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Abstract.The notions of S-curvature and Z-curvature introduced by Shen that
is very effective for understanding the other Riemannian and non-Riemannian
geometric properties of Finsler metrics. Here, we study the S-curvature and =-
curvature of the class of cubic and quartic («, §)-metrics. We prove that a third
root («, f)-metric of vanishing Z-curvature reduces to a (—1/3)-Kropina metric
or it has vanishing S-curvature. Then, we prove that quartic («, 8)-metric of
vanishing Z-curvature reduces to a special form of quartic («, 8)-metric or it
has vanishing S-curvature.
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1. Introduction

In 1935, when Wegener investigated the 3-th root metrics of dimensions two
an three, the m-th root metric theorem in Finsler geometry began with his
studies. [25]. Matsumoto presented a more complete result of Wegener’s work
and revised some of calculations [10]. In 1961, Kropina considered Wegener’s
studies and investigated projectively flat two-dimensional cubic metrics [7]. In
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1979, Matumoto and Numata found the perfect forms of 3-th root metric on an
n(> 3) dimensional Finsler manifold (M, F') (see [12]). In 1978, Shimada stud-
ied 1-form metrics and in the following year he considered the generalization
of 1-form metrics [16].

The m-th root Finsler metric F' = %/a;, ;, (z)y"y®..yim is defined on the
tangent bundle of a Finsler manifold M, where a;,. ;,,
indices. The Riemannian metrics are 2-th root Finsler metrics. Then,the study
of m-th root metrics will raise our perception of Riemannian metrics. It soon
became clear that m-th root metrics have interesting applications in Ecology,
Biology, Seismic Ray Theory and etc [2].

To comprehend the structure of cubic Finsler metrics, the non-Riemannian
curves of these metrics are studied. [21][22][23]. Among these quantities, the
S-curvature and =Z-curvature have important and deep relation with together.
Let us give a brief explanation of their relation. The distortion 7 = 7(x,y) is
a non-Riemannian quantity that specified by the Busemann-Hausdorff volume

is symmetric in all its

form. The horizontal derivations of distortion 7 on each tangent space gives

rise to the S-curvature S = 7 wy", where “|” denotes the horizontal covariant
derivative with respect to the Berwald connection of F' [15]. The Z-curvature
== Ejdxj defined by =y := S j;ny™ — Sjx, where “.” is the vertical covariant

derivative [15]. These non-Riemannian quantities were introduced by Shen to
understanding the other Riemannian and non-Riemannian geometric properties
of Finsler metrics.

It is clear that if S = 0 then = = 0. It is interesting to find some Finsler met-
rics that these two notions are equivalent for them. In this work, we calculated
the Z-curvature of cubic Finsler metrics and prove the below.

Theorem 1.1. Any cubic («, B)-metric with vanishing Z-curvature is a (—1/3)-
Kropina metric or it has vanishing S-curvature.

In addition to the 3-th root Finsler metrics, the 4-th root Finsler metrics have
an important and special role in Finsler geometry. A special form of the quartic
metrics F'* = yly™yyP, which is called Berwald-Mo6r metric, has a significant
impact on other sciences[5, 6, 11]. The importance of the Berwald-Modr metric
can be seen in the physical studies of Pavlov and Asano and their colleagues on
the theory of space-time structure and gravity, also in the theory of unified field
gauges [3, 13, 14]. In [4], Balan showed that for co-isotropic submanifolds of
Berwald-Moér metrics acquired the Gauss-Codazzi, Gauss-Weingarten, Ricci-
Kiihne, Peterson-Mainardi equations and the Berwald-Moér metric is a pseudo-
Finsler metric of Lorentz type. Tayebi and Najafi characterized locally dually
flat and Antonelli m-th root Finsler metrics [21]. As well as, they proved that
every m-th root Finsler metric of isotropic Landsberg curvature reduces to
a Landsberg metric [22]. In [17], Also, he proved that every quartic metric
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of weakly isotropic flag curvature has vanishing scalar curvature. Then, he
obtain the necessary and sufficient condition that under the conformal change
of a quartic metric is isotropic scalar curvature [19]. In [20], Tayebi, Amini
and Najafi searched for the necessary and sufficient condition under which a
4-th root («, 5)-metric is conformally Berwald. In [24], Tayebi and Razgordani
showed that every conformally flat weakly Einstein quartic («, 8)-metric on
an n> 3-dimensional manifold M is either a locally Minkowski metric or a
Riemannian metric. As well as, they showed that every conformally flat quartic
(c, B)-metric of almost vanishing =-curvature on an n> 3-dimensional manifold
M reduces to a locally Minkowski metric a Riemannian metric. For more
progress, see [8] and [9].

