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Abstract. In 1994, S. Basco and M. Matsumoto studied the concept of projec-
tive change between two Finsler spaces with («, 8)-metrics. Projective change
between two Finsler metrics arises from Information Geometry. In the present
paper, we find conditions to characterize the projective change between two
(a, B)-metrics, such as special cubic (o, 8)-metric and Randers metric on a
manifold with dim n > 3, where a and & are two Riemannian metrics, S and
B are two non-zero 1-forms.
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1. Introduction

The study of projectively related Finsler metrics was initiated by Berwald
and his studies mainly concern the 2-dimensional Finsler spaces [2]. Further
Rapcsédk [11], Szabd [18] and Bascé-Matsumoto [3, 9] have made substantial
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contributions on this topic. As Shen pointed out in [17], the problem of pro-
jectively related Finsler metrics is strongly connected to projectively related
sprays.

In [15], Shen-Yu studied projectively related Randers metrics. They show
that two Randers metrics are pointwise projectively related if and only if they
have the same Douglas tensors and the corresponding Riemannian metrics are
projectively related. In [10], Park and Lee studied the projective change be-
tween a Finsler space with («a, §)-metric and the associated Riemannian metric.
In [5], Cui-Shen find necessary and sufficient conditions under which a Berwald
metric and a Randers metric are projectively related. Then Zohrehvand-Rezaii
found necessary and sufficient conditions under which a Matsumoto metric and
a Randers metric are projectively related [22]. The projective change between
two Finsler spaces have been studied by many geometers [4, 9, 14, 16, 19, 23, 24].

In Finsler geometry, a change of L — L of a Finsler metric on a same
underlying manifold M is called projective change if any geodesic in (M, L)
remains to be a geodesic in (M, L) and vice versa. Two Finsler metrics L and
L on a manifold M are said to be projectively related if their geodesics as point
sets are the same. Two Riemannian metrics o and & are projectively related
in Riemannian geometry if and only if their spray coefficients have the relation

Gl = G + Ay, (1.1)

where A = \(z) is a scalar function on the based manifold, and (z*,y’) denotes
the local coordinates in the tangent bundle T'M.

Two Finsler metrics L and L are projectively related if and only if their
spray coefficients have the relation [5]

G' =G+ Ply)y, (1.2)

where P(y) is a scalar function on TM\{0} and homogeneous of degree one in
y. The change from a Finsler metric L to another Finsler metric L = L + 8
is called a Randers change, § is a nonzero one form on the based manifold
satisfying ||8|| < 1. In [7], it has been proved that L is projectively related to
its Randers change L if and only if /3 is closed.

An («, f)-metric is a Finsler metric on a manifold M defined by L = a¢(s),
where s = g, ¢ = ¢(s) is a C* function on the (—bg, by) with certain regularity,
a = y/ai;y'y’ is a Riemannian metric and 8 = b;(z)y’ is a 1-form on M.
Randers metrics L = « + § are the simplest («, §)-metrics which were first
introduced by physicist Randers from the standpoint of general relativity [12].

In 2023 Tripathi et al. [19, 20, 21] defined a special cubic («, 8)-metric
3
L= % on n-dimensional manifold M by taking p = 3 in a class p-power

“ P
(c, B)-metrics L = « (1 + g) [6]. The purpose of this paper is to find the

3
relation between two Finsler spaces with special cubic («, §)-metric L = (O‘%ﬁ)
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and Randers metric L = @ + 8 respectively under projective change, where «
and @ are two Riemannian metrics, § and 8 are two nonzero one forms.

2. Preliminaries

The terminology and notations are referred to [1, 8, 13]. Let F™ = (M, L)
be a Finsler space on a differential manifold M endowed with a fundamental
function L(z,y). We use the following notations:

0

1. .

(a) gij = 581‘63‘[/2’ 0= oy
1.

(b) Cijr = §akgija

(¢) hij = gij — lily,

. 1 .
(@) ik = 59" i grk + Ogrj — Frgjk);
(e) G'=-yily*, GY=0;G', Giy=0kG:, Gy =0Gy

2
For a given Finsler metric L = L(z,y), the geodesics of L satisfy the following

ODEs:
d%xt dz
2G" 0,
a2 () =
where G* = G*(z,y) are called the geodesic coefficients, which are given by
i g { Tkyzy — L2]mk} .

