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Abstract. In 1994, S. Basco and M. Matsumoto studied the concept of projec-

tive change between two Finsler spaces with (α, β)-metrics. Projective change

between two Finsler metrics arises from Information Geometry. In the present

paper, we find conditions to characterize the projective change between two

(α, β)-metrics, such as special cubic (α, β)-metric and Randers metric on a

manifold with dim n ≥ 3, where α and ᾱ are two Riemannian metrics, β and

β̄ are two non-zero 1-forms.
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1. Introduction

The study of projectively related Finsler metrics was initiated by Berwald

and his studies mainly concern the 2-dimensional Finsler spaces [2]. Further

Rapcsák [11], Szabó [18] and Báscó-Matsumoto [3, 9] have made substantial
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contributions on this topic. As Shen pointed out in [17], the problem of pro-

jectively related Finsler metrics is strongly connected to projectively related

sprays.

In [15], Shen-Yu studied projectively related Randers metrics. They show

that two Randers metrics are pointwise projectively related if and only if they

have the same Douglas tensors and the corresponding Riemannian metrics are

projectively related. In [10], Park and Lee studied the projective change be-

tween a Finsler space with (α, β)-metric and the associated Riemannian metric.

In [5], Cui-Shen find necessary and sufficient conditions under which a Berwald

metric and a Randers metric are projectively related. Then Zohrehvand-Rezaii

found necessary and sufficient conditions under which a Matsumoto metric and

a Randers metric are projectively related [22]. The projective change between

two Finsler spaces have been studied by many geometers [4, 9, 14, 16, 19, 23, 24].

In Finsler geometry, a change of L → L̄ of a Finsler metric on a same

underlying manifold M is called projective change if any geodesic in (M,L)

remains to be a geodesic in (M, L̄) and vice versa. Two Finsler metrics L and

L̄ on a manifold M are said to be projectively related if their geodesics as point

sets are the same. Two Riemannian metrics α and ᾱ are projectively related

in Riemannian geometry if and only if their spray coefficients have the relation

Giα = Giᾱ + λxkykyi, (1.1)

where λ = λ(x) is a scalar function on the based manifold, and (xi, yj) denotes

the local coordinates in the tangent bundle TM .

Two Finsler metrics L and L̄ are projectively related if and only if their

spray coefficients have the relation [5]

Gi = Ḡi + P (y)yi, (1.2)

where P (y) is a scalar function on TM\{0} and homogeneous of degree one in

y. The change from a Finsler metric L to another Finsler metric L̄ = L + β̄

is called a Randers change, β̄ is a nonzero one form on the based manifold

satisfying ||β̄|| < 1. In [7], it has been proved that L is projectively related to

its Randers change L̄ if and only if β̄ is closed.

An (α, β)-metric is a Finsler metric on a manifold M defined by L = αφ(s),

where s = β
α , φ = φ(s) is a C∞ function on the (−b0, b0) with certain regularity,

α =
√
aijyiyj is a Riemannian metric and β = bi(x)yi is a 1-form on M.

Randers metrics L = α + β are the simplest (α, β)-metrics which were first

introduced by physicist Randers from the standpoint of general relativity [12].

In 2023 Tripathi et al. [19, 20, 21] defined a special cubic (α, β)-metric

L = (α+β)3

α2 on n-dimensional manifold M by taking p = 3 in a class p-power

(α, β)-metrics L = α
(

1 + β
α

)p
[6]. The purpose of this paper is to find the

relation between two Finsler spaces with special cubic (α, β)-metric L = (α+β)3

α2
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and Randers metric L̄ = ᾱ + β̄ respectively under projective change, where α

and ᾱ are two Riemannian metrics, β and β̄ are two nonzero one forms.

