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A NOTE ON OPERATIONS OF INTUITIONISTIC
FUZZY SOFT SETS
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ABSTRACT. In this article, it an achievement for our part to be
had of notions of a few operations on intuitionistic fuzzy soft sets
and generalization of De Morgan’s laws with respect to some opera-
tions in intuitionistic fuzzy soft set theory. It is being validated by
suitable example. Thereafter properties like associative, distribu-
tive relative to different operations on intuitionistic fuzzy soft set
are established and justified by suitable example. It is shown that
restricted symmetric difference operation does not satisfy associa-
tive and restricted intersection does not distribute over restricted
symmetric difference in intuitionistic fuzzy soft set theory.
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1. INTRODUCTION

Traditional mathematical tools are not appropriate to model uncer-
tainties that occur in various ways in our real world problems. Theory
of probability, fuzzy sets [4], intuitionistic fuzzy sets [1], soft sets [4],
rough sets etc. were proposed by Zadeh(in 1965), Atanassov(in 1986),
Molodtsov(in 1999), Pawlak(in 1982) respectively, are present mathe-
matical tools for describing uncertainties. Each of these theories has its
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own inherent difficulties. Maji et al. [6] proposed the concept of intu-
itionistic fuzzy soft set, a hybrid structure of fuzzy set and soft set, to
deal with uncertainties in decision making problem in more appropriate
way. Thereafter it has gained more popularity to model uncertainty,
vagueness in economics, engineering, environmental science, social sci-
ence etc. In this paper, we use this hybrid concept to appraise a few
new results on different operations on intuitionistic fuzzy soft set. In [§],
authors have illustrated De Morgan’s laws in soft set theory and given
interrelation among many operations like restricted (extended) union,
intersection, restricted difference and restricted symmetric difference.
In [B, 6], authors introduced many operations like subset, complement,
intersection, union, AND, OR operation and dot etc. with some prop-
erties. In [3], authors introduce the concept of relation on intuitionistic
fuzzy soft set.

In this paper, in section 3, we prove De Morgan’s laws in intuitionis-
tic fuzzy soft set theory relative to some operations like restricted (ex-
tended) union, restricted (extended) intersection, restricted difference
etc. and a few of them will be validated by suitable examples. Also we
establish a generalization of De Morgan’s laws. In section 4, we prove
associative, distributive properties of operations on intuitionistic fuzzy
soft set theory and substantiate a few of them by suitable examples and
lastly, we prove that restricted symmetric difference operation satisfies
associative property and restricted intersection operation satisfies both
distributive laws over restricted symmetric difference operation in soft
theory. Here we consider an example so that these do not hold in in-
tuitionistic fuzzy soft set theory. Proofs of certain results in the sequel
are routine. However, we include them for the sake of completeness.

2. PRELIMINARIES

In this section, we remind some basic definitions in soft set theory,
intuitionistic fuzzy set theory and also in intuitionistic fuzzy soft set
theory which will be needed in the sequel. Let U be the initial universe
set, E be the set of parameters with respect to U and P(U) stands
for the power set of U.

Definition 2.1 ([@]). Let A C E. A pair (F, A) is called a soft set over
U, where F is a mapping given by F : A — P(U).
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Definition 2.2 ([?]). The relative complement of a soft set (F,A) is
denoted by (F,A)" and is defined by (F,A)" = (F",A), where F" :
A — P(U) is a mapping given by F"(e) =U \ F(e), for all e € A.

Definition 2.3 ([7]). A soft set (F, A) over U is said to be a null soft
set denoted by @4, if Ve € A, F(e) = 0 (null set).

Definition 2.4 ([17]). A soft set (F, A) over U is said to be an absolute
soft set denoted by Uy, if Ve € A, F(e) =U.

Definition 2.5 ([2]). The restricted intersection of two soft sets (F, A)
and (G, B) over common universe U, denoted by (F,A)m (G, B), is
defined as the soft set (H,C), where C = AN B and for all e €
C, H(e) = F(e) N G(e).

Definition 2.6 ([?]). The extended intersection of two soft sets (F, A)
and (G, B) over common universe U, denoted by (F,A)MNg (G, B), is
defined as the soft set (H,C), where C = AU B, and Ve € C,
H(e) = Fl(e), if ec A\ B,

=G(e), if ec B\ A,

=F(e)NGl(e), if e€c ANB.

Definition 2.7 ([2]). The restricted union of two soft sets (F, A) and
(G, B) over common universe U, denoted by (F, A)Ug (G, B), is defined
as the soft set (H,C), where C = AN B and for all e € C, H(e) =
F(e) UG(e).