Let ¢ = ¢(s), |s| < bg, be a positive C*° function satisfying the following

d(s) — s¢ (s) + (0% — s2)8 (s) >0, |s| <b< by. (2.1)

If a = \/a;;y'y7 is a Riemannian metric and 8 = by’ is 1-form satisfying
[1Belle < bo Yz € M, then L = ¢(s),s = 8/, is called an (regular) (a, 3)-
metric. In this case, the fundamental form of the metric tensor induced by L
is positive definite.

Let VB = b ]dac ® da? be covariant derivative of 3 with respect to a.
Denote
1 1
rij = 5bigg +b5), 81 = 5(batj — bjpa)-
B is closed if and only if s;; = 0 [14]. Let s; = b's;;, sé = a'ls;j, so = siy’,

56 = shy’ and roo = ri;y'y’ .
The geodesic coefficients G* of L and geodesic coefficients G?, of « are related
as follows

G = Gfl + aQsé + {—2Qasp + roo}{wbi + Qa_lyi}, (2.2)
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where
o_ 90 —s(68" +¢'¢)
20((6 — 50"+ (12 = 7))’
s
o
_ L ¢
VTG A
Let

1 agm ) | 2

) o3
Din = 55577 ( T
dyI dyk oy n+19dy
where G* are the spray coefficients of L. The tensor D = D;klﬁi@)dxj@dxk@dxl
is called the Douglas tensor. A Finsler metric is called Douglas metric if the
Douglas tensor vanishes.

It is simple to verify that the Douglas tensor is projective invariant by
using (1.2). Observing that the spray coefficients of a Riemannian metric are
quadratic forms, what one sees that the Douglas tensor vanishes (2.3). This
shows that Douglas tensor is a non-Riemannian quantity.

In the following, we use quantities with a bar to denote the corresponding
quantities of the metric L. In the beginning, we compute the Douglas tensor of
a general (o, 8)-metric.

Let

G' =G+ aQsh + P{—2Qaso + roo b’
Then (2.2) becomes
G =G+ 6{—2Qasg + rooyo Myt

Clearly, G* and G' are projective equivalent according to (1.2), they have the
same Douglas tensor.
Let

T = aQSB + Y{—2Quaso + Too}bi. (2.4)
Then G¢ = G¢, + T", thus
Dl :E;'kl
& S S </ PR S
Oyl Oy oy * n4+1oym n+1 oy™
ok ; 1 orm
= - T — y .
OyI Oyk oyl n+1 oy™

To compute (2.5) explicitly, we need the following identities

Qb = a_lyk,

Y

syr = a (b — sy,

Y
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where y; = a;y'. Here and from now on, Q,k Mmeans g—ﬁ, etc. Then

[0Qs{)yn =0~ ymQsf" + a72Q [bmo® = Bym]sy’
:Q/SO
and
[$(—2Qaso + 100)b™ym = ¥~ (b* — 5%)[ro0 — 2Qarso]
+20[ro — Q (0% — 5%)so — Qsso),
where r; = b'r;; and ro = r;y*. Thus from (2.4) we have
T = Q,so + w/oz_l(b2 — 5%)[roo — 2Qasg]
+20[ro — Q (b* — 5%)sp — Qsso).

Let L and L be two (a, 3)-metrics, we assume that they have the same
Douglas tensor, i.e. D;kl - D;kl. From (2.3) and (2.5) we have

(2.6)

o o
_— (T =-T" —
AyI Oy oyt ( n+1

Then there exists a class of scalar functions H;k = H;k (z) such that

(Tym — T;}n)yl) =0.

Tiffif

(Ty — Ty )y" = Heo, (2.7)

n+1
where Hi, = H}kyjyk,Ti and T are given by (2.4) and (2.6) respectively.