In this paper, after computing the = curvature for a fourth root («,)-
metric, we state the following theorem and then prove it.

Theorem 1.2. Suppose F' be quartic («,3)-metric on a Finsler manifold
(M, F). Assume that F applies = = 0. Then F is given by
= Vot + 0232 (1.1)

where ¢; are real constants, or F has vanishing S-curvature S = 0.

2. Preliminaries

Assume that (M, F') be a Finsler manifold. Fundamental tensor be quadratic
form g, on TeM
2
gy(vw) = 2 &mds
Let e € M and F := F|r,p. One can define Cy, : TeM x T.M x T,M — R

via

[Fz(y +muv + sw)} lm=s—0, v,w € T.M.

Cy(w,v,u) ::%%[gyﬁ-su(wvv)]szo
1o
" 49rdmds
where w, v, v € T.M. The family C := {C, },ern, is the Cartan torsion where
C, is a symmetric trilinear form on Tc M.
For y € TMy, let 1, : T.M — R by follows

[FQ(y + rw + mv + su)|r=m=s=0,

L(w)=> g™ (Y)Cy(w,dm,d),
=1

where g™ = (g,1) !, The family I:= {I,},er. n, is the mean Cartan torsion.

For a Finsler manifold (M, F) of dimension n, F' induced spray G on T'Mj.
It is given by follows

0]
G:y%—QGtaiyt,
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where G = G*(z,y) are local functions on T'Mj expressed by

t._
G.—4

Oxloy® Y Oxs

P L W e NN

G is called the associated spray to Finsler manifold (M, F).

For a Finsler manifold (M, F'), the Busemann-Hausdorf volume form dVy =
op(x)dxt...dz" define as below

(@) im Vol(B"(1))
P Vo {(yt) e R F(ytg]a) < 1}

Then, for y = y*9/0z*|. € T.M, the S-curvature is expressed as follows

S(y) == %}: - yS% [znap(x)]. (2.1)

Shen introduced the S-curvature for a analogy theorem on Finsler manifold.

Assume that (M, F') of dimension n be a Finsler manifold. The E-curvature
E = E;d2’ define as below

Zj =S jimy™ = Sy
F is almost vanishing Z-curvature if
= P
S, = —(n+ 1)F? (7)
J (TL + ) F yi )

where p := t,(z)y® is a one-form on M.

Consider F' = a¢(s), s = f/a, be an («, §)-metric, where ¢ = ¢(s) is a C*
on (—bg,bg) with certain regularity, a® = a,s(z)y"y* is a Riemannian metric
and 8 = b;(x)y’ is a one-form over the manifold (M, F). For an («, 8)-metric,
assume by, s by by, s0° := db, — bs0;,, where 0° := dx® and 0;, :=T;,;dz* denote
the Levi-Civita connection form of a. Let

1 1 — j - k,J
Tkj = §(bk\j + bj|k)7 Skj = §(bk|j — bj\k); Ty = ’r‘kjyj7 r00 ‘= TkiY !,
Pk — j 1k k _ k k _ ok, g
r; =0, Spo = Skjy’, 85 1= bVsp;, s i=a MSmj, 89=3S5 jyj,
— j — j — — k,j 7k
ro =Ty, S0 =80, Qrj = TemS"js oo = QY Y, g5 1= bk,

tkj = Skmsnjl', too = tkjykyj, tj = bktk]‘.
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where a® = (a;;)~! and b® := a’*h;. Put

¢/
Q ::(bqﬁ—s/’
_1 ¢//
VS B2 F ) (2:2)
0. (8760 — o0
Z0B — 20— (o — D)
(2.3)

where B :=||[][2.

Let GY, = G! (z,y) and G' = G'(z,y) denote the coefficients of a and F,
respectively, in the same coordinate system. According to the definition, we
see that

G' = Gt + aQs'y + (roo — 2Qasy) (™ 'Oy’ + Wb'). (2.4)
where

P .= [Too - 2Qaso} Oat, Q=T {Too - 2aQso} bt + aQstO.

