Journal of Finsler Geometry and its Applications
Vol. 5, No. 2 (2024), pp 70-86
https://doi.org/10.22098 /jfga.2024.15587.1134

Sacks-Uhlenbeck a—harmonic maps from Finsler manifolds

A. Shahnavaz?®, S. M. Kazemi Torbaghan®* ¥ and N. Kouhestani®®

@ Department of Mathematics, University of Sistan and Baluchestan,
Zahedan, Iran
®Department of Mathematics, Faculty of Basic Sciences, University of
Bojnord, Bojnord, Iran

E-mail: amir.shahnavaz@pgs.usb.ac.ir
E-mail: m.kazemi@ub.ac.ir
E-mail: kouhestani@math.usb.ac.ir

Abstract. In this paper, we study the stability of Sacks-Uhlenbeck a-harmonic
maps from a Finsler manifold to a Riemannian manifold and its applications.
Then we find conditions under which any non-constant c«—harmonic maps from
a compact Finsler manifold to a standard unit sphere S™(n > 2) is unstable.
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1. Introduction

¥ (M,g) — (N, h) from a compact Riemannian manifold to an arbitrary
Riemannian manifold is harmonic if it is a critical point of the energy functional

1
Bw) =5 [ 1w av (1)
M
Equivalently, 1 solves the corresponding Euler-Lagrange equation:
T(¢) := trace,Vdy = 0. (1.2)

*Corresponding Author
AMS 2020 Mathematics Subject Classification: 53C43; 58E20

This work is licensed under a Creative Commons Attribution-NonCommercial 4.0 Inter-
national License.
Copyright (© 2024 The Author(s). Published by University of Mohaghegh Ardabili
70


https://doi.org/10.22098/jfga.2024.15587.1134
https://orcid.org/0000-0002-7711-8125
 https://creativecommons.org/licenses/by-nc/4.0/

a-Harmonic maps from Finsler manifolds 71

Noting that the section 7(1), as an extension of the Riemannian Laplacian
operator, is called the tension field of ¢). Furthermore , the second order non-
linear PDE, 7(¢) = 0, is typically determined. Eells and Sampson applied the
heat flow technique to prove the existence of harmonic map from a compact
Riemannain manifold to a compact Riemannian manifold whose sectional cur-
vature is non-positive. The success of this technique relies on Bochner formula
for maps between Riemannian manifolds. In addition, they studied some rigid-
ity theorems for harmonic maps under stronger curvature assumptions, such
as negative sectional curvature for the target manifold and non-negative Ricci
curvature for the domain manifold. Due to the applications of harmonic maps
in many significant physical theories such as the theory of relativity, gravia-
tional theorem, elasticity theory, etc., many scholars have done research on this
topic, [7, 18].

From the point of view of calculus variations, due to the fact that the
energy functional E does not satisfy the well-known Palais-Smale condition,
finding a harmonic map between two arbitrary Riemannian manifold is not
easy when the dimension of domain manifold dim(M) > 2. Especially, when
dim(M) = 2, it is proven that F is of conformal invariance and the corre-
sponding variational problem possesses a non-compact invariance group and
represent limiting cases where the Palais-Smale condition just fails, [13]. Thus,
harmonic mappings from a surface to an arbitrary Riemannian manifold are of
special interest and importance. Nowadays much attention has been given to
this case. Sacks and Uhlenbech proved the existence of harmonic maps from
a closed surface in their pioneering paper [19] by introducing the perturbed
energy functional which satisfies the Palais-Smale condition. For this purpose,
they used a—harmonic maps as the critical points of perturbed energy func-
tional to approximate harmonic maps. More precisely, Sacks and Uhlenbeck
defined the a-energy functional as follows

B(0) =3 [ (@] dw Prav,, (13)

M

and considered a—harmonic maps as the critical points of E,. Noting that,
E,, can be regarded as a perturbation of energy functional, F. If there exists a
subsequence of a—harmonic maps {;} which converges smoothly as i — oo,
then {4;} will converge to a harmonic map, [13]. Generally, there is no such
smooth convergence, therefore Sacks and Uhlenbeck developed some techniques
and powerful methods to study the blow-up phenomena for such a variational
problem. In 2019, Karen Uhlenbeck , as the first woman, won prestigious
Abel prize for her prominent works on - harmonic maps and their physical
applications.

