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APPROACH TO FUZZY DIFFERENTIAL EQUATIONS
IN INTUITIONISTIC FUZZY METRIC SPACES USING
GENERALIZED CONTRACTION THEOREMS

RAM MILAN SINGH', DEEPAK SINGH?, RAHUL GOURH?

ABSTRACT. Approach to fuzzy differential equations in fuzzy met-
rics using generalized contraction theorems One of the most fasci-
nating fields of mathematical inquiry is fixed point.In this direction,
by utilizing ”the triangular property of fuzzy metric 7, we inves-
tigate certain special common fixed point solutions for a pair of
self mappings without continuity on fuzzy metric spaces under the
generalized contra ction requirements.We also provide generalized
Ciri’s contraction theorems and weak contraction theorems. The
findings are corroborated by pertinent cases. Additionally, we pro-
vide a workable application of the fuzzy differential equation s to
guarantee the presence of a singular common solution to support
our primary research.
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1. INTRODUCTION

The term ”fuzzy set” was first used by Zadeh [1] in 1965 and is defined as ”a set constructed
from a function having a domain is a nonempty set W and range in [0,1]” (i.e., if G: W [0,1],
then the set constructed from the mapping G is termed a fuzzy set). The theory of fuzzy
sets has since undergone substantial development and investigation in a variety of directions
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with several applications. The idea of fuzzy metric spaces (FM spaces) was first developed by
Kramosil and Michalek [2] using the fuzzy set concept and some additional, derived notions
fro m the one in order. They demonstrated that, in some situations, the FM ideas and the
statistical metric space are identical. Following that, George and Veeramani [3] provided the
modified version of the F M space, demonstrating that every metric produces an FM. They
established some fundamental truths including the Baire theorem for FM spaces.

By utilizing the idea of Kramosil and Michalek [2], Grabiec [4] proved two fixed p oint
theorems of ” Banach and Edelstein contraction mapping theorems on compl ete and compact
FM spaces, respectively” in 1988. Fixed point theorems for a fa mily of mappings on FM
spaces were proven by Bari and Vetro [6]. While certain invariant approximation findings
for fuzzy non expansive mappings constructed on FM spaces were proven by Beg et al. [7].
Additionally, they found a required condition for the set of all tbest approximations that
contained a fixed point of the arbitrary mappings and created the strictly convex fuzzy
normed space.

In this study, we use ”the triangular property of fuzzy metric” to provide some no vel
common fixed point theorems for a pair of self mappings on FM spaces without continuity.
Additionally, we offer an extended Ciri’c-contraction theorem on FM space as well as weak
contraction. To further complement our study, we also show an application of fuzzy differenti
al equations.

2. PRELIMINARIES

In this section, some definitions and results are collected which are used in this paper.
Definition 2.1 . A binary operation * : [0,1] x [0,1] — [0, 1] is called a t-norm if it

satisfies the following conditions:

(a) * is commutative and associative;

(b) * is continuous;

(c)ax1l=aforallac€][0,1];

(d) a* b<cx dwhenever a<cand b <d, for each a,b,c,d € [0, 1].

If * is continuous, then it is called continuous ¢t-norm.

The following are examples of some t-norms.

(i) Standard intersection: a * b = min{a, b}.

(ii) Algebraic product: a * b = ab.

(iii) Bounded difference: a * b = max{0,a + b — 1}.

Definition 2.2 A binary operation ¢ : [0,1] X [0, 1] — [0,1] is a continuous tconorm if it
satisfies the following conditions:

(a) ¢ is commutative and associative;

(b) is continuous;

(c)a—0=aforallac]|0,1];

(d) aob<cod whenever a <candb <d,for each a, b, ¢, d € [0,1] :

If % is continuous, then it is called continuous ¢-norm.

The following are examples of some t-norms.

(i) Standard intersection: ab = max{a, b}.

(ii) Algebraic product: a V b = ab.

(iii) Bounded difference: a ¢ b = min{0,a + b — 1}.