Obviously, if 3 is parallel with respect to a then P = 0 and Q' = 0. In other
words, F' is a Berwald metric, that is, G* = Gf, are quadratic in y. place

®:=(sQ — QnA + Qs+ 1} = Q"(B —s*)(sQ + 1),
where
A= —s1)Q +sQ+1.

Assume F be an («, f)-metric on an n-dimensional manifold (M, F'). So the
S-curvature of F is as follows

S = [Z\II - bf;c((bb))} (so+10)

P
+ M(QQQSQ - ’I“OQ)7

where

_Jo T(bcost)sin"? tdt

1(0) = foﬂ sin" 2 tdt ’

T(s) := [¢"(b* — 5°) — (s¢' — §)] (¢ — 5¢')"*¢.

3. Proof of Theorem 1.1

we state and then prove the below theorem. Exactly, we give a general
version of Theorem 1.1 and then prove it. Actually, we examine cubic («, §)-
metric of almost vanishing =-curvature.

Theorem 3.1. Suppose F' be cubic (a, B)-metric on Finsler manifold (M, F).
Presume that F has almost vanishing Z-curvature. So F' reduces to

F = /a2

which is a (—1/3)-Kropina metric or F' has vanishing S-curvature.
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To prove Theorem 1.1, we mention that in [12], Matsumoto-Numata consid-
ered the class of 3-th («, 8)-metrics and stated the below theorem.

Proposition 3.2. ([12]) Let F? = a;jxy'y’y* be a cubic Finsler metric on
manifold M. So the following happens:

(1): If M be an 2-dimensional Finsler metric on manifold, thus via choos-
ing a appropriate second-class form a? = ays(x)y"y® and 1-form B =
br(x)y* on manifold (M, F) reduces to a (—1/3)-Kropina metric

F3 = Ba?, (3.1)

where a® may be degenerate.

(2): If manifold M is n(> 3)-dimensional and F is a function of a non-
degenerate second-class form o = ajs(x)y*y* and a 1-form = by(z)y",
then it is as follows

F = 3/ci1a?B + ¢33, (3.2)

with real constants c;.

One can see that (3.1) is a special form of (3.2). Then, throughout this
paper we consider the complete form (3.2). However, to prove Theorem 3.1
and apart from the corresponding metric form , the below lemma is presented
and proved.

Lemma 3.3. Let F™ = a;, ;. (2)y"y®..y"m be an m-th root Finsler metric.
Assume that F is of almost vanishing Z-curvature. Then, F has vanishing
=-curvature.

Proof. By assumption, the Z-curvature is as below
== 2( P
2 =—(n+1)F (F)y (3.3)

where p = tj(x)y’ is a one-form on Finsler manifold (M, F). Here, the spray
coefficients of an m-th root metric is a rational function in y[26]. we know that
the E-curvature and the S-curvature of F' are rational functions in y. As we
can see on the left side of (3.3) is a rational function in y, whereas the other
side of (3.3) is an irrational function in y. So § = 0 and then = = 0. O

Now, we calculate the E-curvature of 3-th («, )-metrics. Hereupon, we
state the below lemma and then prove it.

Lemma 3.4. Let F? = c;Ba? + 233 be the 3-th root (a, B)-metric on a man-
ifold M. Assume that F satisfies = = 0. Then F reduces to a (—1/3)-Kropina
metric or 3 is a Killing 1-form.
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Proof. For any («, 8)-metric, the E-curvature is given by
Ej:=H,w' — Hj; —2H ; H', (3.4)

where H = 0G* /9y, “” indicates the horizontal covariant derivative with ratio
to o and

A
H':= Py’ + Rs',+T0', P:= -0 A=r00—20Qs0,
T:=VA, R:=aQ.

The right side of (3.4) is given by

C1 C2
Hj =" rooj + E(Tjo — 8j0) + 3s0;5 + 2¢a(ry + 85) +2¥roy,

where

c1 :=(n+1)(¥' +0),
!/ 2 " !/ A !/ —/
e2:={(n+1)0' + (B— )0 =250} = 1 20'rg + { —2(Q7s)¥ — Qs

—2(n+1)0Q' ~ Q" (Q' +2Q'V +2(B — *)¥Q") bso,

e =Q' —25VQ —2(n+1)QO — 2(B — s*)(Q'¥ + V'Q),

A
s ::\II’E —2Q'¥sg.

