
Journal of Finsler Geometry and its Applications

Vol. 7, No. 1 (2026), pp 94-102

https://doi.org/10.22098/jfga.2025.17686.1165

Adapted connections on foliated manifolds

Elham Zangiabadia and Zohreh Nazarib∗ ID

a,bDepartment of Mathematics, Vali-e-Asr University of Rafsanjan,

Rafsanjan, Iran.

E-mail: e.zangiabadi@vru.ac.ir

E-mail: z.nazari@vru.ac.ir

Abstract. In this study, we define the local components of the adapted con-

nection relative to the adapted frame field. We also calculate the covariant

derivative of a tensor with respect to this connection. Furthermore, we present

a classification of totally geodesic foliations and bundle-like metrics, along with

the introduction of the local components of the torsion tensor associated with

this connection. To illustrate our findings, we provide a relevant example.
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1. Introduction

The general form of adapted linear connections on foliated semi-Riemannian

manifolds have been expressed in [2]. Schouten-Van Kampen and Vranceanu

connections are two important examples of adapted linear connections studied

in several works such as ([3], [6], [7], [8], [9]).

We organize our present work as follows: after introduction in section 1,

first we conclude all the local coefficients of the adapted connections with re-

spect to an adapted frame field. Then the transversal and structural covariant

derivatives of an adapted tensor fields have been find. Also, we obtained new
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characterizations of some classes of foliations. In the last section, we construct

an example of a foliated semi-Riemannian manifold endowed with an adapted

linear connection and prove some results.

In the following, we present the definitions and theorems that are used in

the main results of the paper.

LetM be an (n+p)−dimentional manifold. If a distributionD onM is given,

The real vector space of all symmetric bilinear mappings gx : Dx ×Dx −→ R,

is defined by L2
s(Dx,R). Then we consider the vector bundle

L2
s(D,R) =

⋃
x∈M

L2
s(Dx,R).

over M , and given the following definitions.then the semi-Riemannian metric

of constant index on D is a smooth section g : x −→ gx of L2
s(D,R) such that

each gx is non-degenerate of constant index on Dx for all x ∈M. We say that

(D, g) is a semi-Riemannian distribution of constant index. If in particular

D = TM , then g becomes a semi-Riemannian metric on M and (M, g) is called

a semi-Riemannian manifold [4].

Let F = {Lt} be a foliation on M with tangent distribution D, that is,

for any x ∈ M , Dx = TxLt, where Lt is the leaf of F passing through x. We

assume that (D, g) is semi-Riemannian distribution, then (M, g,F) is a foliated

semi-Riemannian manifold.

Then a complementary distribution D⊥ to D in TM can be obtained. In-

deed, since M is para-compact and of differentiability class C∞, there exists

on M a Riemannian metric of class C∞. Then we can take D⊥ as the comple-

mentary orthogonal distribution to D with respect to that metric, that is, we

have

TM = D ⊕D⊥. (1.1)

Denote by P and Q the projection morphisms of TM on D and D⊥ re-

spectively. The tensor field F = P − Q is an almost product structure on M ,

that is F 2 = I, where I is the identity morphism on TM . Therefore we call

(M,D,D⊥) an almost product manifold.

We first construct a local frame field adapted to (1.1) as follows. Let

{(U , ϕ) : (xi, xα)}, i ∈ {1, . . . n}, α ∈ {n + 1, . . . , n + p}, be a foliated chart

on (M,F), that is, D is locally represented on U by the natural field of frames

{ ∂

∂x1
, . . . { ∂

∂xn
}. If {en+1, ..., en+p} locally represents D⊥ on U , then { ∂

∂xi
, eα}

is a frame field on U with respect to (1.1). Now we express each { ∂

∂xα
} with

respect to this frame field:

∂

∂xα
= Aiα

∂

∂xi
+Aβαeβ . (1.2)
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Since A =

[
δij Aiα
0 Aβα

]
is the transition matrix from the frame field { ∂

∂xi
, eα}

to the natural frame field { ∂

∂xi
,
∂

∂xα
}, therefore [Aαβ ] is a non-singular matrix

of functions on U . thus

δ

δxα
= Aβαeβ , α ∈ {n+ 1, ..., n+ p},

also represent locally D⊥ on U . So (1.2) becomes

δ

δxα
=

∂

∂xα
−Aiα

∂

∂xi
, α ∈ {n+ 1, . . . n+ p}, (1.3)

We call { ∂

∂xi
,
δ

δxα
} the adapted frame field on (M,F). Vector fields of the

form (1.3) have been used in [5] and [9]. Next we consider the dual vector

bundles D∗ and D⊥∗ to D and D⊥respectively. Then an adapted tensor field

of type (q, s; r, t) on the foliated manifold (M,F) is an F (M)− (q + r + s+ t)

multi-linear mapping

T : Γ(D∗)q × Γ(D⊥∗)r × Γ(D)s × Γ(D⊥t) −→ F (M).