2. Preliminaries

The terminology and notations are referred to [1, 8, 13]. Let Fn = (M,L)

be a Finsler space on a differential manifold M endowed with a fundamental

function L(x, y). We use the following notations:

(a) gij =
1

2
∂̇i∂̇jL

2, ∂̇ =
∂

∂yi
,

(b) Cijk =
1

2
∂̇kgij ,

(c) hij = gij − lilj ,

(d) γijk =
1

2
gir(∂jgrk + ∂kgrj − ∂rgjk),

(e) Gi =
1

2
γijky

jyk, Gij = ∂̇jG
i, Gijk = ∂̇kG

i
j , Gijkl = ∂̇lG

i
jk.

For a given Finsler metric L = L(x, y), the geodesics of L satisfy the following

ODEs:

d2xi

dt2
+ 2Gi

(
x,
dx

dt

)
= 0,

where Gi = Gi(x, y) are called the geodesic coefficients, which are given by

Gi =
gil

4

{
[L2]xkyly

k − [L2]xk

}
.

Let φ = φ(s), |s| < b0, be a positive C∞ function satisfying the following

φ(s)− sφ
′
(s) + (b2 − s2)φ

′′
(s) > 0, |s| ≤ b < b0. (2.1)

If α =
√
aijyiyj is a Riemannian metric and β = biy

i is 1-form satisfying

||βx||α < b0 ∀x ∈ M , then L = φ(s), s = β/α, is called an (regular) (α, β)-

metric. In this case, the fundamental form of the metric tensor induced by L

is positive definite.

Let ∇β = bi|jdx
i ⊗ dxj be covariant derivative of β with respect to α.

Denote

rij =
1

2
(bi|j + bj|i), sij =

1

2
(bi|j − bj|i).

β is closed if and only if sij = 0 [14]. Let sj = bisij , s
i
j = ailslj , s0 = siy

i,

si0 = sijy
j and r00 = rijy

iyj .

The geodesic coefficients Gi of L and geodesic coefficients Giα of α are related

as follows

Gi = Giα + αQsi0 + {−2Qαs0 + r00}{ψbi +Θα−1yi}, (2.2)
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where 

Θ =
φφ

′ − s(φφ′′
+ φ

′
φ

′
)

2φ((φ− sφ′ + (b2 − s2)φ′′)
,

Q =
φ

′

φ− sφ′ ,

ψ =
1

2

φ
′′

(φ− sφ′) + (b2 − s2)φ′′ .

Let

Di
jkl =

∂3

∂yj∂yk∂yl

(
Gi − 1

n+ 1

∂Gm

∂ym
yi
)
, (2.3)

whereGi are the spray coefficients of L. The tensorD = Di
jkl∂i⊗dxj⊗dxk⊗dxl

is called the Douglas tensor. A Finsler metric is called Douglas metric if the

Douglas tensor vanishes.

It is simple to verify that the Douglas tensor is projective invariant by

using (1.2). Observing that the spray coefficients of a Riemannian metric are

quadratic forms, what one sees that the Douglas tensor vanishes (2.3). This

shows that Douglas tensor is a non-Riemannian quantity.

In the following, we use quantities with a bar to denote the corresponding

quantities of the metric L̄. In the beginning, we compute the Douglas tensor of

a general (α, β)-metric.

Let

Ĝi = Giα + αQsi0 + ψ{−2Qαs0 + r00}bi.

Then (2.2) becomes

Gi = Ĝi +Θ{−2Qαs0 + r00}α−1yi.

Clearly, Gi and Ĝi are projective equivalent according to (1.2), they have the

same Douglas tensor.

Let

T i = αQsi0 + ψ{−2Qαs0 + r00}bi. (2.4)

Then Ĝi = Giα + T i, thus

Di
jkl =D̂i

jkl

=
∂3

∂yj∂yk∂yl

(
Giα −

1

n+ 1

∂Gmα
∂ym

yi + T i − 1

n+ 1

∂Tm

∂ym
yi
)

=
∂3

∂yj∂yk∂yl

(
T i − 1

n+ 1

∂Tm

∂ym
yi
)
.