Also, we have

T 1
H‘j;tyt = p5jﬂ + pesj0 + 2p7;(ro + s0) +2Urj0 + —A;tyt(abj — sY;)
o o?
+A(Tjo + S50 B Tooyj)
o ad /)’
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where
P5j IZQ\I//T'J' + {Q - Q/S - ((B - 52)Q// + Q//) }Sj
B " a2y / / ) Y 2747JO
{07(B = %) =250/ (n+ 1)0' } (205, + 70025 — =22),
pe :=Q" — (B — Sz)Ql —5Q,
2r i0 Y,
P7j 1:<TJ - 7"00(7]3 - 2Q5j>\1// +Q's;,
A / 2 " / 1
A== {2(rg = 5)¥ 4 (B =)0 + (n+1)0'} +{ 200 +Q
£ 2(0Q — QU)s — 2(n + 1)Q'O — 2(B — %) (2\1/’Q’ . \I/Q”) }50,

1
Ay' ==p11roo0 + (aplz —2p11Q"s0) 700 + (Q" — 2(n + 1)Q'O — 2aQp11) s0;0
/

A \
+ 2\IJ”E(T0 +50) + 2W¥'rg0 — 28; (7“00;0 —2Q sor00 — 2CVQ80;0)

To00 700
+p21? + P2250;0 + 2p2s(ro + so) + P31; + P3250:0
—4Q"VQ" (ro + s0)S0,

.,l / 2\
pi1 ._a{(n+1)@ +(B - )T }
._A " 2 " "

P12 .—E{(n—f— 1)0" 4+ (B — s*)0"" — 250 }

+{Q" =20+ 1)@ +6Q" }bso,
P21 222\11//7"0 — 2{38‘1”@’ —|— Q(S\I’” + \I//)}SO — 22(5\11// —|— \I’/),
pag i=—20'Qs — 4(B — s*)V'Q’,
P23 = —4Q'V's,
ps1 =={2(Q"¥ — QU +3Q"¥)s — 2(B — s°)(Q"V' + Q") } sy,
P32 ::2{3@’ -Q-(B- 82>QN}\D.

The sentence H ;H" in (3.4) is given by

(67

S S8S; SY;
H‘j,th = Q{CUS() + Co + nga2 — A(;gyj + jo) + A.msm 0< i — yj)}

!

c1j(B — s?) s B s mbi sy;
+A\If{a + A[(?)@ - i - gﬁbj] T+ Anb" ( =2 0
(3.5)
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where

t qo0 Q/ 2
Assty i =2(ap11 — 2\1"3)(— — Qty — 750)
o o
1
+ a(pu + pa1 + p31)so + (pa1 + P2z + p32)to + 20 g,
A bt =(ap11 — 2\11/3)(27‘—O — 57«% —2(B - 52>Q"io)
a a o
B —s?
+ ( o ) (p12 + P21 + p31) + 20,
pa1 :=Q" —2(n+1)Q'O,
c1j =20'r; + [(n +1)0' + (B — )W — 2sx1/’} (2@ - 2Qsj)
a o

+{Q” —~ 2Q’((n +1)0+ (B - 32)\11’) - (Q +5Q +Q"(B~5") — 2Q’8) }sj,

q;50 qooY; TooY;
Coj ;:{(3—82)@I+(n+1)@}<2i—2 QSJ - a3jsjo),
o 2\ 1,/ Tj 50 T00SY; roY;  Toobj
cs ._{(B—s Yo —|—(n—|—1)@}(2—a — 27005 4 3100 oD 0 )

Let F3 = c1a28 + 232 be a cubic (a, 3)-metric on a manifold M. Suppose
that F' has almost vanishing =-curvature. By Lemma 3.3, we have Z; = 0. Let

us define = := Z;b7. Multiplying (3.4) with &’ yields

E=fra” + fea® + fsa® + faa' + fsa® + fo0” + fra+ fo =0, (3.6)
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where

fr 1= — 576r5,ct — 32832¢3 Briycr — 12420c3 B2eyrd, + 7344caciryy B
+103685%cargso — 190083%c3sact — 230403¢3 B2s3 — 4896 8caroo B>
- 23045027‘0‘001 - 864Oﬂc§B7“0r00 - 64060%37“0050 + 240ﬁc‘;’sor032
+ 48843c5c1 5B + 92608c3r00S0¢1 + 9216830001 B + 106833001
— 1824B027"005001 488460250017'03 + 46056%37"005061 + 41602327'00
+ 13824cocrd, + 4665657353 4 2203232 ¢3 Bs2 — 153608cys2c?
— 2408¢3 B®roos0 + 15608cas0ciTo + 34833 B g + (n + 1) (4248¢3 B*rg,
— 2304cord et — 2592087352 — 54T2¢2 Briyci + 28966¢3 Brooso
- 3085027”008001)

