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Abstract. In this paper, we introduce a new family of metrics on topologi-
cal dynamical systems, induced by probability bi-sequences, which generalizes
both the classical Bowen metric and the mean metric. Using these metrics, we
define measure-theoretic and topological pressure and show that these quan-
tities coincide with the classical topological pressure and the sum of measure-
theoretic entropy and integral of the potential function, respectively. The re-
sults hold under the following mild condition on the probability bi-sequence

I'= {Ymntm.n>0:

*\—1
lim sup % < 00,
n—00 n
where 7} := ming<i;<nYi,n. This condition is satisfied for a broad class of

bi-sequences, including the uniform weights v, ., = 1/(n + 1) that recover the
mean metric case. As an application, we extend the pressure versions of Katok’s
entropy formula to this more general setting. Our work unifies and generalizes
several previous results on pressure in mean metrics.
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1. Introduction

By a topological dynamical system, abbreviated by TDS, we mean a cou-
ple (X,T), where X is a compact metric space and 7' : X — X is a con-
tinuous map. Note that X is naturally equipped by the Borel o- algebra.
The measure-theoretic and topological pressure [18] are generalizations of the
measure-theoretic and topological entropy [1, 10, 15, 20] for dynamical systems.
They are connected together via the well-known variational principle [22]. They
play an important role in statistical mechanics and thermodynamic formalism
in ergodic theory and dynamical systems [19]. Other mathematical approaches
are also applied in modeling thermodynamic systems [16, 17]. The topological
pressure also plays an important role in dimension theory in dynamical systems
[12]. The Bowen metric d,, given by

dn(z,y) := max{d(T" (), T"(y)) : i=0,1,---,n—1}
and the corresponding Bowen dynamical ball
Bn(z,e) ={y € X : du(z,y) < e}

are applied in the definition of topological and measure-theoretic pressure.
They are also used by Katok to construct the Katok’s entropy formula [9].
Other versions of Katok’s formula are also established in the setting of random
dynamical systems [24] and amenable group actions [23].

There are pressure versions of the Katok’s entropy formula in different set-
tings [3, 5]. One may find local approaches to the measure-theoretic pressure
of dynamical systems in [2, 14].

The above mentioned studies were formulated in case of Bowen metric. Re-
placing the Bowen metric by the mean metric, defined by

- 1t . )
dn(z,y) = > AT (@), T (y)),
i=0

and the Bowen ball by the mean Bowen ball

ij”(x,e) ={yeX : Jn(x,y) < €},
similar studies are carried out on topological entropy of the whole system [4],
Katok’s entropy formula [7], conditional entropy [6] and Brin-Katok formula
for systems with mistake [11].

Following [8], we extend the concept of mean metric to a more general
case. We introduce probability bi-sequences and corresponding induced met-
rics, which generalize the mean metric, and will introduce topological and
measure-theoretic pressure induced by these general metrics. We prove that,
independent of the choice of the probability bi-sequence, the new concepts are
equivalent to the classical topological and measure-theoretic pressure. Our
results generalize the results in [8].
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2. Preliminary Facts

In this section, we review some facts, which are related to the paper. Let
(X,T) be a TDS and f € C(X). The topological pressure of f with respect to
T, denoted by Piop(T), f), is defined by Ruelle [18]. The definition of topological
pressure is given, using open covers, spanning sets and separated sets. The
Bowen metric

dn(2,y) == max{d(T"(z), T"(y)) : i=0,1,--- ,n—1}

plays a vital role in the definition of topological pressure. In [3], the Bowen
metric is replaced by the mean metric

7 1 i i
i=0
to define measure-theoretic and topological pressure.

Write (S, f)(z) = Y1) f(T(x)). Givenn € N, e > 0,0 < § < 1 and
p € E(X,T), aset Sisan (n, €, 0, n)-spanning set if u(U,cg By, (z,€)) > 1-4.
Huang and Wang [38] defined the following quantity:

- log P, (T B)
Bu(T, f) i= lim lim inf 28 Lu(T /i 69).

e—0 n—oo n
where
Pu(T, f,n,€,8) := inf{ > exp( sup  (Suf)(y): Sisa (n,€d, )
IES yEijn(aj,E)

—spanning set}.