Definition 2.3 A three tuple (X, M, ) is said to be a fuzzy metric space if X is an
arbitrary set, * a continuous t-norm and M a fuzzy set on X? x [0, c0) satisfying the following
condition, for all x,y,z € X and t,s > 0 :

(a) M(z,y,0) =0
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M(z,y,t)=1forallt >0 iff x =y,
M(z,y,t) = M(y,z,1),

d) M(z,y,t) « M(y,z,8) < M(z,z,t+s),
M(z,y,) :.[0,00) — [0, 1] is left continuous,
f) limp— 00 M(z,y,t) = 1.

Definition 2.4. A 5 -tuple (X, M, N, *© ) is said to be an intuitionistic fuzzy metric
space (shortly IFM-Space) if X is an arbitrary set,  is a continuous t-norm, ¢ is a continuous
t-conorm and M, N are fuzzy sets on X2 x [0, 00) satisfying the following conditions:

(a) M(z,y,t) + N(z,y,t) <1 forall z,y € X and t > 0;

(b) M(z,y,0) =0 for all z,y € X; (¢c) M(z,y,t) =1 for all z,y € X and ¢ > 0 if and
only if z = y,

(d) M(z,y,t) = M(y,z,t) for all z,y € X and ¢ > 0;

e) M(z,y,t) *« M(y,z,8) < M(z,z,t+s) for all z,y,z € X and s,t > 0,
f) M(z,y,) : .[0,00) — [0,1] is left continuous for all z,y € X

g) limp 00 M(z,y,t) =1,

h) N(z,y,0) =1 for all z,y € X

i) N(z,y,t) =0 for all z,y € X and t > 0 if and only if x =y,

j) N(z,y,t) = N(y,z,t) for all z,y € X and t > 0,

k) N(z,y,t) A N(y,z,8) > N(z,z,t+s) for all z,y,z € X and s,t > 0,
1) M(z,y,) : .[0,00) — [0,1] is right continuous for all z,y € X

(m) limp 00 N(z,y,t) =0 for all z,y € X;

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions M(z,y,t) and
N(z,y,t) denote the degree of nearness and degree of non nearness between z and y with
respect to t, respectively.

Definition 2.5 Let (X, M, N, *.0) be an intuitionistic fuzzy metric space. Then

(a) a sequence {zy } is said to be convergent x in X if for each € > 0 and ¢ > 0, there exist
no € N such that M (zn,x,t) > 1 —¢c and N (zn,x,t) <0 — € for all n > ng.

(b) a sequence {zy} is said to be Cauchy if for each ¢ > 0 and ¢ > 0, there exist ng € N
such that M (zn,zm,t) > 1 —¢c and N (zn,Tm,t) < 0 — € for all n,m > ng.

(¢) An intuitionistic fuzzy metric space in which every Cauchy sequence is convergent is
said to be complete.

Definition 2.6 A sequence {Si} of self maps on a complete intuitionistic fuzzy metric
space (X, M, N, ) is said to be intuitionistic mutually contractive if for ¢ > 0 and ¢ € N

t t
M (Siz, Sjy,t) > M (w,y, *) and N (Siz, Sjy,t) < N (w,y7 *) .
p p
Where z,y € X,p € (0,1),i # j and = # y.

Definition 2.7 Let (X, M, N, */¢ ) be a intuitionistic fuzzy normed linear space.

(i) A sequence {z,} is said to be convergent if there exists z € X such that
limy 00 M (zr, — 2,t) =1 and limp—o0 N (zn, — x,t) = 0 for all ¢ > 0. Then z is called the
limit of the sequence {z,} and denoted by limp—soo Zn.

(ii) A sequence {zy} in a intuitionistic fuzzy normed linear space (X, N) is said to be
Cauchy if limp 00 M (Tntp — Tn,t) =1 and limp 500 N (Tntp — @n,t) =0 for all t > 0 and
p=1,2,...

(iii) A C X is said to be closed if for any sequence {x,} in A converges to x € A.