fo :=T68r3cs + 4644c3 Bricy + 14688¢3 B2 e ra, — 276484%c3 Bs]
+23043%c3rroo — 22272823500 B + 21504373 spj0c1 + 2534483551
+ 24485027“00“)32 + 34566027"(2,001 + 2304502TOO|001 + 768033 czroB
— 6144ﬁ3025001 — 614453c§r001 + 212ﬁc§Broroo + 962ﬁc§’Brooso
— 155136502r003001 — 7488[30§r00|0013 — 311046037‘07“0001
— 614408¢c3 Brogsoci — 4068¢s B*rd, — 3888cs B3rd, — 22464cocird,
— 3072833350 4+ 92163 c3q0 — 10195232353 4 576037 c3r0050
— 37248B%c3roso — 1728 3¢5 Br, + 76808 cyso B + 2976 3¢5 B*roos0
+ 18432Bcyrops0cs + 1843283 ¢Sty + 230457 c3ror00

+ (n+ 1) (7688%c3ro0 — 5796¢3 B>rg, — 9216¢acirgy B + 5312co130c]

— 230453%c3ros0 — 2043°c3ro0 B — 2304873 q00 B + 19763°¢350/0 B
+ 3072875 c1q00 + 204837 c3rooct — 13824 8°c3s00¢1 + 5856¢5 Brigct
— 1152ﬁ02r00|0B - 2045027“0001 1805627“00‘001 4656 ¢35 Brooso
+ 302602r00|oclB + 738Bc2ro0s0c1 — 136Bcarorooc: — 182483c3t,
+ 20433350 + 48608333 + 178 ¢ Brorgo + 8643¢3 Bri,
— 1083%c3ro0s0 — 46083°c3qo) ,

f5 :=372B°c3ro)0B + 3463%c3roo — 115208%c3roosoct + 11264323 sociro
+ 27683 carooso + T448%c3e1rgy B — 109432 ¢3 Bra, + 1365°c3s3 B



On E-curvature of m-th root Finsler metrics 63

— 13563%c3soro B + 16883°c3 Brogse — 2043°c3roi0 — 1283%carg,

— 126433c3s3cy + 13243 caerd, — 440823 B3, — 58484 chs?

+ (n+ 1)(5768%c3 Bry — 120968 c3ronso — 11528%c3rgc1),
fa:=115233c3r2) — 20485 carg — 20485 cys — 1036833700

+ 4895%c3 B2 7’00 —2643%¢2 011"00 + 2045202r00c1 14263 3370050

— 9216325150 B — 24963°c3ro0j0 B + 23043 30101

+ 15648B%¢3 Bré, — 518408 c3ro0so + 150¢1 83 c2ro050

+ (n+1)(7683"c3roo — 46085 c3s0)0 — 11528 c3rg, + 280328 c3ro0so

+ 19208 c3rooj0 B — 7683 c3rore0 — 15368 c3ra00c1 — 196853%¢3 Br,

+42248%c3rgoc1 + 61284 ¢ sg + 6448 c3s0(0)

f3 :=4083"c3rd, + 3028 c3soro — 3028°chsg + 2483 c3rdy + 7688 c3roolo
— 3463° c2soroo,
f2 :=408B°casoroo — TA8B cardy + 2043 card c1 — 3023 crd, — 76835 carng
— 1528 c3rg, — 1783 c3rdoct + (n + 1)(2808c3rd, — 76853°c3roo)0).
f1 :=576¢33%r3,,
fo :=T68c33%3,. (3.7)
By (3.6), we get
fra® + fsa + fza® + f1 =0, (3.8)
fea® + faa + foa® + fo =0. (3.9)
(3.8) mention that there exists a function ¢ = g(x,y) where ¢ # 0, so that
38750 = 0. (3.10)

In like manner (3.9) mention that there exists a function ¢ = {(x,y) where
¢ # 0, so that the following is established

