € Wo} = WoU{(b,0)} = {(a,b), (b,0),
(b,8), (b,€), (e, )},
(3) W = Wy U{(2,1) € A x Al{(z,a), (a,9)} € Wi} = Wy U{(a,a), (a,0)} = {(a,a),
(@), (@,¢), (ba), (b,b), (b,¢), ()} |
(4) Wy = Wy U{(2,) € A x Al{(z,a), (a,9)} € Wa} = WU {(a,d), (b d)} = {(a,a).
(a,0), (a,c), (a,d), (b,a), (b,b), (b,c), (b,d), (c,d)},
(5) Wy =WsU{(z,y) € Ax Al{(z,a),(a,y)} € W3} = W3U0 = {(a,a), (a,b), (a,c),
(a,d), (b,a),(b,b), (b,c),(b,d), (c,d)}.
Hence R* = {(a,a), (a,b), (a,c), (a,d), (b,a),(b,b), (b,c),(b,d), (¢,d)}.

4.3. Maple codes for algorithms 3.3 and 4.3. Since Algorithms 3.2, 3.3, 4.2 and 4.3 are
new, the Maple codes of these algorithms (Algorithms 3.3 and 4.3) are presented along with
their implementation on Example 3.13. You may copy and paste below codes in Maple and
execute them.

First, we define two procedures in Maple in Listing 1:
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LisTING 1. TransitiveClosure and TransitiveClosurebyWarshall Procedures

TransitiveClosure:=proc(R::set,n::integer)::set;
local i,x,r,T,X,Y;
X:=R;
Y:=R;
for i from 2 to n do
T:=1{};
for x in X do
for r in R do
if x[2]=r[1] then
T:=T union {[x[1],r([2]1};
end if;
end do;
end do;
X:=T;
Y:=Y union T;
end do;
return Y;

end proc:

TransitiveClosurebyWarshall:=proc(R::set,A::set)::set;

local x,y,k,n,W,X;

W:=R;
for k in A do
X:={3};

for x in W do
for y in W do
if x[2]=k and y[1]l=k then
X:=X union {[x[1],y[2]113};
end if;
end do;
end do;
W:=W union X;
end do;
return W;

end proc:

The first procedure is related to Algorithm 3.3 and the second procedure is related to
Algorithm 4.3. Now, all we need to do is write Example 3.13 in Maple and call the above
procedures on it as follow to achieve the desired result.

A:={a,b,c,d};

R:={[a,b], [b,al, [b,c], [c,d]};
TransitiveClosure(R,numelems(A));
TransitiveClosurebyWarshall(R,A);
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5. CONCLUSION

Warshall’s algorithm has been known for many years as the most optimal algorithm for
computing the transitive closure of a relation, but its set-theoretic form was not presented
until now.

We considered the Warshall’s algorithm, as well as the primitive algorithm that exists
for computing the transitive closure. We also presented the set-theoretic form of Warshall’s
algorithm and evaluated its time complexity order. We described the steps of this algorithms
by providing examples. Algorithms are presented in such a way that they can be easily
implemented in programming languages or mathematical software (such as Maple). Also,
the Maple codes of Algorithms 3.3 and 4.3 along with an example are provided.

Since mathematical software and programming languages support set theory instructions,
it is appropriate to research to present algorithms that use matrix form for set-theoretic
computations, in set-theoretic form, so that mathematical programs can be more easily
implemented on computers. Also, optimization of set-theoretic algorithms can be a research
topic in this field.
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