3. Projective change between special cubic (a, §)-metric and Randers
metric

In this section, we find the projective change between two («, 5)-metrics,

i.e., special cubic (o, 8)-metric L = (azigﬁ and Randers metric L = a+ 3 onga
same underlying manifold M of dimension n > 3. For («, 8)-metric L = (a:f) ,

(2.1) shows that L is a regular Finsler metric if and only if 1-form 8 meets the
requirement ||3;||o < 3 for any z € M. The geodesic coefficients are given by
(2.2) with

o— 3—12s
~2{(1+8))2 —3s(1+5) +6(b2 — s2)}’
3
= 3.1
@ 1—2s’ (3.1)
o= 3
C2{(1+5)2 —3s(1+s) + (b2 — s2)6}
Substituting (3.1) into (2.2), we get
; . 3a? —6a2 602b' + (3a — 128)y"
G'= Ga+a_2650+{a_2680+7‘00} {2{(

a+ ()2 = 3B(a+ B) +6(a?b? — 52)}
(3.2)

b
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For Randers metric L = & + 3, (2.1) also shows that L is a regular Finsler
metric if and only if ||8;||o < 1 for any x € M. The geodesic coefficients are
given by (2.2) with

9_:

ST Q=1 =0. (3.3)

First we prove the following lemma:;:

Lemma 3.1. Let L = (O‘zif)s and L = &+ 3 be two (a, B)-metrics on a
manifold M with dimension n > 3. Then they have the same Douglas tensor
if and only if both the metrics L and L are Douglas metrics.

Proof. We first establish the sufficient condition. Let D;kl and D;kl be the
appropriate Douglas tensors and let L and L be the Douglas metrics. Then by
the definition of Douglas metric, we have D%, = 0 and D%, = 0 i.e., Douglas
tensor of L and L is the same. We then establish the necessary condition. (2.7)
holds if L and L have the same Douglas tensor. Upon replacing (3.1) and (3.3)
in (2.7), we obtain

B A'a” + B'a® + C'a® + Dia* + F'a® + Fla? + Hia+ I? B

Hi = nsh, (3.4
00 Jab + Kob + La* + Ma3 + Na? + Oa + P sy, (3.4)

A" =355 (1 4 6b%)? — 1850(1 + 6b?)b',

B' = B[sh(—216b* — 108b? — 12) + sob*(216b* + 54)] — soAy* (18b* + 6)
+ 700(18b% + 3)b" — ro Ay’ (36Ab* + 6),

O = 58(—2168%b? — 338%) + 50(1083%b" + 3968 Ay’ + 308\y")

+ 700(—=T26b%b" — 158" — 3b2\y") + ro(1448b* \y" + 248)\y")

D' = s5(5768%b% + 1386°) + s0(—28880° — 72036 \y’ — 183 \y/")
+ 700(T26%6%b" — 368AV%y") + 1o (—1448%0* \y* — 2467\ + 4867 \y")
E' = 968%s] — 4208350 \y* + 100(84330° — 1806%b% \y* + 332 \y’)
+70(2483\y" — 19283 \y")

F' = 3840355} 4 7683 so Ay’ — 100(965%0" + 192330 Ny — 3633 \y’)
+ 19284 Ay’

H' = —1808% 00 \y",

It = 1928%rgo \y".

(3.5)
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and

J = (1+6b%)?,

K = —3(144b* + 601 + 6),
L = B?(144b* - 3),

M = 33(336b* + 68), (3.6)
N = —3*(384b% + 60),

O = —1925°,

P = 2564°.

Then (3.4) is equivalent to
Ala” + B'aS + C'a® 4+ D'a* + E'a® + Fia? + Hia + I
= (Jab + Ka® + La* + Ma® + Na? + Oa + P)(Hj, + as).
Replacing y* in (3.7) by —y® yields
_AiaT 4 BiaS — Cia® 4+ Dio* — Eia® 4 Fia? — Hia 4 I
= (Jab — Ko’ + La* — Ma® + No? — Oa + P)(H}, — as}).
Adding (3.7) and (3.8) yields
B'a®+ D'a* + Fla® + I’
= (Ja® 4+ La* + No? + P)H}, + (Ko* + Ma? + O)aas).
Substracting (3.7) from (3.8) yields
A"+ C® + E'a® + Ha
= (Ka® + Ma® + Oa)Hy + (Jab + La* + Na® + P)asy. (3.10)