3B = Ca®. (3.11)
Since ¢ # ¢ and g is not a multiplication of ¢, then by (3.10) and (3.11) we get
c38%rog" = 0.
If ¢co = 0, then F reduces to
F3 =023
which is a (—1/3)-Kropina metric. If ¢ # 0, then we get 7;; = 0. O

Now, using Lemma 3.4, the proof of Theorem 3.1 is stated.
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Proof of Theorem 3.1: If F' be a (—1/3)-Kropina metric, then the proof is
done. Assume that F' is not a (—1/3)-Kropina metric. So, by Lemma 3.4, we
have r;; = 0 which yields 7; = 0, ¢;; = 0 and ¢; = 0. Putting these in (3.6)
yields

gaa’ + g3a® + goa® + gra+ go = 0, (3.12)
where
g4 :=140c3 B?s% 4+ 960cis2 — 3024cocy 55 — 2916¢33s% — 1377c3 BBs2
+ 1620(n + 1)c2Bs2 + 1188c1 2858,
g3 = — 936(n + 1)c3Bs0j0B — 1344cycaBsoi0 — 115265870 + 192¢35%s¢
— 144(n 4+ 1)B%c3s0 + 864(n + 1) B*c3to + 864(n + 1)cicaBso)o + 632¢5 s,
+1392¢3 Bs0|0 + 1728¢3 855 — 360(n + 1)c3Bsg — 480c38%so — 1584c1ca 35
+ 384c1¢25% 50
g :=324c33%s3 + T04c o 3253 — 816¢3 BB?s3,
g1 :=128s0c2 3" — 384538380‘0 — 43253c3 3% + 288(n + 1)056350‘0,
go :=192s%c3 3% (3.13)
By (3.12), we get

gsa® + g1 =0, (3.14)
gao + goa® 4+ go = 0. (3.15)
(3.15) implies that
nsg =0,

where
n:= (140ch2 +960c3 — 304cgcy B — 2163c5 — 1376c3B + 120(n + 1)Bc3
+ 188ﬁ0102>a4 + (324c§ﬂ3 +7048%¢1co — 816ﬁ2c§B) o +192¢2 8%
(3.16)

By (3.16), we get n =0 or s; = 0. Let n(z,y) = 0 holds. One can rewrite it as
follows

fat +va?p% +ept =0, (3.17)
where
7 := 140c2 B* 4 960c3 — 304cyc1 B — 2163c5 — 1376c3B + 120(n + 1)Bc3
+ 18805c1ca,
6 := 324c33% + 7043%¢c co — 8165%c2 B,
e = 1922532
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(3.17) implies that

o = <_7i Vng — 495) 32 (3.18)

Since « is positive-definite, then it is in contradiction with (3.18). So n # 0.
Hence, we have s; = 0. By putting r;; = 0 and s; = 0 in (2.5), we conclude
that S = 0.

O

4. Proof of Theorem 1.2

In this part of the work, we state the proof of Theorem 1.2. Indeed, we study
quartic («, 8)-metrics with almost vanishing Z-curvature. For this purpose, we
mention that in [1] The quartic (a, §)-metrics was characterized as follows by
Abazari and Khoshdani.

Proposition 4.1. ([1]) Assume F = {/a;juy'y’y*yt be a quartic metric on a
Finsler manifold M with dimension n. So the following happens:
(1): If M be an 2-dimensional Finsler metric on manifold, so F is given
by

F = \4/ d1a4 + d252a2,

where o may be degenerate, di,ds be constants via choosing a appro-
priate second-class form o = ags(2)y*y* and 1-form B.

(2): If manifold M is n(> 3)-dimensional and F is a function of a non-
degenerate second-class form a? = ay,(z)y*y* and a 1-form B = by.(z)y*,
then it is as follows

F* = 1o + 28202 + e384,

with real constants c;.

It is easy to see that (4.1) is a complete form of (4.1) and throughout this
paper we consider (4.1) as the quartic («, 3)-metric. First, The below lemma
is proposed to prove Theorem 1.2.

Lemma 4.2. Assume F* = cia* +co82a% +c38* be a quartic (o, B)-metric on
a Finsler manifold (M, F) of dimensional n. Assume that F satisfies = = 0.

Then F is given by
F* = cia* + p8%a?