(iv) A C X is said to be the closure of A, denoted by A if for any x € A, if there is a
sequence {zn} C A such that {x,} converges to x.
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(v) A C X is said to be compact if any sequence {z,} C A has a subsequence converging
to an element of A.

Definition 2.8 Let (X, M, N, *,¢ ) be a intuitionistic fuzzy normed linear space.

(i) A set B(z,a,t),0 < o < 1 is defined as

B(z,o,t) ={y: M(z —y,t) >1—a}. and B(z,o,t) ={y: N(z —y,t) <1—a}.

(i) rT={GC X :2€G,3t>0,0< a<1such that B(z,a,t) C G} is a topology on
(X, M, N).

(iii) Members of 7 are called open sets in (X, M, N).

Definition 2.9. A subset B of a fuzzy normed linear space (X, M, N) is said to be
intuitionistic fuzzy bounded if for each r,0 < r < 1,3t > 0 such that

M(z,t) >1—1r and N(z,t) <1—r for all z € B.

Lemma 2.6 Let (X, M, N) be a intuitionistic fuzzy normed linear space and M (z,.)
andN(z,-)(z # 0). If the set A = {z: M(z,1) > 0 and N(x,1) < 0} is compact, then X is

finite dimensional.

3. Main Result

3.1. Generalized iri-contraction results on IFM spaces. In this section, we define a
generalized iri type of Intuitionistic fuzzy contraction on IFM spaces and present a unique
common fixed point theorem for a pair of selfmappings on a complete IFM space.

Definition 3.1. Let (X, M, %) be an FM space. A self-mapping F; : X — X is said to
be a generalized iri type fuzzy-contraction if Ja € (0,1) such that

1
(s — 1)

M 1) ( ; 1)

1 (z, Flr t) M(y,F1y,t)
M Fgy ~ LS ome 1M<y,Fm> ) (sem 1)
5 I(z,F1x,t) 1+M(y Flyt) -1)

1 1 1+ -1
2 \ M(y,Frz,t) M(X, Fly t)

Vz,y € X and t > 0.

In the following, we present a more generalized iri type fuzzy contraction result for a pair
of self-mappings to prove that a pair of self-mappings on a complete FM space have a unique
common fixed point.

Definition 4.2.. Let (X, M, N,*,¢) be a complete I F'M space in which M is triangular
and N is co-triangular and a pair of self mappings f1, fo : X — X satisfies,

1
(W — 1)
L 1) ( L
M(z,F1z,t) >\ M(y,F1y,t)
1 -1 1 -1
(y,Fra,t) >\ M(z, Fry,t)

1
M (Fyz, Fiy,t)

— 1< amax

IS Ll RN

M

1

(M(r Fen Lt MwEe L)
1

(M(y,Flz t) -1+ M(X,F1y,t)

and
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dt

1

M (@2m41,5:t)

)

N S (% _ 1) [ S
M(12m+1,n,t) » \ M(k,F1K,t) ’ I\/I(zgm+1,zgm+2,t) ’
- -
+Bmax M(Z2m41,F15,t) M(%,Tom 42,t) ’
1 L 1 _
2 \ M(x,Fir,t) M(22m 41, F222m11,t)
1 L —1+ L -1
2 (M(sz+1yF1th) M(k, FoT2m41,t)
1 1 1 3
~ pmax { st — L% (srmdmg — 1)} 299 = oo
And
1 1 1

N (z2m+2, Fik,t)

>
N (Fezomy1, Fik,t) —

1
(N(12m+17*”~,t

(
)

N (z2m+1,k,t)

)

N(x, Fl"“ t)) N(z2m+lvF212m+la

+8 min

( 12m+1’F1N t) N(x F2502m+17 )

N[

N(x, F1K t) N(:02m+1,F212m+17

=

:

7Oé

+
z2m+11FIH t)

1
N (z2m+1

’Ht)

N(k, F212m+1,

)

1

)
i

1 1
( N(127n+17"‘”~at)) ’ ( N(k,F1k,t)

1

)

N(I2m+1@2m+2,f)

1

+3 min N(z2m+1,F15,t)

D=

)(

1

N(k,@am42,t)

1
N(r,F1k,t) +

1

N(Zom41,F2@2my1,t)

N

1

*> i N/ D k)

Then,
lim sup (
T —r o0
And

1
( N(z2m41,F15,t) +

:(
1. =
2

1
—— 1| <[ ————
M (z2m+2, F1 K, t) M (K, F1K,t)

1

N(r,Fo®om41,t)

)71)}, as j — oo.