We split the proof into two cases

Case (i): If @ # p(x)a, then from (3.9), we see that aas) is a homogeneous
polynomial with respect to 3. Therefore 5} = 0, which says that 3 is closed.
Case (ii): If @ = p(z)a, then (3.9) and (3.10) reduce to

B'ab 4+ Dia* + Fia? + I

= (Ja® + La* + Na? + P)Hy + o u(x)5)(Ka* + Ma® + O) (3.11)
and
Ala® 4+ C'a' + E'a® + H'
: , (3.12)
= Hjo(Ka* + Ma? + O) + p(x)55(Ja® + La* + No? + P),
(3.11) and (3.12) is equivalent to
I' - H. P =[-B'a* — D'a® — F' + H}y(Ja* + La® + N)
+ pu(x)5h (Ka* + Ma? + 0)]a? (3.13)
H' — Hj,O — Pu(z)s) =[-A'a* — C'a® — E' + Hjy(Ko® + M) )

+ p(2)5(Ja* + La? + N]a?.
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respectively. From (3.13) and (3.14), I — Hi,P and H® — H{,O — Pu(x)s}
has the factor o?. From (3.5) and (3.6), we can see that I* = —16/153H®
and P = —4/380. Thus H', H{,O and Pu(x)s) has the factor a®. Since
HE,O = —1923%H{,,, we conclude that for each i there exists a scalar function
o'(z) on M such that H, = o'(z)a?. From (3.13) and (3.5), we can see that

roo = n(x)a’. (3.15)

On the other hand from (3.5), (3.6), (3.13), (3.14) and (3.15), we have that

[(1 4 6b%)2u(z)5h — 3(1 + 6b)25% + 18(1 + 6b)seb" + 3b*\y'n(z)]a’
has the factor 3, thus

(14 6b%)2(u(x)5h — 3sh) + 18(1 4 6b%)sob” + 302 Ay'n(z)
has the factor 3, i.e. for each i there exists a scalar function £%(x) such that
(14 6b%)(pu(x)5h — 3sh) + 18(1 + 6b%)sob’ + 3b*Ay'n(z) = BE (),

By multiplying in a;; and then differentiating with respect to 37, we obtain

(14 6b*) (" 5kj — skj) + 18(1 + 6b%)bys; + 3hajeb®n(z) = bék(x),
where & (z) = £ (z)a;,. From above we have

bk (z) + b () = 6Xajrb®n(x) + 18(1 + 6b%)(bgs; + bjsk).
By multiplying in y?/y*, we have
28¢5 = 6Xa*b?n(z) + 18(1 + 6b%) Bso.

Thus n(z) = 0 and therefore rog = 0.

Therefore

A" = 3(1 4+ 6b%)2s)) — 18(1 + 6b%)sod",

B' = —216b"s, — 1086b s} 4 2163b%sob" — 123s} + 548s0b" — 18?50y’
— 65y,

C' = —21632b%s), — 33425} 4 10832 s0b" + 3968b%s0 Ay’ + 30850 \y",

D' = 5763375, + 13845l — 28833 s0b" — 7203%bs0\y",

E' = 96p%s) — 4208%s0\y",

F' = —384[3%s} 4 768350\,

H' =0,

I'=0.

(3.16)
From (3.13) and (3.16), we have

F' — u(2)350 — Hi P = B*[—38483s) + T68s0\y" + 1928u(x)5) — 256520 (2)]
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has the factor o, thus for each i there exists a scalar function p*(z) on M such
that
1923u(x)5h — 384fsh + T68s0\y’ — 256570 (2) = o p' ().