In recent two decades, a—harmonic maps were investigated by many schol-
ars. In [12] the authors studied the energy identity and necklessness for a
sequence of a«—harmonic maps during blowing up when its codomain is a unit
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standard sphere S*~!. Also they showed that the energy identity can be used
to give an alternative proof of Perelman’s result [17] that the Ricci flow from a
compact orientable prime non-aspherical 3-dimensional manifold becomes ex-
tinct in finite time while in [20] it is obtained an optimal gap theorem for
the a-harmonic maps of degree -1,0 or 1 by using an energy identity in [12].
In [13], the convergence behavior of a sequence of a—harmonic mappings v,
with Eq(¢a) < C, is discussed and an example which shows that the necks
contain at least a geodesic of infinite length, is given. The existence and stabil-
ity of a—harmonic maps are investigated in [9]. In [11], a closed Riemannian
manifold (N,h) and a sequence of a—harmonic maps from S? into N with
uniformly bounded energy were constructed such that the energy identity for
this sequence is not true.

The notion of harmonic mappings from a Finsler manifold was first intro-
duced by Mo, [14]. The existence of this type of harmonic maps in each ho-
motopy class was conjectured by Professor S.S. Chern on the workshop of New
Methods in Finsler Geometry in 2000. In [15], Mo and Yang solved the conjec-
ture of Chern and proved the existence of harmonic maps in a given homotopy
class from a compact Finsler manifold into a Riemannian manifold with non-
positive sectional curvature. After that harmonic maps on Finsler manifolds

have been studied extensively by many scholars, [8, 14, 15, 22]. For instance,
the authors in [22] extended the Mo’s work and stdudied the variational for-
mulas of harmonic maps between Finsler manifolds. In [8], it is studied the

conditions under which any harmonic map from an Einstein Riemannian man-
ifold to a Finsler manifold is totally geodesic. Also it is shown that any stable
harmonic maps from a Euclidean unit sphere S to any Finsler manifold is
constant.

In this work, we investigate a-harmonic maps and the stability of this type
of harmonic maps as well as their practical applications by using the ideas
of [3, 4, 8, 9, 14, 15, 16, 19, 23, 25]. In this regard, the notions of Sacks-
Uhlenbeck a—energy functional and a—harmonic maps from a Finsler manifold
to a Riemannian manifold are studied. Then the variational formulas of this
type of energy functional is obtained. In addition, the stability of a—harmonic
maps and its applications are investigated. Finally, the criteria that cause
a—harmonic maps from a compact Finsler manifold to a Euclidean standard
sphere to be unstable, are given. Sections 3 and 4 summarize our significant
findings.

This paper is organized as follows. Section 2 devotes to recall some basics in
Finsler geometry and introduce some terminology and notation of Finsler ge-
ometry. In section 3, the notions of a—energy functional, «—energy density and
a—harmonic maps are introduced. Furthermore, the Euler-Lagrange equation
associated to the a—energy functional is obtained via calculating the first vari-
ational formula of the a—energy functional. Finally an example of a—harmonic
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maps from a Finsler manifold to a Riemannian manifold is given. In the last
section, the notion of stable a—harmonic maps from a Finsler manifold to a
Riemannian manifold and its applications are investigated. Additionally, we
study the conditions under which any stable a—harmonic map from a Finsler
manifold to an Euclidean standard sphere S™(n > 2) is constant.

2. Preliminaries

In this section, we review some basics and introduce some terminology and
notations of Finsler geometry. We follow the presentation in [21], where many
notions are developed from the Riemannian point of view. We refer to [23] as
more exhaustive reference in Finsler geometry.

Let M™ be an m—dimensional manifold and 7 : TM — M be its tangent
bundle, and let (x,y) be a point of TM with x € M, y € T, M, (2') be a
local coordinate systems with the domain V' C M and (x%,%%) be the induced

standard local coordinates system on 7 ~(V) with y = y1% A Finsler metric
on M is a function F' : TM — [0, 00) satisfying the following properties:
(i) Regularity: F(z,y) is smooth on TM \ {0}.
(ii) Positive homogenity: F(x, uy) = pF(z,y), for A > 0,
(iii) Strong convexity: the fundamental quadratic form

i j 1
9:=gij(wy)da’ @da’, giji= S [Fy, (2.1)
is positive definite at every point (z,y) € TM \ {0}, where [F?],i,;
O*F
mean ———.
ytoyI