Also, B is a Killing one-form or where ¢; are real constants.
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Proof. Let F* = cja*+c28%a® +c36* be a 4-th root (o, 3)-metric on a manifold
M. By assumption, we have =Z; = 0. Let us define = := Ejbj. Multiplying
(3.4) with b7 yields

E=fra” + fea® + fsa® + faa' + fsa® + fo0” + fra+ fo =0, (4.1)
where

fr @ = 28631258c5cos0Bro + 17155208c3r0050 Bea — 545004c3cora, B?
+89280c2c 112, B — 70320c3c1 1802 + T10826¢3¢270, B + 42240032 c3 52 B
— 5376008 c3s5c2 4+ 9450008¢3s5 B + 23760083 B?rog + 472508¢370/0c1
+ 41225&03@7‘00 + 157626030250 — 9450005035032% — 20525037'00B7'0
— 13356006037‘00503 + 420300,8037‘0002r0 — 129600ﬁc3r008001
— 2625008c3c1 5070 — 28631258c5¢255 B — TAT6T5Bc5¢om00 B
— 15762508c3c35070 + 91152¢3 B*rg, + T7760c3r5, B + 270000c375c1
+ 1227660c372,c3 + 8808%chst — 2118c3rd, — 9274403¢370050C5
+ 32259008c3r0050¢2 + 2160082 c3 5010 — 127080375 c B + 2625008¢3¢1 55
— 5808c3 B2rggso + (n + 1) <4QOBC§BTOOSO — 1208c3ro0s0c2 + 120c3r3, B?

+ 205200c375,c1 — 242160c375,c5 — 4800008 c3s3 — 38520037“00023)

fo : = 12440c3cor2 B? — 1461600c2r2,co B — 165975¢3c1 70,2 + 73808%cas0r0
+ 540008 c3roor + 540008 c3rooro + 913500823500 B — 120008%c3gooca
—150083%c3 2800 — 1012508¢3 B?rgo)0 — 378008c3r5, B — T87508c5¢1700(0
— 385583c3¢3r00)0 — 3375003%c3 50 B — 3375008°ciro B + 4500003° 5 c250
— 90450083¢3r00 Bro — 3168003¢3 B*ropso — 18117008¢3r0050 B
— 7800083¢3r0080¢1 + 35343008c3r00S0¢2 + 55350083 ¢2r00/0 B
+ 1987203 B3rg, + 35100¢312, B% 4 337500312 c1 + 1581300c370,c3
+ 180033 c3qo + 1237508350 + 27000082358 — 5405¢375, + 18000¢; 32 qo0
4 6760003 c3s2co + 137008cara,co + 45000083 caearg + 19575003¢a00¢2T0
— 5875508c370050¢3 + 330000833ty + (n 4 1) (20505c§r00r0
— 5733008c3rg0c2r0 — 2400c3 83to — 3375082 c3ro0 — 54000¢3 3%qoo — 10230c2c57,
+ 4212008¢3 Brogso — 3937508c3carn0/0 B — 4083008¢370050¢2
+ 1028400370050 Bea + 259200¢3r5, B + 75050c373,c5 + 1185¢3¢315, B
—9000033c3s0 — 9000083 c3qo — 5040005%c3 52 B + 36000082 ¢ 82
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— 2160008350700 + 10800823 Brog — 6120003%c3s0j0 B — 54008 ¢3s070
— 1732508 c5caro0 + 94800053 c3eas0)0 + 3600082 c3q00c2 + 21600835, B
+5mmm%§mw32_anmwéqnmo—1mmmwﬁﬁma+saﬁmﬁ%énm@,
f5 = = 55260082 c3rg,ca — 50625083 casa B + 50625032 c3 50 Bro + 62100083 c3rgoso
+ 6375003 c3cas? + 3168008 carogso B — 63750083 cacasoro + 810033 c3rooro
+ 376082 cicardy — 1415083 caroo B — 3912008 c3rgosoca — 16279582 czcard,
— 2484005%c3re, B — 10422032 c3r2, B — 96000c3 3*s2 — 1980¢, 2 car,
+ 17875¢28%Rroo + (n+ 1) (10800520§r30B — 2520008% 31050
—-110700ﬁ2c§r30cQ),
fa = 8437553°clrg + 843758° s + 6300003°c3rooso + 108000B3° 3o
— 425032 c3rgger — 132508°c3earoo)o — 2835008%c3rg, B — 2376058 c3rg,
— 2475008 ¢ 500 — 41258255, + 189008° c3ronso B — 2460053° c3ropsoca
+ 1200008352 4 2700083 c3ra, + 370033 cirooro + 67508%carg,co
+ 74682 c3cardy + (n + 1) (18000054c350,0 — 3375083 c3roo — 2700833,
— 18908%c3rgy B — 6508°c3rooso — 12508°cirooro — 877508%c3ro0)0 B
+ 155083 cZearoop + 357750ﬂ203r0002)
f3: = 5940B8%c3r2, B — 7003°c3rooso 4+ 112500s3¢3 5% — 1125008° casoro
— 7110842 r%OCQ4—375Oﬂ5c3r00—%(714—1)(18054cdr00——27006403r00)
fo 1 =13508%c3rdy — 37508° ciroo|o + 1417508 cirdy B — 4508°c3rooso
+Uw%DOﬁm¢%mo—1%8%6%?&@4%Bﬂm6%§mm)
= —13500¢33%r3,,
= —33750c38%r3,. (4.2)
By (4.1), we get