By multiplying in y;, we have

768050\ — 2560° (2)y; 8% = o p'(x)y;,
therefore

?[p'(z)y; — T68)s0] = —2560" (x)y; 3%,
Thus o(z) = 0 and Hi, = 0. On the other hand from (3.14) and H¢, = 0, we
see that Pu(r)s) = 2568%u(z)5) has tha factor a. Therefore for each i there
exists scalar function 7(z) on M such that

pux)5 = ar' (@),
by multiplying in a;; and differentiating with respect to y* we have
256/(2) 55 = o ye; (2),
by multiplying in 374*, we obtain
atg(xz) =0,

hence 7;(z) = 0 and 5, = 0, therefore 3 is closed. Anyway, 3 is closed. It is
well known that Randers metric L = @ + 3 is a Douglas metric if and only if

B is closed. Then L is a Douglas metric. Since L is projectively related to L,
then both L and L are Douglas metrics. We complete the proof. (Il

Now, we prove the following main theorem by using Lemma 3.1:

Theorem 3.2. The Finsler metric L = (O‘j;if)s is projectively related to L =
a + B if and only if the following conditions are satisfied.

Gi, = G4 + Py,

g =0,
where b = ||B||o, b;|; denote the coefficients of the covariant derivatives of /3

with respect to «, P is a scalar function.

Proof. We first establish the necessary condition. The Douglas tensor of two
Finsler metrics is the same if L is projectively related to L, since the Douglas
tensor is invariant under projective changes between two Finsler metrics. Then
lemma 3.1 leads us to the conclusion that L and L are Douglas metrics.

We know that Randers metric L = @ + 3 is a Douglas metric if and only if
B is closed [7], i.e.,

dB = 0. (3.18)

and I = 82 g 5 Douglas metric if and only if

o2



Projective change between special cubic (e, 3)-metric and Randers metric 91

where b;|; denote the coefficients of the covariant derivatives of 8 = b;y" with
respect to a [19]. In this case, 8 is closed. As f is closed, s;; = 0 implies that
b;; = bj);- Hence we have 36 =0,s9 =0.

By using (3.19), we have rog = rijyiyj = 0. Upon replacing all these in
(3.2), we obtain

G'=G". (3.20)

The equation (3.20) shows Randers change between L and &, since L is

projective to L = & + (. Here f is closed, thus L and & are projectively

related. Consequently, there exists a scalar function P = P(y) on TM\{0}
such that

G' = GL + Py'. (3.21)
From (3.20) and (3.21), we have
G, =GL + Py (3.22)

(3.18) and (3.19) together with (3.22) complete the proof of the necessity.

Given that 3 is closed, proving that L is projectively related to & suffices
to establish the sufficiency. (3.20) is obtained by substituting (3.19) into (3.2).
From (3.20) and (3.22), we have

G' = GL + Py'. (3.23)
i.e., L is projectively related to a. (]

From the above theorem, immediately we get the following corollaries.

Corollary 3.3. The Finsler metric L = (a;rif)d is projectively related to L =
&+ (3 if and only if they are Douglas metrics and the spray coefficients of «
and & have the following relation

Gi, =G+ Py,
where P is a scalar function.

Further, we assume that the Randers metric L = a4/ is locally Minkowskian,
where @ is an Euclidean metric and 8 = b;y* is a one form with b;=constants.
Then (3.17) can be written as

G, = Py,

b (3.24)

ilj
Hence, we state

Corollary 3.4. The Finlser metric L = (O‘zf)s is projectively related to L if

and only if L is projectively flat, in other words, L is projectively flat if and
only if (3.24) holds.
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4. Conclusion

In the 1920s, Elie Cartan and Tracey Thomas initiated projective differen-
tial geometry. Overdetermined systems of partial differential equations natu-
rally arise in the simplest situation, which is provided by projective differential
geometry. The Rapcsék theorem [11] is a notable theorem in projective differ-
ential geometry that plays an important role in projective geometry of Finsler
spaces. This theorem establishes both the necessary and sufficient conditions
for a Finsler space to be projective to another Finsler space. The most fun-
damental application of what has come to be known as the Bernstein-Gefland
machinery is provided by projective differential geometry. As such, it is iden-
tical to conformal differential geometry. However, there are direct applications
in Riemannian differential geometry.

In this paper, we have obtained some important results concerning projective

3
change between special cubic («, 8)-metric L = (a%ﬁ) and Randers metric in

Lemma 3.1, Theorem 3.2, and Corollaries (3.3, 3.4).
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