In orther to define the local components of T we consider the dual adapted

frame field {δxi, dxα} on (M,F), where

δxi = dxi +Aiαdx
α.

Thus, locally T is given by smooth functions

T
i1...iq α1...αr
j1...js β1...βt

= T
(
δxi1 , . . . , δxiq , dxα1 , . . . , dxαr ,

∂
∂xj1

, . . . , ∂
∂xjs ,

δ
δxβ1

, . . . , δ
δxβt

)
.

(1.4)

Lemma 1.1. [1] Let { ∂

∂xi
,
δ

δxα
} be an adapted frame field on (M,F). Then

we have

a)
[ δ

δxα
,
δ

δxβ
]

= Iiαβ
∂

∂xi
, b)

[ δ

δxα
,
∂

∂xi
]

= Ai
j
α

∂

∂xj
, (1.5)

where we set

a) Iiαβ =
δAiα
δxβ

−
δAiβ
δxα

, b) Aji α =
∂Ajα
∂xi

. (1.6)

Definition 1.2. A linear connection ∇ on an almost product manifold M is

said to be an adapted linear connection if the following conditions are satisfied:

a) ∇XPY ∈ Γ(D), b) ∇XQY ∈ Γ(D⊥),∀X,Y ∈ Γ(TM). (1.7)

We recall the following Theorem ( [2], p. 16)

Theorem 1.3. Let (M,D,D⊥) be an almost product manifold and ∇̃ be linear

connection on M . Then all adapted linear connections on M are given by

∇XY = P∇̃XPY +Q∇̃XQY + PS(X,PY ) +QS(X,QY ), (1.8)



Adapted connections on foliated manifolds 97

for any X,Y ∈ Γ(TM), where S is an arbitrary tensor field of type (1,2) on

M .

∇̃ expressed locally as follows [1]

(a) ∇̃ δ

δxβ

δ

δxα
= F γαβ

δ

δxγ
+Giαβ

∂

∂xi
,

(b) ∇̃ δ
δxα

∂

∂xi
= Hγ

iα

δ

δxγ
+Kj

iα

∂

∂xj
,

(c) ∇̃ ∂

∂xi

δ

δxα
= Lγαi

δ

δxγ
+M j

αi

∂

∂xj
,

(d) ∇̃ ∂

∂xj

∂

∂xi
= Nγ

ij

δ

δxγ
+ P kij

∂

∂xk
. (1.9)

where

(F γαβ , G
i
αβ , H

γ
iα, K

j
iα, L

γ
αi, M

j
αi, N

γ
ij , P

k
ij)

are the local coefficients with respect to the adapted frame field

{
∂

∂xi
,

δ

δxα

}
,

and satisfy the identities:

(a) F γ
αβ = F γ

βα , (b) G i
αβ −G i

βα = I i
αβ ,

(c) H γ
iα = L γ

αi , (d) K j
iα −M

j
αi = A j

iα ,

(e) H γ
iα = − gγβ G j

αβ gij , (f) N γ
ij = − gγαM h

αi ghj ,

(g) P k
ij = P k

ji . (1.10)

2. Adapted Connections

It is the purpose of this section to obtain all the local coefficients of the

adapted connection∇ with respect to an adapted frame field { ∂

∂xi
,
δ

δxα
}. First,

we put
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(a) S

(
δ

δxα
,
δ

δxβ

)
= Sγαβ

δ

δxγ
+ Siαβ

∂

∂xi
,

(b) S

(
δ

δxα
,
∂

∂xi

)
= Sγαi

δ

δxγ
+ Sjαi

∂

∂xj
,

(c) S

(
∂

∂xi
,
δ

δxα

)
= Sγiα

δ

δxγ
+ Sjiα

∂

∂xj
,

(d) S

(
∂

∂xi
,
∂

∂xj

)
= Sγij

δ

δxγ
+ Skij

∂

∂xk
. (2.1)

Next by using relations (1.9) and (2.1) we can state the following.

Lemma 2.1. The adapted connections are locally given by the following for-

mula:

(a) ∇ δ

δxβ

δ

δxα
=
(
F γαβ + Sγβα

) δ

δxγ
,

(b) ∇ δ
δxα

∂

∂xi
=
(
Kj
iα + Sjαi

) ∂

∂xj
,

(c) ∇ ∂

∂xi

δ

δxα
=
(
Lγαi + Sγiα

) δ

δxγ
,

(d) ∇ ∂

∂xj

∂

∂xi
=
(
P kij + Skji

) ∂

∂xk
.