N (k, Fik, t

1

. . 1 1
limg— oo inf (N(x2m+2,F1K,t)> 2B ( N(K,Fﬂ(,t)) for ¢ >0
The above (XXI) is together with (XX) and (XIX), we get

1

— — _ _—1<38
M (K,F K, t)

and

1
(M(KvFlKvt)

—1) for t > 0.

).

—1) for t > 0.
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1 1
N (K, FLK, t) = ( N (K, LK, t)
Since (1—8) # 0, therefore we get that M (K, F1,t) = 1 and N (K, F1,t) = 0, this implies
that Fy K = K. Similarly, we can show F> K = K. Hence proved that K is a common fixed
point of F and F5, that is, {1 K = Fo K = K.
Uniqueness: let k* € X be the other common fixed point of F; and F» such that Fix* =
Fyk* = k*, then by the view of (I) and (II), for ¢ > 0, we have

) fort >0

1 1 1
- 1= (—— 1) <a(— 1
M (k, k*,t) (M(Flm7 For*,t) ) (M(H,K*,t) )

=0+ (5 ! :“”m(m*)
S@+py (W”) sooglet A" (m”) 0 asm oo

and

1 1 1
= > _
N (r, 5%, 1) (N(Fln,an*,t)> _a(N(n,K*,t))

= (@+8) (ﬁ) = (@+h) (m)

1 1
> 2 — ) >...> m(__*
> @+ () 22 @0 (Spes)
Theorem 4.1. Let (X, M, N, *,¢ ) be a complete I F'M space in which M is triangular
and N is co-triangular and a pair of self mappings f1, fo : X — X satisfies,

— 0, as m — oo.

1 1
M(flxnyyvt) Tlse (M(w)yzt) - 1)

1 1 1 1 1 1
+ Bmax (M(y,fzy,w - 1) ; (M(y,flz,w Vo \stmmen 1) 2 st mn M M men 1)’
1

1 1
2 \(Mwen ~ T MEmen 1)

and

1 1
Nhe o) 2 ( N@v ) 1)

(N(zl,y,t) - 1) ’ ( N(z,}lz,t) - 1) ’
+ fmin (7N<y,1fzy,t> - 1) ( Ni(yj‘lwni) —1 ; Nefvd 1) 3 N(z,)}ly,t) 1+ N 1)7
1

1
2 \ N(y.fiz,t) 1+ N(z,f2y,t)

for all z,y € X,t > 0,a € (0,1) and 8 > 0 with (a + 28) < 1. Then f1 and fs have a
unique common fixed point in X.
Proof. Fix o € X and define a sequence {z,»} in X such that

Tom+1 = f1T2m and Tam42 = foxom41 for m > 0.
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Now, from (1), for ¢t > 0, we have

1 1
1=
M (z2m+1,T2m42,1) M (fizam, faxom+1,t)

1
<a|l——F——-1)+
(M ($2'm7 T2m+1, t) )
1 1 1
pmes { (st~ ) (w1 ( -1).
M (z2m, T2m+1,1t) M (x, fiz2am,t) M (Z2m+1, foT2m+1,1)

1 1 1 1
~1), )i
(M(12m+1,f112m,t) ) (M($2maf2w2m+17t) ) 2 (M(xzm,flwzm,t)

-1

1 1 1
) e '
M (z2m+1, foT2m+1,1) 2 \ M (z2m+1, f1Z2m, t)