Also, a set ' C X is an (n, €)’-spanning set for X with respect to T, if for any
x € X, there exists y € F with d,(x,y) < e. Similarly, a set £ C X is an
(n, €)'-separated set for X with respect to T, if for any x,y € X, x # y implies

dn(x,y) > €. The following quantities are also defined in [3]:

~ 1 ~
Piop(T, f) := lim lim sup - log P(T, f,n,e€)

=0 psoo

and 1
PtOP(Ta f) = 611_I>I(1) h’ranHSolip E IOg P (Tv fa n, 6)7

where

P(T, f,n,€) := sup{z e5n @) G is an (n,e)’ — separated set for X}

zeE

and

P*(T, f,n,€) == inf{ Z exp( sup (Snf)(y)):Fisan (n,e) —

zeF yeB‘in (I,E)

spanning set for X }
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The following theorems are stated and proved in [3].

Theorem 2.1. Let (X,T) be a TDS, and f € C(X). For each u € E(X,T)
and 0 < § <1, we have

. log P, (T
P,(T, f) = lim lim sup 0g (T’ f,m,€,9)

e=0 pstoo n

= h,(T) +/ fdu.
X
Theorem 2.2. Let (X,T) be a TDS and f € C(X). Then

ptop(Ta f) = pt*op(T’ f) = Ptop<T’ f)

In the next section, we will extend the previous results for more general
metrics, covering mean metric.

3. Probability bi-sequences and pressure.

In this section, we first introduce the concept of probability bi-sequence
and the corresponding metric. Then we use them to define a new version of
topological and measure-theoretic pressure which extend the concepts in [8].

In the rest of the paper, (X,T) is a TDS, C(X) is the Banach space of
continuous functions on X, and E(X,T') is the set of ergodic measures on X.

Definition 3.1. A sequence I' = {Vim.n}mn>0 is said to be a probability bi-
sequence if Y i o Vi =1 for all n > 1.

Example 3.2. Ty = {Vpm.ntm.n>0 With Y n = is a probability bi-sequence.

1
n+1
Also, given every sequence of positive numbers {an }n>0, if Sp 1= Z;L:() a;, then
Tv = {VYmn}tmn>0 With yp p = ‘g—:’z is a probability bi-sequence.

Definition 3.3. Let (X,T) be a TDS and I' = {Ym,n}tm.n>0 be a probability
bi-sequence. Given n € N and x,y € X, set:

dn,F(‘T, y) = i "Yi,n—ld(Ti(x)7 T’L(y))
=0

Obviously, d,, r is a metric on X. Fore >0, x € X and n € N, the (I',n)-ball
centered at x with radius € and length n is defined by

B, r(x,€) = {y €X:dyry,z)< e}.

Note that, if To = {Vm.ntmn>0 With Y, = %ﬂ then d,, r, = d,, is the
mean metric.

Definition 3.4. Let (X,T) be a TDS, e >0,0<d <1, p € E(X,T) and
I = {Vmntmn>0 be a probability bi-sequence. A set S C X is an (I',n, €, 9, p)-
spanning set if f(Uycg Bnr(z,€)) >1—0.
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Let also,

Pur(T, fonse0)i=inf { Y exp( sup  (Suf)): S is a (T,m.e,0,p)
S5 e

—spanning set for X}.

and

log P, v (T 1)
P,r(T, f) := lim lim sup 08 Pur (T, fm €, )

=0 pooo n

Remark 3.5. We will show that the previous definition does not depend on §.

Definition 3.6. A set F C X is an (I',n,€)-spanning set for X with respect
to T if for any x € X, there exists y € F such that d,, r(x,y) < €. Now, set

PA(T, fyn,e) := inf{ Z exp(  sup  (Snf)(w)): F is a(T,n,e)
z€F yGBn,F(I,E)

—spanning set forX}.

Definition 3.7. A set E C X is an (I, n, €)-separated set of X with respect to
T if for z,y € X, x # y implies d,, r(x,y) > €. Set

Pr(T, f,n,e€) := sup{ Z e B s an (T',n,e)
z€EE

—separated set for X}.