(2.5)

To compute (2.5) explicitly, we need the following identities

αyk = α−1yk,

syk = α−2(bkα− syk),
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where yi = aily
l. Here and from now on, αyk means ∂α

∂yk
, etc. Then

[αQsm0 ]ym =α−1ymQs
m
0 + α−2Q

′
[bmα

2 − βym]sm0

=Q
′
s0

and

[ψ(−2Qαs0 + r00)bm]ym = ψ
′
α−1(b2 − s2)[r00 − 2Qαs0]

+2ψ[r0 −Q
′
(b2 − s2)s0 −Qss0],

where rj = birij and r0 = riy
i. Thus from (2.4) we have

Tmym = Q
′
s0 + ψ

′
α−1(b2 − s2)[r00 − 2Qαs0]

+2ψ[r0 −Q
′
(b2 − s2)s0 −Qss0].

(2.6)

Let L and L̄ be two (α, β)-metrics, we assume that they have the same

Douglas tensor, i.e. Di
jkl − D̄i

jkl. From (2.3) and (2.5) we have

∂3

∂yj∂yk∂yl

(
T i − T̄ i − 1

n+ 1
(Tmym − T̄mym)yi

)
= 0.

Then there exists a class of scalar functions Hi
jk = Hi

jk(x) such that

T i − T̄ i − 1

n+ 1
(Tmym − T̄mym)yi = Hi

00, (2.7)

where Hi
00 = Hi

jky
jyk, T i and Tmym are given by (2.4) and (2.6) respectively.

3. Projective change between special cubic (α, β)-metric and Randers

metric

In this section, we find the projective change between two (α, β)-metrics,

i.e., special cubic (α, β)-metric L = (α+β)3

α2 and Randers metric L̄ = ᾱ+ β̄ on a

same underlying manifold M of dimension n ≥ 3. For (α, β)-metric L = (α+β)3

α2 ,

(2.1) shows that L is a regular Finsler metric if and only if 1-form β meets the

requirement ||βx||α < 1
2 for any x ∈M . The geodesic coefficients are given by

(2.2) with 

Θ =
3− 12s

2{(1 + s))2 − 3s(1 + s) + 6(b2 − s2)}
,

Q =
3

1− 2s
,

ψ =
3

2{(1 + s)2 − 3s(1 + s) + (b2 − s2)6}
.

(3.1)

Substituting (3.1) into (2.2), we get

Gi = Giα+
3α2

α− 2β
si0+

{
−6α2

α− 2β
s0 + r00

}{
6α2bi + (3α− 12β)yi

2{(α+ β)2 − 3β(α+ β) + 6(α2b2 − β2)}

}
.

(3.2)
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For Randers metric L̄ = ᾱ + β̄, (2.1) also shows that L̄ is a regular Finsler

metric if and only if ||βx||α < 1 for any x ∈ M . The geodesic coefficients are

given by (2.2) with

Θ̄ =
1

2(1 + s)
, Q̄ = 1, ψ̄ = 0. (3.3)

First we prove the following lemma:

Lemma 3.1. Let L = (α+β)3

α2 and L̄ = ᾱ + β̄ be two (α, β)-metrics on a

manifold M with dimension n ≥ 3. Then they have the same Douglas tensor

if and only if both the metrics L and L̄ are Douglas metrics.

Proof. We first establish the sufficient condition. Let Di
jkl and D̄i

jkl be the

appropriate Douglas tensors and let L and L̄ be the Douglas metrics. Then by

the definition of Douglas metric, we have Di
jkl = 0 and D̄i

jkl = 0 i.e., Douglas

tensor of L and L̄ is the same. We then establish the necessary condition. (2.7)

holds if L and L̄ have the same Douglas tensor. Upon replacing (3.1) and (3.3)

in (2.7), we obtain

Hi
00 =

Aiα7 +Biα6 + Ciα5 +Diα4 + Eiα3 + F iα2 +Hiα+ Ii

Jα6 +Kα5 + Lα4 +Mα3 +Nα2 +Oα+ P
− ᾱs̄i0, (3.4)

where

Ai = 3si0(1 + 6b2)2 − 18s0(1 + 6b2)bi,

Bi = β[si0(−216b4 − 108b2 − 12) + s0b
i(216b2 + 54)]− s0λy

i(18b2 + 6)