Locally Minkowski and Riemannian manifolds are well-known examples of
Finsler manifolds. In the sequel, the Einstein summation convention is used
through this paper and the following convention of index ranges shall be used
1<AB,C,...<2m -1, 1<a,b,c,... <m-—1,
1<i,5,k,... <m, 1<8,7,0,... <n. (2.2)
Two more significant quantities in Finsler geometry are Cartan tensor and
Cartan form, denoted by A and 7, respectively and defined as follows

F
4
n = n;dz’, i = g7* Aji. (2.3)

Let SM := U,S, M be the projective sphere bundle of M. Noting that under
rescaling y — ty for ¢ > 0 most geometric quantities constructed by Finsler

A= Aijkdxi ® diEj (9 d(Ek, Aijk = [F2}y

iyd

structure are invariants, thus make sense on SM. The canonical projection
p: SM — M defind by (z,y) — z pulls back the tangent bundle TM to
the m—dimensional vector bundle p*T'M over 2m — 1 dimensional manifold
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SM. The bundle p*T'M and its dual are called Finsler bundle and dual Finsler
bundle, respectively. At any point (z,y) € SM, any fiber of p*T'M has a local

basis {%} and a metric g defined by (2.1). Here {%} and its dual {dz'}

stand for the sections (x,y,%) € I'(p*TM) and (z,y,dx*) € T(p*T*M)
z .
yj

, respectively. The global section ¢(z,y) = f% € p*T'M is called the
T

distinguished section and the Hilbert form of (M, F) is considered as the dual

. oF
of the distinguished section defined by w = [F],:dz’, where [F],; means o
Moreover, any fiber of the Riemannian vector bundle (p*T'M, g) has an adapted

0

&Ei}’ ie. g(e;,ej) = d;; and ey, := £. The dual of the adapted
frame {e;} is denoted by {w/ := 9] daz"}, where wi(e;) = &% Noting that
3, i

% = O%e;, where (%) and (u}) are related by ufﬁ}c = §5. It can be found more

frame {e; := uj

w™ = w. Based on the above notations, it can be shown that dz? = u and

relationships among the quadratic form of F, (u’)’s and (9%)’s in [1]. Denote
the coefficients of non-linear connection on 7'M by N;f = VR where
Y
.1 ., O°F? OF?
G' = 7glk( k hyh_ k)
4 Oykox ox
Setting
o 0 ;0 , . oo Syl
= — — N} — 6y' = dy' + Nida’ M= [Fly—. (24
St Oxt P Oyd’ y Y+ AGers, v [FTy F (2:4)
o 0 . .
It can be seen that {@, Biyl} is the local orthonormal basis on T,TM and

5yt
9 F
local basis of T*SM. Noting that w?™ is a dual of the vector yza— then it

{dz*,5y'} is its dual basis. Additionally, {w* = 9¥dz*, wm™tt = 921 is a
vanishes on SM. According to the above notations, the vertical subbundle,
horizontal subbundle, volume element and Sasaki type metric of SM are de-
noted by VSM, HSM,dVsy and G, respectively and defined as follows (see

21)

VSM = UperTS. M, HSM = {9 € TSM, ™) =0},
G = 5ijwiwj + 0w @ W™t dVsar i= wr Aw? Ao Aw?™ L (2.5)
Due to the fact that p*T'M is isomorph with HSM, then HSM is said to

be the Finsler bundle. In the sequel, the corresponding horizontal lift of any
section Y € T'(p*T'M) is denoted by YH_ [14].
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The Chern connection, denoted by V¢, is a well-known connection on p*T' M
whose connection forms are characterized by the following equations

s s 0y*

dgij - giswj — GjsW; = 2Aijs77 (26)

and
d(da*) — da? AW =0. (2.7)

By means of (2.7), it can be shown that the curvature 2-forms of the Chern
connection, Q7 := dw! — wi A w!, have the following structure

. 1 . . oyt
0= §Rfstda:s Adzt + P dz® A % (2.8)

15t

Applying (2.8), the Landsberg curvature on (M, F) is denoted by L and defined

as follows
h

L := Lygdx" Adz® Ada?, L, := gm-yfpgst. (2.9)
Considering that L,g = —Arst, where dot denotes the covariant derivative

along the Hilbert form, [22].
The divergence of any 1-form 6 = 6w* € ['(p*T* M) is defined as follws

divgl = traceq D6, (2.10)

where where G is a Sasakian type metric of SM and D denotes the Levi-
Civita connection on (SM,g). Due to the fact that p*T*M is isomomorph
with T*SM, it can be obtained that

divg0 = 0ii+ > OaLiwa = Y _(Viudd)(e) + Y Oalopa,  (211)

% a,b i a,b
where {e;} is an adapted frame with respect to g, ” | denotes the horizon-
tal covariant differential with respect to the Chern connection and L is the

Landsberg curvature on (M, F), [14].

