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Adapted connections on foliated manifolds
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Abstract. In this study, we define the local components of the adapted con-
nection relative to the adapted frame field. We also calculate the covariant
derivative of a tensor with respect to this connection. Furthermore, we present
a classification of totally geodesic foliations and bundle-like metrics, along with
the introduction of the local components of the torsion tensor associated with
this connection. To illustrate our findings, we provide a relevant example.

Keywords: Semi-Riemannian manifold, Adapted connection.

1. Introduction

The general form of adapted linear connections on foliated semi-Riemannian
manifolds have been expressed in [2]. Schouten-Van Kampen and Vranceanu
connections are two important examples of adapted linear connections studied
in several works such as ([3], [6], [7], [3], [9])-

We organize our present work as follows: after introduction in section 1,
first we conclude all the local coefficients of the adapted connections with re-
spect to an adapted frame field. Then the transversal and structural covariant
derivatives of an adapted tensor fields have been find. Also, we obtained new
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characterizations of some classes of foliations. In the last section, we construct
an example of a foliated semi-Riemannian manifold endowed with an adapted
linear connection and prove some results.

In the following, we present the definitions and theorems that are used in
the main results of the paper.

Let M be an (n+p)—dimentional manifold. If a distribution D on M is given,
The real vector space of all symmetric bilinear mappings g.. : D, x D, — R,
is defined by L?(D,,R). Then we consider the vector bundle

L2(D,R) = | J L}(D..R).
reM

over M, and given the following definitions.then the semi-Riemannian metric
of constant index on D is a smooth section g :  — g, of L?(D,R) such that
each g, is non-degenerate of constant index on D, for all x € M. We say that
(D, g) is a semi-Riemannian distribution of constant index. If in particular
D = TM, then g becomes a semi-Riemannian metric on M and (M, g) is called
a semi-Riemannian manifold [4].

Let F = {L;} be a foliation on M with tangent distribution D, that is,
for any x € M, D, = T, Ly, where L; is the leaf of F passing through z. We
assume that (D, g) is semi-Riemannian distribution, then (M, g, F) is a foliated
semi-Riemannian manifold.

Then a complementary distribution D+ to D in TM can be obtained. In-
deed, since M is para-compact and of differentiability class C'*°, there exists
on M a Riemannian metric of class C*°. Then we can take D+ as the comple-
mentary orthogonal distribution to D with respect to that metric, that is, we
have

TM =D& D . (1.1)

Denote by P and Q the projection morphisms of TM on D and D+ re-
spectively. The tensor field F' = P — Q is an almost product structure on M,
that is F2 = I, where I is the identity morphism on TM. Therefore we call
(M, D, D+) an almost product manifold.

We first construct a local frame field adapted to (1.1) as follows. Let
{U,p) : (x8,2%)}, i € {1,...n}, a« € {n+1,...,n + p}, be a foliated chart
on (M, F), that is, D is locally represented on U by the natural field of frames

13}
9 9 i
{8x1 b {6x" o If {ent1, s €ntp ) locally represents D on U, then {8zi J€at

is a frame field on U with respect to (1.1). Now we express each {a—a} with
x

respect to this frame field:

ifAi

o = Ao + ABeg. (1.2)
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Since A = { (i); ﬁ% ] is the transition matrix from the frame field {%, €at
to the natural frame field {%, ((;%}, therefore [A§] is a non-singular matrix
of functions on . thus
Mia =ABes, ac{n+1,...,n+p},
also represent locally D+ on U. So (1.2) becomes
6%":%_ g%,ae{n—kl,...n—#p}, (1.3)

o 0
We call {ﬁ’ 57} the adapted frame field on (M, F). Vector fields of the
zt’ ox

form (1.3) have been used in [5] and [9]. Next we consider the dual vector
bundles D* and D" to D and D-rrespectively. Then an adapted tensor field
of type (g, s;7,t) on the foliated manifold (M, F) is an F(M) — (¢+ 7+ s+ 1)
multi-linear mapping

T :T(D*)? x T(D+")" x T(D)* x T(D+") — F(M).