1
— 1 s
M (z2m, foxam+1,t) }

and

1 1 1
1= “1>afl-—r—1 1
N(@2m+1:T2m42,t) N(f1z2m,fatami1,t) =« ( N(@2m ,T2m41,t) )

1 _1 ( 1 _ 1) 1 1
N(z2m,z2m41,t) "\ N(x fizam,t) »\ N(z2m 41, f222m41,t) ’

1 -1 1 -1
N(Z2m+41:f1%2m ,t) P\ N(z2m,femam41,t) ’

1 1 —1+ L -1,
2 N(z2:m,f1%2m,t) N(Z2m+1,f2%2m41:t)

' (NN S I
2\ N(z2mi1,f122m,t) N(Z2m,faTam41,t)

after simplification, we obtain

1 1
—l=« (— — 1)
M (22m+1, 2m+2,t) M (z2m, T2m-+1,t)

1 1),
M(Z2m@2m+1,t)

1
+ 8 max -1 _— -1
A 9327n+173327n+27 M(22m41,T2mt2:t) P\ M(22m,®2my2,t) ’
1
2

M
-1 L -1
(M(szm,z2m+1, t) + M(Z2m41,T2m+42:t) ’

and

1 1
—-l=« (— - 1)
N (2m+41, T2m42,t) N (z2m, T2m+1,t)

R S
N(Z2m T2m+1,t) ’
-1

_ 1
+ Bmin "\ N(z2m,x2mi2.t)

I2m+1 Y T2m 42 »t)

ol /\

-1+ L -1,

N
( N x27n7x2m+17t) N(Z2m+1:2m+2:t)
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Then, we may have the following four cases;

1

B —") is minimum in (V), then

(i) If m — 1 is the maximum and

after simplification for ¢t > 0, we obtain

1 1
—1<X (——1),where)\1:a+6<1.
M (z2m+1, T2m+2,1) M (T2m; T2m+1,1)
and
! >\ ( ! ) here A +8>1
>AM|(——— ], where \y =«
N (Z2m+1, T2am+2,1) N (z2m, Z2m+1,1)
(ii) If ———L—— — 1 is the maximum and L is the minimum in

M (T2m41,T2m+2:t) N(T2m+1:T2m42:t)
(V), then after simplification for ¢ > 0, we obtain

1 1
71g,\2<771), where Ap = —— < 1.
M (@2m+1, T2m+2,t) M (x, T2m+1,1) 1-8
and
1 1
> Ao (7) , where Ao = @ > 1.
N (z2m+1, Tam+2,t) N (x, z2m+1,1) 1-5
(iii) If m — 1 is the maximum and m is the minimum in (V), then

after simplification for ¢ > 0, we obtain

1 1
—1< )3 (—71),Where)\3:a+6 < 1.
M (z2m+1, T2m—+2,1) M (Z2m, T2m+1,1t) 1-
and
1 1
2>\3( ),where)\3:ﬂ>1.
N (z2m+1, T2m+2, 1) N (z2m, T2m+1,1) 1-8
: 1 1 1 : :
(iv) If 5 (M(12m,z2m+1,t) -1+ e ———"— 1) is the maximum and
1 1 1 : ‘s : :
5 (Wﬁ 1+ Neommmomiad) 1) is the minimum in (V), then after sim-
plification for ¢ > 0, we obtain
1 1 2
—1§)\4(——1), where \y = ath < 1.
M (z2m+1,T2m+2,1) M (z2m, T2m+1,t) 2-p8
and
1 1 2
—12)\4<——1),Where/\4: ath 1.
N (z2m+1, T2m+2,t) N (z2m, Z2m+1,1) 2-p

Let us define p1 := max {A1, A2, A3, A4} < 1, then from (VI)-(X), we get that

1 1
-1<m (——l) for t > 0.
M (z2m+1, T2m+2,1) M (z2m, T2m+1,t)

and
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1 1
> w1 (—) for t < 0.
N (Z2m+1, T2m+2,1) N (z2m, T2m+1,t)
Similarly, again by the view of (I and II), for ¢ > 0 and ¢ < 0, we have