Finally, define

1
PX(T, f) := lim 1imsupﬁ log PX(T, f,n,€),

e=0 nooo

1

Pr(T, f) := lim limsup — log Pr(T, f,n,€).
e=0 300 N

As in [8], we need to use mistake dynamical ball By, r(g;x,€) where g is a

mistake function. Recall that a function g : Nx (0, 1] — R is a mistake function

g(n,e)
n

however, the definition of mistake function may be different in other texts
5, 13, 21].

Let A, :={0,1,2,--- ,n — 1}. Given any subset A C A,, set dp(z,y) =
max{d(T"(z), T (y)) : i € A} and Ba(x,€) :={y € X : da(,y) < €}

if lim._,o limsup,,_, - = 0. We use the mistake function g(n,e) = ne,

Definition 3.8. Let 0 < e <1, n € N and I' = {ym n}tm.n>0 be a probability
bi-sequence. The I'- mistake ball centred at x with radious € and length n is
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defined as follows:

n—1
; g(n,e
Bn,F(g;xae) = {y €X: Z’Yi,nfl XB(Ti(ac),e)(T (y)) >1- %}
i=0
n—1 )
= {y €X: Z'Yi,nfl XB(Ti(z),e) (T"(y)) > 1 — 6}
i=0
= U BA(Iv E)a
A€lr(g;n,e)
where
Ir(g;n,e) == {A CA,: Z%?”*l >1-— e}.
i€
The following lemma is an analogous version of Lemma 2.1 in [8].
Lemma 3.9. For any x € X, n € N and ¢ > 0, we have:
Bn(az,e) - Bn,p(x,e) c Bn,l“(%xa \ﬁ)
Proof. The inclusion By, (z,€) C By r(z,€) is obvious.
Now, set
L:={i €A, :d(Tz), T"(y)) < Ve}
and
L= {i € Ay : d(T'(2), T'(y)) > V),
where A, :={0,1,2,---n —1}. Let y € B, r(z,¢). We have
€> Z ’Yi,n—ld(TZ ($)7 T (y)) - Z f}/i,n—ld(Tl ({E), T (y))
i=0 i€l
+ Z ’Yi,n—ld(Ti(x)v Tl(y))
i€ly
> Z ’Yi,nfld(Ti('r)aTi(y)) = \Ez Yiyn—1,
i€l i€l
S0,
Z%n—l < Ve (3.1)
i€ly
Therefore,
Z Vin-1>1— /e (3.2)

i€l
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Note that 7 € I if and only if X g(7i(a), /) (T'(y)) =1 and i € I if and only if
XB(Ti(I)’\/g)(Ti(y)) = 0. So, (3.2) implies that:

n—1
Z Yi;n—1XB(Ti(z),\/€) (T'(y)) = Z YVi;n—1XB(Ti(x),/e) (T"())
i=0 el
+ Z Yi;n—1XB(Ti(z),/<) (T"(y))
i€ls
= Z’Yi,nq >1-—ve
il

This implies that y € B, r(g; 2, /€). Therefore, we have
er(x,e) - Bn,F(g§$7 \/E) U

Definition 3.10. Let (X,T) be a TDS, f € C(X),neN,e>0and Z C X.
A set F C Z is an (T, g,n,€)-spanning set for Z with respect to T if for any
x € Z, there exists y € F and A € Ir(g,n, €) such that dy(z,y) < e.

A set EC Z is an (T, g,n,e)-separated set for Z with respect to T if for any
x,y € E, x #y and any A € Ix(g;n, €) implies that da(z,y) > €.

Definition 3.11. Let (X,T) be a TDS, n € N, € >0 and T’ = {vm.n}m.n>0
be a probability bi-sequence. Given 0 < § < 1 and p € E(X,T), a set S is a
(I', g,n,€,0, u)-spanning set if u(U,cg Bn,r(g;z,€)) > 1 —3. Define,
P,u,l"(g; T7 f7 n, e, 5) := inf { Zg;es’ exp(supyEB,,,yr(g;z,e) (Snf)(y)) :
S is a (T, g,n, €0, 1) — spanning set for X},
and set
log P, ;T 0
PHJ"(g; T, f) p— gij}rl lim Sup Og ,F(gv 7f5 n? 6’ ) .

n—00 n

The following lemma is an analogous version of Lemma 3.1 in [8].