+ r00(18b2 + 3)bi − r0λy
i(36λb2 + 6),

Ci = si0(−216β2b2 − 33β2) + s0(108β2bi + 396βb2λyi + 30βλyi)

+ r00(−72βb2bi − 15βbi − 3b2λyi) + r0(144βb2λyi + 24βλyi)

Di = si0(576β3b2 + 138β3) + s0(−288β3bi − 720β2b2λyi − 18β2λyi)

+ r00(72β2b2bi − 36βλb2yi) + r0(−144β2b2λyi − 24β2λyi + 48β2λyi)

Ei = 96β4si0 − 420β3s0λy
i + r00(84β3bi − 180β2b2λyi + 3β2λyi)

+ r0(24β3λyi − 192β3λyi)

F i = −384β5si0 + 768β4s0λy
i − r00(96β4bi + 192β3b2λyi − 36β3λyi)

+ 192β4r0λy
i

Hi = −180β4r00λy
i,

Ii = 192β5r00λy
i.

(3.5)
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and 

J = (1 + 6b2)2,

K = −β(144b4 + 60b2 + 6),

L = β2(144b2 − 3),

M = β3(336b2 + 68),

N = −β4(384b2 + 60),

O = −192β5,

P = 256β6.

(3.6)

Then (3.4) is equivalent to

Aiα7 +Biα6 + Ciα5 +Diα4 + Eiα3 + F iα2 +Hiα+ Ii

= (Jα6 +Kα5 + Lα4 +Mα3 +Nα2 +Oα+ P )(Hi
00 + ᾱs̄i0).

(3.7)

Replacing yi in (3.7) by −yi yields

−Aiα7 +Biα6 − Ciα5 +Diα4 − Eiα3 + F iα2 −Hiα+ Ii

= (Jα6 −Kα5 + Lα4 −Mα3 +Nα2 −Oα+ P )(Hi
00 − ᾱs̄i0).

(3.8)

Adding (3.7) and (3.8) yields

Biα6 +Diα4 + F iα2 + Ii

= (Jα6 + Lα4 +Nα2 + P )Hi
00 + (Kα4 +Mα2 +O)αᾱs̄i0.

(3.9)

Substracting (3.7) from (3.8) yields

Aiα7 + Ciα5 + Eiα3 +Hiα

= (Kα5 +Mα3 +Oα)Hi
00 + (Jα6 + Lα4 +Nα2 + P )ᾱs̄i0.

(3.10)

We split the proof into two cases

Case (i): If ᾱ 6= µ(x)α, then from (3.9), we see that αᾱs̄i0 is a homogeneous

polynomial with respect to y. Therefore s̄i0 = 0, which says that β̄ is closed.

Case (ii): If ᾱ = µ(x)α, then (3.9) and (3.10) reduce to

Biα6 +Diα4 + F iα2 + Ii

= (Jα6 + Lα4 +Nα2 + P )Hi
00 + α2µ(x)s̄i0(Kα4 +Mα2 +O)

(3.11)

and

Aiα6 + Ciα4 + Eiα2 +Hi

= Hi
00(Kα4 +Mα2 +O) + µ(x)s̄i0(Jα6 + Lα4 +Nα2 + P ),

(3.12)

(3.11) and (3.12) is equivalent to

Ii −Hi
00P =[−Biα4 −Diα2 − F i +Hi

00(Jα4 + Lα2 +N)

+ µ(x)s̄i0(Kα4 +Mα2 +O)]α2
(3.13)

Hi −Hi
00O − Pµ(x)s̄i0 =[−Aiα4 − Ciα2 − Ei +Hi

00(Kα2 +M)

+ µ(x)s̄i0(Jα4 + Lα2 +N ]α2.
(3.14)
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respectively. From (3.13) and (3.14), Ii − Hi
00P and Hi − Hi