3. a—harmonic maps

Let ¢ : (M™, F) — (N™, h) be a smooth map from a Finsler manifold to a
Riemannian manifold. Throughout this paper (M™, F) is an m—dimensional
compact Finsler manifold, (N”, h) is an n—dimensional Riemannian manifold
and « is a real constant with a value greater than one. Denote the Levi-
Civita connection on (N, k), the Chern connection on p*T'M and the pull-back
connection on p*(¢y"'TN) by VIV, V¢ and V, respectively. The a—energy
density of v is denoted by e, (1) and defined as follows

alt) = 5 (116 )

: (3.1)
where
| dip |?:= traceyh(dy, dib).
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Here trace, stands for taking the trace with respect to g (the fundamental
quadratic form of F') at (z,y) € SM. The a— energy density of ¢ with respect
to a local coordinate (z°) on M and (y”) on N can be rewritten as follows

al)(,y) 1= 51+ 60, (2)947)" (32)

;0
where T = ¢(x), {e; = J——j} is an adapted frame with respect to g at (x,y) €

SM and diy(e;) = z/;z 3y ﬂ o 1. The a-energy functional of 1 is denoted by F,

and defined as follows
1
Ba() = —— [ calw)aViu, (3.3)
M

Cm—1

where dVg)s is the canonical volume element of SM defined by (2.5) and ¢,,—1
denotes the volume of the standard (m — 1) dimensional sphere.
Let {¢; : M — N} be a smooth variation of ¢ such that g = ¢ and
Iy

W_Eto

gov

Applying (3.2), the a—energy density of ¢; can be obtained as follows

1 »
ealtn)(x,9) = 51+ 69hg, (@)f07,)° (3.4)
here 7 = d d _ 00 0 = Using (3.4
where T = ¢ (x) and di,(e;) = ul D 8y5 oy = wmﬁ o). Using (3.4),
we get
10 . o
€alte) li=o = 5 5 (L+ 67h (EW07,)" li=o
o OWP 1 oh
= a8 {uf ) gy + U0 ST

(1+ 5’”"’167(*)1#‘3 )t
- Z{uz i whm + )] VT hg, W}
(14 6™ hgy ()5, 00)* '}
= (VY uW,dip(e:)) (1 + 5" hyg (), 7)*

= Z(” | dip |2)* Hrace,h(VW, di), (3.5)

where {NT/ } are the coefficients of the Levi-Civita connection on (N, h).
Setting

0 == h(W, (1+ | d )7 dip(e;))w’
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Due to the fact that Ly, = —Appe and considering (2.11), we get
divgh = Z{ (Ven0)(es )} (4 | dv [)* (W, dip(ea)) Liba

a,b

= Z{h s W, (14 [ dy [)° N (ej)

+ h(W (Ver (1+ | d )7 ) (e;))}

- Zh (1 | dy )y (eq)) Avpa

= h(VV7 (14 | dip [*)* Htrace,Vdy + dip o p(grad™ (1+ | dip [*)*~1)

- (1 [au P e (@)
+Zh e W, (14 | dp )27 dii(ey), (3.6)

where Appe = Ales, €p, €4),

traceng1/J—g (V 9 d?!}( 0 ) dyp(V© 0 ))

0 oxt
Oxd Oz
and @ is defined as follows
= Z Abbaew (37)
a,b
By means of (3.5) and (3.6) and using the Green’s theorem, it is obtained that
d 1
G Ea00) limom = —— [ h(ral), W)dVe, (3.8)
Cm—1 JSM
where
Ta(¥) = (14 | dy )2 trace, Vi + dyp o p(grad™ (14 | dy [7)*71)
— (14 | dy [*)*~Hdy o p(QT), (3.9)

here Q defined by (3.7), grad® (1+ | dv |>)®~1) denotes the horizontal part of
grad(1+ | dy |?)*~1) e T(T'SM) and p : SM — M is the canonical projection
on SM. The section 7,(?) is called a—tension field of ¥. By (3.8) and (3.9),
the following result is obtained.