Lemma 3.12. Let (X,T) be a TDS, f € C(X) and T' = {Ym.n}tmn>0 be a
probability bi-sequence. Then, for any 6 > 0 there exists 0 < €9 < 1 such that
forany 0 < e <e andn €N,

sup  (Suf)(y) < (Suf)(x) +n8 + €| fl| (1)

Y€ By r(g;2,€)
where

- * o 3 .
171l := max|f(z)| and v,y := min %in-1.

Proof. Let 6 > 0 be given. Choose 0 < € < ¢y due to uniform continuity
of f such that d(z,y) < e implies |f(z) — f(y)| < 6. Let y € B, r(g;x,€) be
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given. There exists A € Ir(g;n,e€) such that y € By(x,¢). Note that, since
A € Ir(g;n,e), if we set )1 1= ming<j<p—1VYin—1, then

Tn1 A < Z Vin—1 < €
i€Ae

or equivalently, [A¢| < e(;_;)~!. Therefore,

(Snf)w) = D_F(TW)+ > F(T'(y))

i€A icAe
n—1
< Y F(TH@) +nb + [|£1]|A°]
i=0
< (Suf)(@) + 08+ el fll(vi-) 7 O
Before we proceed, we review the following lemmas.

Lemma 3.13. (see Theorem 2.1 in [5]) Let (X,T) be a TDS and f € C(X).
For each p € E(X,T) and 0 < § < 1, set

P,(T, f,n,€,0) mf{z e5nH@) S s an (n, €, 0, 1) — spanning set}.

zeS
Then
log P, (T 1) log T, 0)
lim lim inf —& w(T, f,m€,9) = lim lim sup Pu(T i€, / fdu.
e—0 n—+o0 n e—0 pstoo n

Lemma 3.14. ([12], Appendiz II, Lemma 1) For each n > 0, there exists
0 < v <, a finite partition ¢ = {C1,Cq,--- ,Cp,} and a finite open cover
U ={Uy,0s,--- ,Us} of X, where k > m, such that the following properties
hold:

(1) dia m(U;) <n and diam(C;) <n,1<i<k, 1<j<m.

(2) U; € Cy, 1 <i < m where U; denotes the closure of the set U.

3) (C\U)<%1<Z<mandu(U Ui) <.

(4) 2vlogm <.

i=m+1

Now, we are ready to state and prove our main theorem.

Theorem 3.15. Let (X,T) be a TDS, f € C(X) and T' = {ymntmn>0
()"
n

be a probability bi-sequence such that K := limsup,,_, < oo, where

v = milg<i<n Yin. For every p € E(X,T) and 0 < § < 1, we have:

Byur (T, f) = hy( /fdu

Proof. Since B, (z,€) C By, r(z,€) C B, r(g;x,/€), then any (n,€, 0, p1)-
spanning set is an (I', n, €, d, u)-spanning set and any (I', n, €, §, p)-spanning set
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is a (T, g,n, /€, 0, u)-spanning set. For any 6 > 0, choose 0 < ¢y < 1 as in
Lemma 3.12. Then, for any 0 < € < €2, we have

P,r(T, f,n,e,0) < inf{ Z exp( sup (Snf)(y)) :

zeS YE€Bn,r(g;z,Ve)

S is an (n, €, 0, 1) — spanning set}

< inf{ > exp((Suf)(@) + 10+ Vellfll(7-) ) :
€S
S is an (n, €, 0, 1) — spanning set}
= exp{n9 + ﬁ||f||(’7;fl)_1}PM(T7 fin,e, 6)
Therefore,
1 P T? ) ) 75 :‘;7 71 1 P T7 ) b 76
0g [L,F( f’rLE )§0+\/E||f||(’y 1) +Og lt( an )
n n n
* -1
In light of Lemma 3.13, since, by assumption, K := limsup,,_,., % < 00,
we conclude that
log P, r(T 1)
lim lim sup 08 Pur (T, .., 9) < h#(T)+/fdp+9.
=0 pooo n
Letting 6§ — 0, we obtain
log P, r(T 1)
lim lim sup 08 Py.r (T, f,n:,9) < h,(T)+ / fdp. (3.3)
=0 pooo n