fr:
fo:

frab + fsat + fsa? + f1 =0,

fea® + faa* + foa® + fo = 0. (4.4)
(4.3)mention that there exists a function ¢ = o(x,y) where o # 0, so that
C37"0056 = pa’. (4.5)

In like manner (4.4) mention that there exists a function ¢ = {(x,y) where
¢ # 0, so that the following is established

e’ = Co®. (4.6)
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Since ¢ # ¢ and p is not a multiplication of ¢, then by (4.5) and (4.6) we get
caroel % = 0. (4.7)

If c3 = 0, then F reduces to F* = cia* 4+ coa?B2. If c3 # 0, So we conclude
that r;; = 0 that means  is a Killing one-form. O

Proof of Theorem 1.2: Lemma 4.2 stated that r;; = 0, which yields r; = 0,
gi; = 0 and ¢; = 0. Putting these relations in (4.2) yields

gaa® + g3a® + goa® + gra + go = 0. (4.8)
where

g4 = 1686¢3 BBs3 + 3520c3 Bs5 — 21504cac3 55 + 37800c3 B s3 — 1425¢oc3 Bsd
4 1000c; c352 + 63050c352 — 19200(n 4 1)c2 352,
g3 = 4950c3 %50 + 1302 3%ty — 1350c3 BS%s0 + 1800coc3 8250 + 1080c3 Bs2
+ 36503 BBsg|o — 2060c3 B Bsg — 5060c2c3850)0 + 204023357
+ (n + 1)(3720c3c2850)0 + 1400c3 355
— 960038ty — 3600c33%so — 2448038500 B),
g2 1= ¢3(25500c — 3840c33 — 20250c3 B) %5,
g1 = 3375¢38" s + 4800c3 8% s§ + 3 (7200(n + 1) — 9900) %0,
go := 4500c33*s2.

By (4.8), we get

g3a® + g1 =0, (4.9)
gaa* + ga0® + go = 0. (4.10)
(4.10) implies that
Psg =0,

where
pi= {16865ch + 35208c3 — 21504 cocs + 37800c3 B* — 114525¢3¢2 B
~19200(n + 1)c§5}a4 + {25500c2c352 — 3840¢28° — 20250c§Bﬁ2}a2
+ 45003 5% 4+ 1000c; c3 + 63050c5.
By (4.11), we get p =0 or s; = 0. One can rewrite p = 0 as

0a* +ya?B? +ep* =0,
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where

7 := 16863c3 B + 35208c3 — 21504 cac3 + 37800c3 B — 114525¢3¢2 B + 1000¢; c3
+ 63050c3 — 19200(n + 1)c38,

6 := 25500coc33% — 3840c23% — 20250¢3 B2,

£ 1= 4500c3 5*.

Solving (4.11) implies that

—v /7% — 40
I i 2’; 3. (4.11)

«

Since « is positive-definite, then it is in contradiction with (4.11). So p # 0.
Hence, we have s; = 0. By putting r;; = 0 and s; = 0 in (2.5), we get S = 0.
The proof is complete. O

By using Lemma 3.3, one can give the below generalized version of Theorem
1.2.

Corollary 4.3. Assume F* = cia* 4 28202 + c3* be quartic (o, B)-metric
on an n-dimensional Finsler manifold (M, F). Assume that F has almost van-
ishing Z-curvature. Therefore, F is as follows

F* = cia* + 8202,
whereF' has vanishing S-curvature or ¢; are real constants.
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