Let (T
i1...iqα1...αr
j1...jsβ1...βt

) be an adapted tensor field of type (q, s; r, t). Then the

transversal covariant derivative of T with respect to ∇ is given by

(T
i1...iqα1...αr
j1...jsβ1...βt|γ) =

δT
i1...iqα1...αr
j1...jsβ1...βt

δxγ
+ Σqx=1T

i1...h...iqα1...αr
j1...jsβ1...βt

(Kix
hγ + Sixγh)

+ Σry=1(T
i1...iqα1...ε...αr
j1...jsβ1...βt|γ (Fαyεγ + Sαyγε )

− Σsz=1T
i1...iqα1...αr
j1...h...jsβ1...βt|γ(Kh

jzγ + Shγjz )

− Σtu=1T
i1...iqα1...αr
j1...jsβ1...ε...βt|γ(F εβuγ + Sεγβu).
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Similarly, the structural covariant derivative of T with respect to ∇ is given

by

(T
i1...iqα1...αr
j1...jsβ1...βt||k) =

∂T
i1...iqα1...αr
j1...jsβ1...βt

∂xk
+ Σqx=1T

i1...h...iqα1...αr
j1...jsβ1...βt

(P ixhk + Sixkh)

+ Σry=1(T
i1...iqα1...ε...αr
j1...jsβ1...βt|γ (Lαyεk + S

αy
kε )

− Σsz=1T
i1...iqα1...αr
j1...h...jsβ1...βt|γ(Phjzk + Shkjz )

− Σtu=1T
i1...iqα1...αr
j1...jsβ1...ε...βt|γ(Lεβuk + Sεkβu).

Theorem 2.2. The adapted transversal and structural covariant derivative of

gij and gαβ are given by

(a)

gij|γ =
δgij
δxγ
− ghj

(
K h
iγ + S h

γi

)
− gih

(
K h
jγ + S h

γj

)
.

(b)

gαβ|γ =
δgαβ
δxγ

− gεβ
(
F ε
αγ + S ε

γα

)
− gαε

(
F ε
βγ + S ε

γβ

)
.

(c)

gij‖k =
∂gij
∂xk

− ghj
(
P h
ik + S h

ki

)
− gih

(
P h
jk + S h

kj

)
.

(d)

gαβ‖k =
∂gαβ
∂xk

− gεβ
(
L ε
αk + S ε

kα

)
+ gαε

(
L ε
βk + S ε

kβ

)
.

where

gαβ = g
(

δ
δxα ,

δ
δxβ

)
, gij = g

(
∂
∂xi ,

∂
∂xj

)
.

We say that the Semi-Riemannian metric g on M is bundle-like for the

foliation F if each geodesic in M which is tangent to the transversal distribution

D⊥ at one point remains tangent for its entire length. g is bundle-like for F if

and only if

h⊥s (QX,QY ) = 0, ∀X,Y ∈ Γ(TM), (2.2)

where h⊥(QX,QY ) = P∇̃QXQY is the second fundamental form of D⊥

Theorem 2.3. Let (M, g,F) be a foliated Semi-Riemannian manifold. Then

the following conditions are equivalent:

a) g is a bundle-like metric for F .

b) Giαβ = 1
2I
i
αβ , ∀α, β ∈ {n+ 1, ..., n+ p}, i ∈ {1, ..., n}.

c) Giαβ +Giβα = 0, ∀α, β ∈ {n+ 1, ..., n+ p}, i ∈ {1, ..., n}.
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Proof. Let g be bundle-like, so by (2.2) we have

P∇̃QXQY + P∇̃QYQX = 0.

Since ∇̃ is torsion-free, we have

P∇̃QXQY = 1
2P [QX,QY ] .

We replace QX and QY by δ
δxβ

and δ
δxα . Therefore, by Lemma 1.1(a), we

obtain G i
αβ = 1

2I
i
αβ , and since I i

αβ + I i
βα = 0, we have G i

αβ +G i
βα = 0. �

First, if each leaf of F is a totally geodesic submanifold of (M, g) we say

that F is totally geodesic foliation. We present the next Theorem which have

been proved by Bejancu and Farran [2]

Theorem 2.4. F is totally geodesic if and only if one of the following condi-

tions is satisfied:

a) The second fundamental form of F vanishes identically on M , i.e., we

have

h(PX,PY ) = Q∇̃PXPY = 0, ∀X,Y ∈ Γ(TM). (2.3)

b) The shape operator of the structural distribution D vanishes identically

on M , i.e., we have

AQXPY = −P∇̃PYQX = 0, ∀X,Y ∈ Γ(TM). (2.4)

From Theorem 2.4 and definition of ∇ we deduce the following.