Now, we prove the inequality

log P, (T
lim lim inf —2 wr(T, fon€0)

e—0 n—oo n

> hu(T) +/fd,u.
For any 6 > 0, choose 0 < ¢y < 1 as in Lemma 3.12. Then, for any 0 < € < ¢,

we have:

Pur(g T fine) < inf{ > exp(  swp  (Suf)w)):

28 YEBn,r(g;z,€)

S is an (T',n, €%, 6, 1) — spanning set}

< inf {3 exp(Suf) (@) + 1 +ellfll(i) ) :
zeS
S is an (T',n, €%, 8, 1) — spanning set}
* —1 2
< exp {n0+ellfll(vio0) " fPur (T fime€,0).

So,
P,lt,F(Ta fa n, 625 5) Z P/J.,F(g; Ta fa n,e€, 5) eXp(ine - 6||f‘|('y:,—1)71) (34)

Now, fix 0 <7 < 1— 4 and take v > 0 and a partition £ and an open cover U
with Lebesgue number 2¢ as in Lemma 3.14. Fix Z C X with u(Z) > 1—-4§ and
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set t,(z) =[{0<1<n—-1:TYz) e Uf:m+1 U;}|. As in the proof of Theorem
1.1 in [8], applying the Shannon-McMillan-Breiman and the Birkhoff’s ergodic
theorems, there exists A C Z and N > 1 with p(A) > u(Z) — « such that for
every x € A and n > N, we have:

(1) tn(x) < 29n.

(2) w(& ™ (x)) < exp{~(hu(T,&) — y)n}.

(3) [ fdu—~ < (Suf)(@) < [ fdpu+7,

where &) = \/;:01 T—i¢. Using part 2, for any n > N, we have:
&l = 1(A) exp{(h. (T, &) —v)n}, (3.5)
where ¢ :={C € &' CNA# ¢}

Let S be a (T, g, n, €)-spanning set for Z. Since u(Z) > 1 — 4, then S is a
(T, g,n, €, 0, u)-spanning set for X. Let S’ = {z € S : B, r(g;z,¢) N A # 0}.

Then A C J,cg Bnr(g;z,€). Fix x € 5" and set

On.c :={A; € Ir(g;n,€) : Ba,(z,€) N A # 0},

and Q(n,€) := |Qp ¢|. Since |Az| > n —e(v;i_,)™!, using Stirling’s formula, we
will have:
[e(rno1) ™1 n [e(rn_1)71 (v )]
Q)< () < X ( o ) < exp{(v;,-1) " (e + An)},
—~\J — j
J J
where

1
A= lim A, = —€logKe— E(l — Ke)log(1 — Ke).

n—-+o00

Fix A, € O, and set &), = vjeAw T=7¢. Let N(x,A,) be the number of
atoms of &, which intersect A N By, (x,¢) and N(z,£0™") be the number
of atoms of £/~ which intersect A N By, (x,¢). Since each set B(T'z,e€) is
contained in some U;, € U, then T~'U;, intersects at most m sets of the form
T-'C;,. Therefore, in light of part 1 above, we have N(z,A,) < m?'™ and so,

N(w, 1) < Nz, Ag)m<On-0™" < p2imretn)™
Consequently,

6l < Y HCeg ! :CnANBar(giz,e) # 0}

zeSs’

< Qn,e) Y N(zg™)

zeS’
< I8lexp{(7; 1) 7 (e + An) b exp{(2yn + e(y; 1) ) log m}
= | lexp{(7vn_1) 7 (e + An) + (2yn + e(1) ) logm}.
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Then, we have

Z exp ( sup (Snf)(y)> > Z exp ( sup (Snf)(ll)>

YEBn r(g;z,€) YEBy r(g;x,€)

Y

15| eXp{n/fdu —ny}

> ) exp{(hu(T.) + [ Fdun—20)n

— (o) e+ An) = 2y +e(vp_1) ") logm}.
Since S is a (T, g, n, €, 0, u)-spanning set, then

log P r(9; T, f,n,€,0) > log u(A) + R, (T §)+/fduf2’y

n - n
()™t 2yn+ (yp_1)™)
n n

(e+Ay) — logm.