—1 1= L —1<a| 2L —~—1
M (@2m42:T2m+3,t) M (F122m42,F2%2m41,t) - M(@2m+2:T2m41-t)

— 1 1),
M(I2m+2,l‘2m+1,t)

—1 1

)

1

M(@2m 42, F1%2m42:t) M(%2m4+1,F2T2m41:t) ’
L -1 L -1
M(z2m+1:F1T2m42,t) P\ M(22m42,F2®2m1,t) ’ ’
1 14 1
M(I2m+2,F1-T2m+27i) M(Z2m+1,F2%2m+41,t) ’

1 1
-1 -1
M(22m 41, F1T2m+2:t) + M(z2m+42,FaTomi1,t)

48 max

N
N

D=

and

1 — 1 > a 1
N(T2m+2:T2m43:t) N(F1%2m42,Fatamy1,t) — N(Z2m+2:%2m41:t)

-
N(@2m+2:T2m+1,t)

1 1
( N(zom+t2:F1zomi2:t) )’ N(12m,+laF212m,+1vt)> ’
b
: 1 1
+0 min
g N(zom+t1,F12amy2,t) )\ N(z2m42,Fazomi1:t) )’ ’
1 + 1
N(z2m+2,F1%2m42,t) N(z2m+1,F2Z2m41,t)
1 + 1
N(Z2m+41,F1%2m+2,t) N(z2mt2,F2Z2m41-t)
after simplification, we get that

[NIES

NI

1 1
—l=a < — 1)
M (z2m+2, T2m+3,t) M (Z2m+1, T2m+2,t)

1 1),
M(Z2m+1:T2m+2:t)

1 1 1
M( Izm+z@zm+3,t) P\ M(22m41,T2m43:t)

+ S max

Nl A

-1+ ! -1
(M (z2m+2:T2m+3:t) M(%2m41,T2m+2,t) ’
and

1 1
~o( )
N (z2m42, 2m+3,t) N (z2m+1,T2m42,1)

1
( N(127n+1712m+27t)) ’

1
min
B ( (z2m+2:P2m+3:t) ) 7\ N(Z2m41,02m+3:t)
1
2

N
+ 1
m27n+27127n+37 t) N(Z2m41,2m+2:t) )’
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Again we may have the following four cases;
3 1 . . 1 . ..
(i) If (m — 1) is the maximum and (—) is the mini-

N(T2m+1:T2m42:t)
mum term in (XII), then after simplification for ¢ > 0 and ¢ < 0, we obtain

1 1
-1<X\ (
M (z2m+2,T2m+3,1) M (Z2m+1, T2m+2,

) —1), where \1 = a+ 8 < 1.
and

1 1
2)\1( ),whereA1:a+,B>1
N (z2m+2, T2m+3,t) N (Z2m+1, T2m+2,1)
(ii) If ( 1

— L 1) is the maximum and [ ———— ] is minimum
I\J(z2m,+2az2m,+3at) N(z2m+2722m+37t)

term in (XII), then after simplification for ¢ > 0 and ¢ < 0, we obtain

1 1
_1§)\2( —l),WheI‘e)\ina <1
M (z2m+2,T2m+3,t) M (Z2m 41, T2m+2,t) 1-8
and
1 1
2)\2( ),where)\gz @ >1
N (z2m+2, T2m+3,t) N (z2m+1, T2m+2,t) 1-5
1 . . 1 . .
(iii) If (m — 1) is the maximum and (m) is the min-
imum term in (XII), then after simplification for ¢ > 0 and ¢ < 0, we obtain
1 1
—1§A3( —1),where>\3:a+6<1.
M (z2m+2, T2m+3,t) M (22m+1; T2m+2,t) 1-8
and
1 1 «
2>\3( ),where)\3: +5>1.
N (z2m+2, T2m+3,1) N (z2m+1, T2m+2,1) 1-
. 1 1 . .
(iv) If 5 (m -1+ M{zamrioamiad) 1) is the maximum and