Theorem 3.1. Any smooth map ¢ : (M, F) — (N, h) is a—harmonic if and
only if 7 () = 0.

Example 3.2. Let ¢ : (R?, F) — (R3,(,)) be a smooth map from a locally
Minkowski manifold (R, F) to the three dimensional Euclidean space (R3,(,))
defined by

P(x) = (2! — 222, —32' + 22 42t — 22?)
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where x = (x',2%) € R2. By (3.8) and (3.9) together and considering that the
Landsberg curvatue of the locally Minkowski manifolds vanishes, it can be seen
that v is an a—harmonic map.

4. Stable a-harmonic map

This section devotes to study the stability of a—harmonic maps from a
Finsler manifold to a Riemannian manifold. In this regard, first we obtain
the second variation formula of the a—energy functional by making use of the
Green’s theorem. Then we introduce the notion of stable a—harmonic maps
and investigate its applications. Finally the criteria that cause a—harmonic
maps from a compact Finsler manifold to a Euclidean standard sphere to be
unstable, are given.

Stable Sacks-Uhlenbeck harmonic maps have various physical applications
in different fields such as physics, engineering, and materials science. These
applications include studying the behavior of elastic materials, analyzing the
dynamics of magnetic systems, and understanding the behavior of liquid crys-
tals. The study of stable Sacks-Uhlenbeck harmonic maps plays a crucial role
in gaining insights into the physical properties and behaviors of these systems,
leading to advancements in various technological and scientific applications,

[20]-

Theorem 4.1. (The second variation formula) Let ¢ : (M, F) — (N, h) be
an a— harmonic map and {1y s : M — N},5<S7t<5 be a 2-parameter smooth
variation of 1 such that oo = 1. Then

82
—F
Otos a(¥) =80
1
— /S {Bamw, ) (YW, dp) — h(V gt 4, , W — AV g W
m—1 JSM
+ Aap traceg VW + Ag g trace, RN (W, dv)dy, V)}dVSM, (4.1)

where Q defined by (3.7), RN is the curvature tensor on (N, h), {,) denotes the
inner product on T*M @ v~ 'TN and

W = 5%,5 Vo= 8’(/1,5’8
. at t:s:O’ . 88 t:s:O7

Ao = 2a(14 | dip |)* 1, Boy = 4da(a —1)(14 | dy [H)*2. (4.2)

Proof. Let M be the product manifold (—¢,&) x (—&,6)x M, p: SM — M be
the natural projection on the sphere bundle SM and ¥ : M — N is defined

by U(t,s,x) := ¢ s(z), and let the natural extension of % on (=¢,¢), %

on (—e,€) and 82 on M to the product manifold (—¢,&) x (=§£,&) x M are
x
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0 9]
denoted by 5 25 and — again, respectively. The same notation V¢ and V
S

oxr

shall be used for the Chern connection on p*T’M and the induced connection
on p*(¥~ITN), respectively. Then, by (3.3), we have

Otds Ea(¥1s) Otds

By calculating the second derivation of the a— energy density, we get

0? 0%eq (s
_ / Tealbus) | avenr. (4.3)
t=s=0 SM

2

9
<us OtDs

8Aa t,s
- /SM{( SNV g dibes(e). difes(ei)
ot

+ Aa,wt,s <h<v a dwt,s(ei); V 6 dwt,s<€i))
ot ds
H(Y 5V g disles) dnalen) ) faVinr, m
ds Ot

o Ca (Q/Jt s)dVSM

Due to the fact that
0Aq
=l = By uh(Ve,V, di(er), (4.5)
ds t=s=0
Then the first term of the right-hand side of (4.4), can be obtained as follows

0Aayp, .
THI (Y g dis(en) dibes(e) |

ot
where B, 4 are defined by (4.2). Let

= Bay (VV, dy) (YW, de)  (4.6)

t=5s=0

= Aay, MV Hdth( ) dth( )) ‘
By means of (2.11), we have

i) = S(VEe () ~ A, (Vs (). i (o)) e
—Z{ A I o ). ()

+ Aoy, J(Ver Vendipy, s( ) diy, s( ))