In light of (3.4), letting n — oo and n — 0, and considering the facts that
0 <y <mn 2vlogm < n, lim.,g A, = 0, diam(¢) < 5 and that K :=

('Y:L—l)_l

- < 00, we conclude that:

2
lim lim inf log Pyu,r (T’ f,n, €7, 0)

e—0 n—oo n

limsup,,_,

> 0 +/fdu (T,

Letting 6§ — 0, we will have:

log P, r(T 2
lim lin inf 28 Ler (T fim €,0) /fdu—s—hH(T).
e—0 n—oo n
Therefore,
log P, r(T" 0
lim Tim inf 208 Tr (T S € )Z/fd/,L—kh#(T).
e—0 n—oo n
This completes the proof. O]
The following theorem generalizes Theorem 1.2 in [8], by replacing the mean

metric Jn by the metric d, .

Theorem 3.16. Let (X,T) be a TDS, f € C(X) and T = {yp ntmn>o0 be a

w®y—1
probability bi-sequence such that limsup,,_, . % < 00. then,

Pf‘k(Taf):PF(va):Ptop(va)'

Proof. Firstly, we prove that P(T, f) = Pr(T,f). Given any (I',n, §)-
spanning subset F' of X and any (I',n, €)-separated subset F' of X, one may
define an injective map ¢ : E — F' by choosing for each x € F some ¢(z) € F
with d,, r(z, ¢(x)) < §. Therefore, PE(T, f,n, 5) > Pr(T, f,n,¢). This imme-
diately implies that Pr(T, f) > Pr(T, f). Given ¢ > 0 and n € N, choose a
subset D = {x1, 22, -+ ,2x} of X such that:
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(m € X \U"," Bor(zi,¢€) for 2 <m < k.
(ii) The following hold
(Snf)(@1) = sup(Snf)(z), (Snuf)(@m)= sup (Snf) (@),
z€X € X\UZT" Bn,r(zi,€)

for 2 <m<k.

Obviously, D is a maximal (T',n,¢)-separated subset of X and also an
(T, n, €)-spanning subset of X. So,

BT e < Yespl( s (Suf)w)
zED yEBy v (,€)

= 3 eEN@

xzeD

< sup{z e @) B is an (T, n, €) — separated set of X}
z€E
= PF(Tafan,E)‘

This easily results in PE(T, f) < Pr(T, f) which completes the proof of equality.

Secondly, we turn to prove that Pr(T, f) = Piop(T, f). By Lemma 3.12, if
E is an (I',n, €)-separated set for X, then E is an (n, €)-separated set for X.
Then,

Pr(T, f,n,e) < sup{z @) . E is an (n, €) — sepatared set for X }.
zEER
Therefore, Pr(T, f) < Piop(T, f).
For each p € E(X,T) and 0 < § < 1, if F is an (', n, ¢)-spanning set for X,
then F' should be an (', n, €, , u)-spanning set for X. Therefore,
Plf(T7 f7 n, 6) > RL7F(T7 f7 n, e, 5)

Applying Theorem 3.15, we have:
Fi(T.f) = Pe(T ) > b (T) + [ s

Taking supremum over all p € E(X,T) and applying the variational principle,
we obtain Pr(T, f) > Piop(T, f). This completes the proof. O

Remark 3.17. One should note that, the condition limsup,,_, . (7;"271 < o0

is satisfied for a wvast class of probability bi-sequences containing the first part

of Example 3.2. Also, there are many cases of sequences as in the second part

of Example 3.2 which satisfy the previous condition. For instance, if {an}n>0

is an increasing bounded above sequence of positive numbers or is a decreas-

ing sequance of positive numbers with positive lower bound, then the corre-

sponding probabillity bi-sequence as in Example 3.2 will satisfy the condition
(va)~

limsup,, ,,, ~%— < oo.
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Remark 3.18. Setting T’ = Ty = {Vm,n}tmn>0 With Ymn = #—1 in Theorem

3.15 and Theorem 3.16 one may conclude Theorems 1.1 and 1.2 in [8] respec-

tively. Note that, the mean metric case corresponds to Ypy.n = %ﬂ, for which
*\—1

Y= R%H Then (7)™t =n+1, so limsup% =1 < oo, satisfying their

condition.
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