1
2

1 1 . P . .
(N(z2m+2,z2m+3,t) + N(eomt1amsaid) is the minimum term in (XII), then after sim-
plification for ¢ > 0 and t < 0, we obtain

1 1 2
715,\4( 71),where)\4= atB .
M (x2m+2, T2m+3,1) M (Z2m+1, T2m+2,t) 2-p
and
1 1 2
2/\4( ),where)\4: a+ﬁ>1.
N (z2m+2, T2m+3,1t) N (z2m+1, T2m+2,1)

Hence, from (XII)-(XIV), we get that

1 1
*1§ﬂ1( 71) fort >0
M (z2m+2, T2m+3,1) M (z2m+1, T2m42,t)
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and

1 1
> p1 ( ) fort <0
N (z2m+2, T2m+3, 1) N (22m+1, T2m+2,t)
where p1 = max {1, A2, A3, \a} < 1.
Now from (XI) and (XVII), we have that

1 1
-1< ( - 1)
M (z2m+2,T2m+3,1) M (2m+1, T2m+2,t)

1
< Ll —— <. < 2mt2 (-
- (lul) (M($2m7$2m+1,t) ) - - (‘L“) M(Xvwlzt)

as m — oQ.

and

1 1
> p1 ( )
N (z2m+42, 2m+3,t) N (z2m+1,T2m+2,1)

> (m)? (%) >z ()P (%) -0,

N (z2m, T2m+1,t) N (x,z1,t
as m — oQ.

Hence proved that {xm},,> is a intuitionistic fuzzy contractive sequence, therefore

lim M (zm, Zm+1,t) =1 for t > 0.

m— o0

and

lim N (m,ZTm+1,t) =1fort <0

m— oo

Since M is triangular and N is co-triangular, for £k > m and ¢t > 0,¢ < 0, then we have

1

M (zm, zg, t) -1
= (M(xM7im+1»t) B 1) * (M(wm+117rm+2,t) - 1) e (M(xkflumk,t) - 1)
< (0 + ™ e ') (e 1)

m 1
S((ul) )( —1)—>0,asm—>oo,
1—p1 M({Eo,.’rl,t)

and

1) — 0,
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1
N(ZDm,:Ek,t)
1

( N(xm,me,t)) - (

> (o)™ + (u)™+ +

()

1—
which shows that {z,, } is a cauchy sequence. By the completeness of (X, M, N
X such that

1
N (l"m+1 s Tm+2, t)

1
+ -
( N (zx—1, %k, 1)

)

2

) +
£ ) (o

)—)1, as m — oo,

)

1
N(Z’o,xl,t)

*,0), 3K €

lim M (k,xm,t) =1fort >0

m—r0o0
and

lim N (k,zm,t) =0fort <0

m— o0
Now we have to show that Fix = k. Since, M is triangular and N is Co - triangular,

therefore

1
M (k, F1k,t) B

1< (%
M (K, T2m+2,t)

~1)+(

1 1
N(N,12m+2,t) N(zngrz,Fl/-z,t)
Now, by the view of (I), (II), (XVIII) and (XIX) for ¢ > 0, we have that

1
S E——— e 1) fort >0
M (z2m+2, F1k,t)

and

1
N(x,F1k,t) z

)fort<0

1
M (x2m+2, F1k,t)

1
T M (Fezam+1, Fik,t)

(M( :

12m+1m,t)

1
S
(M(mzm-u,ﬁ, t) )

—1<a

,1>7

1
M(k,F1k,t)
1

+ 6 max
B (z2m+1.F15, t)

= /\/\

1

1), (M(
)

-1+

Tom+1,F2T2m41,t)

1
M(k,FoZom41,t)
1

)

M(z2m+lvF212m+1!t)
1

_1>,

)

-1

)

M
(M(m Fik,t)

M( 952m+1,F1f€ t)

N

—1+

M(H,F2$2m+17i) N
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— 1
=« (1\/1(93277L+17~,t) 1)

1 1 _
(M($2m+1,ﬂ,t) h 1) ’ (M(’””vFl’””v” 1) ’