In orther to define the local components of T we consider the dual adapted
frame field {6z%, dz*} on (M, F), where

dxt = da' + A dx°.
Thus, locally T is given by smooth functions

Tl g O ... QY 1 ;i
T gttt =T (0", ..., 0t dz™, L datr,

J1---Js B1-..Be (14)
) o s 5
dxI1 ") Dxds ) §xPL "t §xBt )
o 9
Lemma 1.1. [I] Let {a—, 5—} be an adapted frame field on (M,F). Then
xt ox®
we have
) .0 o 0 ;0
O 0y 9 B DU 1.5
@) [51‘0" 61;5] B i’ ) [5330‘7 83:1] * Oxd (15)
where we set Y
; JA! 5 ; QA
I',= —%— - Al = @, 1.6
@) Lo dxB Sz’ ) Ao ox’ (16)

Definition 1.2. A linear connection V on an almost product manifold M is
said to be an adapted linear connection if the following conditions are satisfied:
a) VxPY €I(D), b) VxQY € I'(D1),VX,Y € I'(TM). (1.7)

We recall the following Theorem ( [2], p. 16)

Theorem 1.3. Let (M, D, DY) be an almost product manifold and ¥V be linear
connection on M. Then all adapted linear connections on M are given by

VxY = PVxPY + QVx QY + PS(X,PY) + QS(X, QY), (1.8)
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for any XY € T(T M), where S is an arbitrary tensor field of type (1,2) on
M.

V expressed locally as follows [1]

(b) V. 6‘; = H]ad% +Kfa%,
(©) Voo s = Lo + Ml
(d) V.a aii :Ng%+a’;%. (1.9)
where
(Flgs Gugs Hiyy Kl L3, M, N, PE)
are the local coeflicients with respect to the adapted frame field
o 22}
Oxt’ Sz [’
and satisfy the identities:
(a) F,5 =Fy), (b) Gopp — Gpl = 1,4,
(c) Hia’y = Lai’y7 (d) ij - Maij = Amjv
(e) Hy' =—g"" Gaf; i (f) Ny = =97 M,;" gnj,
(9) Py,"=P;". (1.10)

2. Adapted Connections

It is the purpose of this section to obtain all the local coefficients of the

a 6
adapted connection V with respect to an adapted frame field {W7 57} First,
xt’ dx

we put
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(2.1)

Next by using relations (1.9) and (2.1) we can state the following.

Lemma 2.1. The adapted connections are locally given by the following for-

mula:
oy M)
(a) Vﬁiﬂ S - (Fozﬁ + S a) 5.%77
o i\ O
(b) v5fa Ot - (Kia + Sai) Oxd’
o s vy O
O o = (5L
0 & sy O
@) Ve i = P+ 55) g

Let (T;;;"gﬁgﬁ ") be an adapted tensor field of type (g, s;r,t). Then the

transversal covariant derivative of T with respect to V is given by

o . o o
i1.igan ...y . J1-.-4sB1..-Bt q 11...h...zqa1..4a,« i -
(7}1..4'551»..3’&")’) o T + Em:lle...jsﬁl..ﬂt (Kh’Y + S’Yh)

r i1 lqQ1 .. E Oty ay o
+ Zyzl(leijﬁl--ﬂt\’Y (FE’Y + S’Y‘Ey)

. s 010 0g Q... Ol h h
Ezlejl.,.h...jsﬁl...ﬁt\'y(sz’Y + S’sz)

. t 010 0g Q1 ... Qe 5 5
Zuzljjjl...jsﬁl...s...ﬁt"Y(Fﬁu'y + S’Yﬁu)
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Similarly, the structural covariant derivative of T" with respect to V is given
by

» ot e - o
010 0g Q1. .. Qe _ J1.--JsPB1--Bt q i1...h.dgar...op i .
T s = gkt Eem T s e (Pak + Skh)

r ’Ll’L x1...€...00p ay Oy,
+ Ey:l(TjMJ‘ZBl...BtIv (Lsk +Sk;)

s il...iqal...a,‘ h h
EZ:ITJ&~~h~~jsﬁl-~ﬂt|’Y(szk + Ska)

+ 210 lgQ1 ... Oy 5 €
- Eulejl~~-j:51~~6~~~5t|’7(LB“k + Skﬂ“)'

Theorem 2.2. The adapted transversal and structural covariant derivative of
gi; and gop are given by

(a)

99ij
Jigh = §xi ~ 9hj (Kivh + Svih) — Gin (Kjwh + S"/jh)'

(b)

0ga
gaﬁ|’y = 6x,yﬁ - gsB (Fa'yE + S,),QE) — Gae (Fﬁ’YE -+ S,Yﬁe).

dgi;
Gijllk = % — gnj (Pikh + Skih) — Gih (ijh + Skjh)'

09a
aBllk = 8gka — 926 (Lak + Ska’) + Gas (Lai + Sig)-

where
_ 56 _ I
9ap = 9557 573) v 9ij = 9(@7 W) :
We say that the Semi-Riemannian metric ¢ on M is bundle-like for the

foliation F if each geodesic in M which is tangent to the transversal distribution