0 0]
+Aa,¢t,5h<veadwt,s<>,veadwt,s<8>>}

A, Zh eHdeat) dijr,s (5 ))Abba (47)
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Applying (4.7) and Green’s theorem, the second term of the right hand side
of(4.4) can be obtained as follows

A anpe MV g dibi s(€:),V g dipi s(eq)) dVsn
ot ds =m0
/ A Wos (D), Vondion( L)) avi
o,y s eff t,s at 3 efi t,s 85 - SM

=— h(Vgradi a, ,V + Aa wtrace, V2V — A, WwVourV,W)dVsy. (4.8)
SM

On the other hand, let

0 .
=V o diﬁt,s(@)vAawt,sdiﬂt,s(ei))wl'
ds
By means of (2.11), we have

0
dive(f) = Z{h(vefv ) d¢t,s(a)7Aa,wt,sd?ﬂt,s(@i))
‘ ds
0
hV o dwt,s(&),veff (Aa,wt,sdwt)s(ei)))}
ds
7¢t s Z h o dwt s 6 ) Abbad'(/)t 5(@1)) (49)
Os

By means of (4.9) and considering the Green’s theorem, the last term of the
right-hand side of (4.4), can be obtained as follows

Aa UV 5V g dips s(e;), dis s (e5))
SM _ —
Jds Ot
[ A BT o ) dvs(e)
ds
= / Aqptrace,h(RN (V, dyp)dyp, W)dVs
SM
[ g dina(G)| ral)dVens
SM —

t=5=0

dVsy
t=s=0

dVsur

t=s=0

0s

= [ Aaytracegh(RN (V,dip)dp, W)dVsr, (4.10)
SM

where we use the a—harmonicity of ¢ for the last equality. Substituting
(4.6),(4.8) and (4.10) in (4.4), Theorem 4.1 follows. O
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Under the assumptions of theorem 4.1, setting

82
Loy (V,W) = %Ea(wt,s) : (4.11)
t=5=0

Then 1 is said to be stable a—harmonic if I, ,,(W, W) > 0 for any compactly
supported vector field w along 1. Otherwise it is called unstable. By means
of Theorem 4.1, it can be obtained that

Ioz,w(vva W)
1
= — / {Ba,MVW, d"/’>2 - h(vgradH.A W — Aaﬂl’vQHW
SM

Cm—1

+ Ag ptrace, VW + A, ptraceg RN (W, dep)dip, W)}dVSM. (4.12)

Stable harmonic maps play an important role in geometry, mechanics and
physics, [24]. For instance, the analysis of harmonic stability properties for
planar wiggler free-electron laser(FEL) are investigated by applying the lin-
earized Vlasov-Maxwell equations. Consider that the analysis is carried out
in the Compton regime for a tenuous electron beam propagating in the z di-
rection through the constant amplitude planar wiggler magnetic field B =
—B,,coskyzé,, [5].

4.1. Stability of a-harmonic maps from a Finsler manifold to a Eu-
clidean sphere. In this part, we study the stability of a—harmonic maps from
a without boundary Finsler manifold to a Euclidean standard unit sphere by
applying the extrinsic average variational method of Wei ([26, 27]).

Consider the unit standard sphere S™ as a submanifold of the Euclidean
space R"*1. Denote by V¥ and V¥, the Levi-Civita connections on R**! and
S™ |, respectively. At any point z € S™, any vector w € R"*! can be split as
follows

w=w' 4w, (4.13)
where w ' is the tangent part to S” and w® = (V, z)z is the normal part to S™.

Denote by B and AV, the second fundamental form of S™ in R**! and the
shape operator of S™ corresponding to a normal vector field V' respectively,
which is defined as follows

B(X,Y)=—(X,Y)z, (4.14)
and

AV (X) = —(VEV)T, (4.15)
where X,Y are tangent vectors of S” at x and (,) is the Euclidean metric on

R"*!. Noting that, the the shape operator and the second fundamental form
of S™ are satisfied the following equation

(B(X,Y), V) =(AY(X),Y) = —(X,Y){(z,V), (4.16)



82 A. Shahnavaz, S. M. KAzemi Torbaghan, N. Kouhestani
for more details see [20]. Under the notations above we have the following:

Theorem 4.2. Let ¢ : (M, F) — S™ be a a—harmonic map from a compact

-2
Finsler manifold (M, F) such that | di |?< 2n . Then 1 is unstable.
-n

Proof. Choose an arbitrary point z € SM and fix it. Setting & = ﬁ(z) where
’([} 1 op. Here p: SM — M is the canonical projection on SM. Let
{@g}"+1 be a constant orthonormal basis in R"*1, R¥ denotes the curvature
tensor of S™ and {e;}7, be an adapted frame field on M. By means of (4.12),
we have

n+1
Z Iﬂ,w(@ga Gg)
B=1

1
= _ /S M{Ba,ww@g, dip)? = h(V graaria, , Op — AanVouO}

Cm—1

+ Aa,ptrace, V20, + AawtracegRS(@g, d)di, © 5 ) YdVsas (4.17)

y (4.13) and (4.15), we have

T _
VxO5 = dw(X)Gﬁ (V dap(X)@ﬁ)
_ 1 R INT
- (vdij(x)gﬁ - @6) (vdw(x ©5)
= A9 (di)(X)). (4.18)

Making use of (4.16) and (4.18), we get

(4.19)

Applying (4.19), the first term of the right-hand side of (4.17) can be obtained
as follows

n+1 m n+l m
Baw Y D (V05 di(ef'))? =Bay Y > (= | di(ef') * (#,05))
B=11i=1 B=1i=1
n+1
=Bay Y | d|* (#,04)
B=1

By | i | (4.20)



a-Harmonic maps from Finsler manifolds 83

Applying (4.13) and (4.15), we get

T _ oS T
vgradHAa,zp@B - vdaﬁ(gradHAa,w)@’B

= (Viﬁ(gdeAa,w)@g)T
- (Vi/}(gdeAa,w)(Gﬁ - Gé)f
- _(ngl;(gradHAa,w)@é_)T
— A®5 (di(grad™ Aq.y)). (4.21)
Let Ag : S™ — R is defined by
Ag(z) == (Og,x), VzeS".

It can be checked that
A% (X) = —AgX, (4.22)
for every vector field X on S™. By means of (4.16),(4.21) and (4.22), the second

term of (4.17) is obtained as follows

N Vgradra, ,05,05) =S (—A% (dd(grad™ Aay)). OF)

s s
= Agou(di(grad? Any),05).  (4.23)
s
Similarly,
=D Aaw(Vu05.05) =) Asodldp(QT),05).  (4.24)
8 s

Applying (4.21) and (4.22) together and considering Ve{f@g = A% (dip(eT)),
it can be seen that

S Vi VO] = 3V, A% (di(el!))
= =2 Veu(Ag o di(el)
= —dd(grad(Ag o)) — Ay o § Y Vemdi(e)
== D_(dd(el"), grad(hg) o ) di(e]!)
—Agod ) Vendi(e:)

= =S (di(el), 0F o d)di(el)

K2

—Agodh Y Vudi(e:), (4.25)
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where we use gradAg = @g, for the last equality. By means of (4.25), the
fourth term of (4.12) is obtained as follows

D Ay (traceg(V?05),05) = —Aqy | dip |*
B8

— Z Ago &(Aa’wtracengw, @E) (4.26)
B

Due to the fact that the sectional curvature of S**! is constant, the last
term of the right-hand side of (4.17) can be calculated as follows

n+1 m
YD (R%(OF, di(e:)di(e:), OF)
B=1i=1
n+l m
- Z{| av(en) P10 P ~(du(e0. 0,7}
p=11i=1
n+1
=—ldyP+1dy*) |05 05
B=1
n+1
=—|dpP+[dy P [0~ (Op,a)x |
B=1
n+1
=—|dy P+ dp Y (105> ~(Op,2)%)
B=1
=—|dy P+ dy P {(n+1)— |}
=(n—1)]dy[*. (4.27)

By substituting (4.20)- (4.27) in (4.17), we get
n+1
> 1a0(05,05)
B=1

LS [ Aoyinaw), 0] )dVeu

Cm—1 5 JSM
£
- {@—n+@a—n)|dy ") | dy [*YdVsn, — (4.28)
Cm—1 JSMm

where € = 2a(1+ | dyp [*)*72. By (4.28) and using the a— harmonicity
condition of 1, it follows that

n+1

Y L.y(8).8f) <o. (4.29)
B=1

Then ¢ is unstable and hence completes the proof. O
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