[ S—
M(22m+1:T2m42,t) ) ’

1 1
1 _ ,
+B max 1\4(12m+1,F1K,t) ) ’ (Nl(n,z2m+2,t)
1 1 o 1 .
SR Y (N ) B VT ey — 1) ;
1 1 _ 1 _
2 (I\/I(rcgm+1,Fln,t) 1+ M(k, FoT2m41,:t) 1)
1 1 1 .
— EmaX{M(K,Flmt) -1,5 (M(K,Fln,t) - 1)} , as j — oo.
and
1 1 ( 1 )
= >af —
N (z2m+2, F1K,1) N(F2z2m+1,F1ri, t) N(I2m+1,f€,t)

(vt

1

N(x2m+17"€ t

) ,

N(k, Fln t)

+8 min

)

N(12m+1vF212‘n7+17

(
(5

D=

932m+17F1N t)

N(x, F2‘172m+17 )

N(k, Flm t)

N($2m+17F2952m+1,

N[

E

+
I2m+1,F1F~ t)

1

N (x2m+17 K, t)

)

1

N(r, F222m+17

)
%

1
( N(I2m+1ymt)

) ’ ( N(Ny}“w,t)) ’ ( N(

1 1
N(z2mt1,F1k,t) )7\ N(k,

Z2m+lvz2m+21t)

).

St
-‘r,BmlIl KyZ2am4-2 )
1 1 + 1
2 \ N(k,F1k,t) N(z2m+1.F2Zamt1,t) )’
1 1 + 1
2 N(z2m+1,F1n,t) N(H,F212m+1,t)
N
N (3}2m+17 Ry t)
1 ( 1 ) 1
N(Z2m41.k,t) ) 7\ N5, F16:8) )0\ N(22m41,82my2:t)
1 1
+Bmin N(z2mi1:F16,t) )7\ N(k,@2m12,:t)
1 1 + 1
2 \ N(k,Fik,t) N(z2m+1,F2Zamt1,t) )’
1 1 4 1
2\ N(zamy1,F15,t) N(k,Fo@2m41,t)
1 1
lim sup (— - 1) <pB (7
T—00 M (x2m+2, F1K,t) M(K,FlK,t)

And

).

—1) fort >0
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. . 1 1
limg —s o0 inf (m) >B (W) for t > 0.
The above (XXI) is together with (XX) and (XIX), we get

1 1
771§ﬁ(771) for t > 0.
M (K, F1K,t) M (K, F1K,t)
1 1
>p
N (K, K,t) — N (K, F1K,1t)
Since (1— ) # 0, therefore we get that M (K, F1,t) = 1 and N (K, F1,t) = 0, this implies
that Fy K = K. Similarly, we can show F» K = K. Hence proved that K is a common fixed
point of F; and F5, that is, 1 K = Fo K = K.
Uniqueness: let k* € X be the other common fixed point of F; and F> such that Fjx* =
Frr* = k*, then by the view of (I) and (II), for ¢t > 0, we have

) fort >0

1 1 1
- 1= 4)<al— 1
M(K/v“{*vt) (M(F1K7F2K*7t) ) - (M(KvK*vt) )

=@+ (3mr 1) =@ (wmm e Y
< (a+p)? (mfl) << (et B (mfo — 0, as m — co.

and

1 1 1
= > _
N(K/vK/*vt) ( N(FIK/»FQK/*7t)> _a(N(K/7K*7t))

=lt+h) (W) =tath) (W)
2@+ 8 (g ) 2 2 @0 () 20 e mo e

Hence we get that M (K,K*,t) = 1, and N (K, K*,t) = 0, this implies that K = K*.
Thus, F; and F» have a unique common fixed point in W.

4. Conclusion

This research demonstrates that generalized contraction theorems effectively solve fuzzy
differential equations in intuitionistic fuzzy metric spaces, ensuring existence and unique-
ness of solutions under flexible conditions. This approach advances the field by improving
theoretical understanding and expanding practical applications in modeling uncertainty.
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