00O − Pµ(x)s̄i0
has the factor α2. From (3.5) and (3.6), we can see that Ii = −16/15βHi

and P = −4/3βO. Thus Hi, Hi
00O and Pµ(x)s̄i0 has the factor α2. Since

Hi
00O = −192β5Hi

00, we conclude that for each i there exists a scalar function

σi(x) on M such that Hi
00 = σi(x)α2. From (3.13) and (3.5), we can see that

r00 = η(x)α2. (3.15)

On the other hand from (3.5), (3.6), (3.13), (3.14) and (3.15), we have that

[(1 + 6b2)2µ(x)s̄i0 − 3(1 + 6b2)2s̄i0 + 18(1 + 6b2)s0b
i + 3b2λyiη(x)]α6

has the factor β, thus

(1 + 6b2)2(µ(x)s̄i0 − 3si0) + 18(1 + 6b2)s0b
i + 3b2λyiη(x)

has the factor β, i.e. for each i there exists a scalar function ξi(x) such that

(1 + 6b2)2(µ(x)s̄i0 − 3si0) + 18(1 + 6b2)s0b
i + 3b2λyiη(x) = βξi(x),

By multiplying in aik and then differentiating with respect to yj , we obtain

(1 + 6b2)2(µ−1s̄kj − skj) + 18(1 + 6b2)bksj + 3λajkb
2η(x) = bjξk(x),

where ξk(x) = ξi(x)aik. From above we have

bjξk(x) + bkξj(x) = 6λajkb
2η(x) + 18(1 + 6b2)(bksj + bjsk).

By multiplying in yjyk, we have

2βξ0 = 6λα2b2η(x) + 18(1 + 6b2)βs0.

Thus η(x) = 0 and therefore r00 = 0.

Therefore

Ai = 3(1 + 6b2)2si0 − 18(1 + 6b2)s0b
i,

Bi = −216b4si0 − 108βb2si0 + 216βb2s0b
i − 12βsi0 + 54βs0b

i − 18λb2s0y
i

− 6s0λy
i,

Ci = −216β2b2si0 − 33β2si0 + 108β2s0b
i + 396βb2s0λy

i + 30βs0λy
i,

Di = 576β3b2si0 + 138β3si0 − 288β3s0b
i − 720β2b2s0λy

i,

Ei = 96β4si0 − 420β3s0λy
i,

F i = −384β5si0 + 768β4s0λy
i,

Hi = 0,

Ii = 0.

(3.16)

From (3.13) and (3.16), we have

F i − µ(x)s̄i0O −Hi
00P = β4[−384βsi0 + 768s0λy

i + 192βµ(x)s̄i0 − 256β2σi(x)]



90 B. K. Tripathi and S. Khan

has the factor α2, thus for each i there exists a scalar function ρi(x) on M such

that

192βµ(x)s̄i0 − 384βsi0 + 768s0λy
i − 256β2σi(x) = α2ρi(x).

By multiplying in yi, we have

768α2s0λ− 256σi(x)yiβ
2 = α2ρi(x)yi,

therefore

α2[ρi(x)yi − 768λs0] = −256σi(x)yiβ
2,

Thus σi(x) = 0 and Hi
00 = 0. On the other hand from (3.14) and Hi

00 = 0, we

see that Pµ(x)s̄i0 = 256β6µ(x)s̄i0 has tha factor α. Therefore for each i there

exists scalar function τ i(x) on M such that

µ(x)s̄i0 = ατ i(x),

by multiplying in aij and differentiating with respect to yk we have

256µ(x)−1s̄jk = α−1ykτj(x),

by multiplying in yjyk, we obtain

ατ0(x) = 0,

hence τj(x) = 0 and s̄jk = 0, therefore β̄ is closed. Anyway, β̄ is closed. It is

well known that Randers metric L̄ = ᾱ + β̄ is a Douglas metric if and only if

β̄ is closed. Then L̄ is a Douglas metric. Since L is projectively related to L̄,

then both L and L̄ are Douglas metrics. We complete the proof. �

Now, we prove the following main theorem by using Lemma 3.1:

Theorem 3.2. The Finsler metric L = (α+β)3

α2 is projectively related to L̄ =

ᾱ+ β̄ if and only if the following conditions are satisfied.
Giα = Giᾱ + Pyi,

bi|j = 0,

dβ̄ = 0,

(3.17)

where b = ||β||α, bi|j denote the coefficients of the covariant derivatives of β

with respect to α, P is a scalar function.