D+ at one point remains tangent for its entire length. ¢ is bundle-like for F if
and only if

hHQX,QY) =0, VX,Y € T(TM), (2.2)
where ht(QX, QY) = PVox QY is the second fundamental form of D+
Theorem 2.3. Let (M, g, F) be a foliated Semi-Riemannian manifold. Then
the following conditions are equivalent:

a) g is a bundle-like metric for F.
b) gﬁ = %Iiﬂ, Vo, € {n+1,...,n+p}, i € {1,...,n}.
c) Ggﬁ +GL, =0, Vo, e{n+1,...,n+p}, i€{l,..,n}
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Proof. Let g be bundle-like, so by (2.2) we have
PVox QY +PVoy QX = 0.
Since V is torsion-free, we have
PVoxQY = 1P[OX, QY].
We replace QX and QY by M% and 6%&. Therefore, by Lemma 1.1(a), we

obtain G /3 = %IQZB, and since I/ + I, = 0, we have G /3 + G4, = 0. O
First, if each leaf of F is a totally geodesic submanifold of (M, g) we say

that F is totally geodesic foliation. We present the next Theorem which have
been proved by Bejancu and Farran [2]

Theorem 2.4. F is totally geodesic if and only if one of the following condi-
tions is satisfied:
a) The second fundamental form of F vanishes identically on M, i.e., we
have
h(PX,PY) = QVpxPY =0, VX,Y € T(TM). (2.3)
b) The shape operator of the structural distribution D vanishes identically
on M, i.e., we have

AgxPY = —PVpyQX =0, VX,Y € T(TM). (2.4)
From Theorem 2.4 and definition of V we deduce the following.

Theorem 2.5. Let (M, g) be a Semi-Riemannian manifold and F be a foliation
on M. Then the following assertions are equivalent:

a) F is a totally geodesic foliation.

b) VpxPY =VpxPY + PS(PX,PY).

) VpyQX =VpyQX + QS(PY, QX).

The adapted connection V has a torsion tensor field T given by
T(X,)Y)=VxY -VyX —[X|Y], VXY e T(TM). (2.5)
In particular, on I'(D) is

T(PX,PY) = PS(PX,PY) — PS(PY,PX).
o 5

EE 6:50‘} we put:

Then with respect to an adapted frame field {

50 L6 )
(a) T(&axﬁ) =Tap 5 T Tos g

50N (0 5N\ 8 D
() T<5xo"8xi> T<8xi’6xa)Tm 5x7+Ti°‘ OxJ’

o 0 ) 0
O (g a1) =T+ T (2.6
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Then by direct calculations we obtain all components of T" as in the next
Lemma.

Lemma 2.6. The local components of torsion tensor field of the adapted con-
nection are given by

(a) Ta/i?’y = SB(;/ - Saﬁ’y’ (b) Taﬁi = _Iaﬁi?
(C) jjia’y = _(Lai7 + S’ioﬁ)’ (d) T;'aj = Kiaj + Saij - Aiaj7 (27)
(e) Crz‘j’Y:Ov (f) Tijk:Sjik_Sijk'
Proof. By direct calculations using Lemma 2.1 and (2.5). O
3. Example

We suppose that
0 0 —
{el_axv 62_aya €3 =¢€ 82
is a basis for the tangent space T(R?), where (z,y,2) denotes the standard

coordinate of a point in R3.
We define a semi-Riemannian metric g on R? as

g(X,Y) = X'V 4 X?y? + X373,
where X = X'e; + X2%es+ X3e5 and Y = Yle; + Y2ey + Y3es are vector fields
on R3.
We consider the distributions D and D+ spanned by {e;,e2} and {e3} re-
spectively. From (1.2) we obtain

0 , 0

0
1 3
B R — A, _ A: .
0z 3 0x + 30y e
Therefore,
1
14;):07 14%207 Ag:ezjy’
and
1 0 0
A=10 1 0
0 0 e &ty

By using (1.3), we infer that
] 0 1 0 12 0 0

0z 9z %9r oy 0z
Vo, 81 =0, Vo, 02 =0, Vo, 03 = —f 203,
Vo,d1 =0, Vo,d2 =0, Vo,03 = —f 203,

V01 = —f 7203, V5,00 = —f 203, V5,05 =—f201 + f20.
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We define the tensor field S in (1.8) by
S(X,Y)=(-Y'+Y3X.
In consequence of the above discussions and equation (1.8), we obtain
Vo, 01 = =01, Vp,02=0, Vp,d3=—f 203,
fO2 — 7263,
Vs,01 = =03, Vg,00 =0, Vs,03= f0s.

Vo, 01 = =02, Vp,00 =0, Va,03

where

L0 a0,
- o’

By direct calculation, we obtain

h(PX,PY)=0, and h'(QX,QY)=X3V3(—f 20, + f20,) #0.

0

It follows that the foliation F determined by the involutive distribution D is

totally geodesic and g is not bundle-like.
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