Theorem 2.5. Let (M, g) be a Semi-Riemannian manifold and F be a foliation

on M . Then the following assertions are equivalent:

a) F is a totally geodesic foliation.

b) ∇PXPY = ∇̃PXPY + PS(PX,PY ).

c) ∇PYQX = ∇̃PYQX +QS(PY,QX).

The adapted connection ∇ has a torsion tensor field T given by

T (X,Y ) = ∇XY −∇YX − [X,Y ], ∀X,Y ∈ Γ(TM). (2.5)

In particular, on Γ(D) is

T (PX,PY ) = PS(PX,PY )− PS(PY,PX).

Then with respect to an adapted frame field { ∂

∂xi
,
δ

δxα
} we put:

(a) T

(
δ

δxα
,
δ

δxβ

)
= T γ

αβ

δ

δxγ
+ T i

αβ

∂

∂xi
,

(b) T

(
δ

δxα
,
∂

∂xi

)
= −T

(
∂

∂xi
,
δ

δxα

)
= T γ

iα

δ

δxγ
+ T j

iα

∂

∂xj
,

(c) T

(
∂

∂xj
,
∂

∂xi

)
= T γ

ij

δ

δxγ
+ T k

ij

∂

∂xk
. (2.6)
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Then by direct calculations we obtain all components of T as in the next

Lemma.

Lemma 2.6. The local components of torsion tensor field of the adapted con-

nection are given by

(a) T γ
αβ = S γ

βα − S
γ

αβ , (b) T i
αβ = −I i

αβ ,

(c) T γ
iα = −(L γ

αi + S γ
iα ), (d) T j

iα = K j
iα + S j

αi −A
j

iα ,

(e) T γ
ij = 0, (f) T k

ij = S k
ji − S k

ij .

(2.7)

Proof. By direct calculations using Lemma 2.1 and (2.5). �

3. Example

We suppose that{
e1 =

∂

∂x
, e2 =

∂

∂y
, e3 = ex+y

∂

∂z

}
is a basis for the tangent space T (R3), where (x, y, z) denotes the standard

coordinate of a point in R3.

We define a semi-Riemannian metric g on R3 as

g(X,Y ) = −X1Y 1 +X2Y 2 +X3Y 3,

where X = X1e1 +X2e2 +X3e3 and Y = Y 1e1 +Y 2e2 +Y 3e3 are vector fields

on R3.

We consider the distributions D and D⊥ spanned by {e1, e2} and {e3} re-

spectively. From (1.2) we obtain

∂

∂z
= A1

3

∂

∂x
+A2

3

∂

∂y
+A3

3e3.

Therefore,

A1
3 = 0, A2

3 = 0, A3
3 =

1

ex+y
,

and

A =

1 0 0

0 1 0

0 0 e−(x+y)

 .
By using (1.3), we infer that

δ

δz
=

∂

∂z
−A1

3

∂

∂x
−A2

3

∂

∂y
=

∂

∂z
.

∇̃∂1∂1 = 0, ∇̃∂1∂2 = 0, ∇̃∂1δ3 = −f−2δ3,

∇̃∂2∂1 = 0, ∇̃∂2∂2 = 0, ∇̃∂2δ3 = −f−2δ3,

∇̃δ3∂1 = −f−2δ3, ∇̃δ3∂2 = −f−2δ3, ∇̃δ3δ3 = −f−2∂1 + f2∂2.
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We define the tensor field S in (1.8) by

S(X,Y ) = (−Y 1 + Y 3)X.

In consequence of the above discussions and equation (1.8), we obtain

∇∂1∂1 = −∂1, ∇∂1∂2 = 0, ∇∂1δ3 = −f−2δ3,

∇∂2∂1 = −∂2, ∇∂2∂2 = 0, ∇∂2δ3 = f∂2 − f−2δ3,

∇δ3∂1 = −δ3, ∇δ3∂2 = 0, ∇δ3δ3 = fδ3.

where

∂1 =
∂

∂x
, ∂2 =

∂

∂y
, δ3 =

δ

δz
.

By direct calculation, we obtain

h(PX,PY ) = 0, and h⊥(QX,QY ) = X3Y 3(−f−2∂1 + f2∂2) 6= 0.

It follows that the foliation F determined by the involutive distribution D is

totally geodesic and g is not bundle-like.
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