Proof. We first establish the necessary condition. The Douglas tensor of two

Finsler metrics is the same if L is projectively related to L̄, since the Douglas

tensor is invariant under projective changes between two Finsler metrics. Then

lemma 3.1 leads us to the conclusion that L and L̄ are Douglas metrics.

We know that Randers metric L̄ = ᾱ + β̄ is a Douglas metric if and only if

β̄ is closed [5], i.e.,

dβ̄ = 0. (3.18)

and L = (α+β)3

α2 is a Douglas metric if and only if

bi|j = 0. (3.19)
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where bi|j denote the coefficients of the covariant derivatives of β = biy
i with

respect to α [19]. In this case, β is closed. As β is closed, sij = 0 implies that

bi|j = bj|i. Hence we have si0 = 0, s0 = 0.

By using (3.19), we have r00 = rijy
iyj = 0. Upon replacing all these in

(3.2), we obtain

Gi = Giα. (3.20)

The equation (3.20) shows Randers change between L and ᾱ, since L is

projective to L̄ = ᾱ + β̄. Here β̄ is closed, thus L and ᾱ are projectively

related. Consequently, there exists a scalar function P = P (y) on TM\{0}
such that

Gi = Giᾱ + Pyi. (3.21)

From (3.20) and (3.21), we have

Giα = Giᾱ + Pyi. (3.22)

(3.18) and (3.19) together with (3.22) complete the proof of the necessity.

Given that β̄ is closed, proving that L is projectively related to ᾱ suffices

to establish the sufficiency. (3.20) is obtained by substituting (3.19) into (3.2).

From (3.20) and (3.22), we have

Gi = Giᾱ + Pyi. (3.23)

i.e., L is projectively related to ᾱ. �

From the above theorem, immediately we get the following corollaries.

Corollary 3.3. The Finsler metric L = (α+β)3

α2 is projectively related to L̄ =

ᾱ + β̄ if and only if they are Douglas metrics and the spray coefficients of α

and ᾱ have the following relation

Giα = Giᾱ + Pyi,

where P is a scalar function.

Further, we assume that the Randers metric L̄ = ᾱ+β̄ is locally Minkowskian,

where ᾱ is an Euclidean metric and β̄ = b̄iy
i is a one form with b̄i=constants.

Then (3.17) can be written as

Giα = Pyi,

bi|j = 0.
(3.24)

Hence, we state

Corollary 3.4. The Finlser metric L = (α+β)3

α2 is projectively related to L̄ if

and only if L is projectively flat, in other words, L is projectively flat if and

only if (3.24) holds.
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4. Conclusion

In the 1920s, Elie Cartan and Tracey Thomas initiated projective differen-

tial geometry. Overdetermined systems of partial differential equations natu-

rally arise in the simplest situation, which is provided by projective differential

geometry. The Rapcsák theorem [11] is a notable theorem in projective differ-

ential geometry that plays an important role in projective geometry of Finsler

spaces. This theorem establishes both the necessary and sufficient conditions

for a Finsler space to be projective to another Finsler space. The most fun-

damental application of what has come to be known as the Bernstein-Gefland

machinery is provided by projective differential geometry. As such, it is iden-

tical to conformal differential geometry. However, there are direct applications

in Riemannian differential geometry.

In this paper, we have obtained some important results concerning projective

change between special cubic (α, β)-metric L = (α+β)3

α2 and Randers metric in

Lemma 3.1, Theorem 3.2, and Corollaries (3.3, 3.4).
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