Definition 2.8 ([7]). The extended union of two soft sets (F,A) and
(G, B) over common universe U, denoted by (F, A)U (G, B), is defined
as the soft set (H,C), where C = AUB, and Ve € C,
H(e) = Fl(e), if ec A\ B,

= G(e), if e€ B\ A,

=F(e)UG(e), if e€c ANB.

Definition 2.9 ([2]). Let (F,A) and (G,B) be two soft sets over a
common universe U such that A N B # ¢. The restricted difference
of (F,A) and (G, B) is denoted by (F,A) ~r (G,B) and defined as
(F,A) ~g (G,B) = (H,C), where C = ANB andforall e € C, H(e) =
F(e)\ G(e).

Definition 2.10 ([8]). The restricted symmetric difference of two soft
sets (F,A) and (G,

B) over a common universe U is defined by

(
(F, A) A (G, B) = ((F, A) ~r (G, B)) Ur (G, B) ~r (F, 4)).
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Note that we use the notations U, Lig, (F, A)¢instead of Ug, U, (F, A)"
as in [2] throughout this paper. Also we use this new notation for IFSS
theory throughout this paper.

Definition 2.11 ([1]). An intuitionistic fuzzy set ( briefly, IFS ) A in
a non-empty set U is an object having the form

A = {(z,pa(z), va(z)) |z € U},
where the functions py : U — [0, 1] and v4: U — [0, 1] denote
the degree of membership and degree of nonmembership of the element
x € U to A, respectively and satisfy 0 < pa(z) + va(z) < 1
for all x € U. For the sake of simplicity, we shall use the symbol
A= (pa,va) forthe IFS A = {(z,ua(x), valz))|z € U}.

Definition 2.12 ([]). If A = (pua,va) and B = (up, vg) are any
two IFS in X, then

(1) AC B & pa(z) <
) A =B & pa(z) =
) A® = (va, pa);

) AN B = (uaNup, vaUvg), where for all z € X,

paNuE)(2) = palz) App(x) and (vaUvs)(2) = va(z)Vrs(e);
) AUB = (uaUup, vaNvg), where for all z € X,

paUup)(2) = pa(z)Vpp(x) and (vavs)(z) = va(z) Avs(z).

Now we recollect some of the operations and redefine some others on
IFSS theory, which are stated above on soft set theory.

Definition 2.13 ([5]). Let A C E and IV denotes the collection of all
intuitionistic fuzzy subsets of U. A pair (F, A) is called an intuitionistic
fuzzy soft set ( briefly, IFSS ) over U, where F is a mapping given by
F:A-1Y.

Definition 2.14 ([5]). Let (F, A) and (G, B) be two IFSS over U. (F, A)
is called an intuitionistic fuzzy soft subset of (G, B), denoted by
(F,A)C(G,B), if (i) AC B, (ii) for all e € A, F(e) C G(e).

Definition 2.15 ([5]). The restricted intersection of two IFSS (F, A)
and (G, B), denoted by (F,A)m (G, B), is defined as the IFSS (#,C),
where C = AN B and for all e € C, H(e) = F(e)NG(e).

Definition 2.16. The extended intersection of two IFSS (F,A) and
(G,B), denoted by (F,A)Ng (G,B), is defined as the IFSS (#,C),
where C = AUB, and Ve € C,

p(z) and va(x) > vp(z) Vo € X;
=vp(x) Vo € X;

(2
(3
(4
(
(5
(
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H(e) = Fle), if ee A\ B,
=G(e), if e€ B\ A,
=F(e)NgG(e), if ee ANB.

Definition 2.17. The restricted union of two IFSS (F, A) and (G, B),
denoted by (F,A)U (G, B), is defined as the IFSS (#,C), where C =
ANB and for all e e C, H(e) = F(e) UG(e).

Definition 2.18 ([5]). The extended union of two IFSS (F,A) and
(G, B), denoted by (F,A)Ug (G,B), is defined as the IFSS (H,C),
where C = AUB, and Ve € C,
H(e) = Fle), if e A\ B,

= G(e), if ec B\ A,

=F(e)uG(e), if ec ANB.

Definition 2.19. The complement of an IFSS (F,A) is denoted by
(F, A)¢ and defined by (F,A)¢ = (F¢,A), where F¢: A — IV is a
mapping given by F¢(e) = [F(e)]¢ for all e € A.

Definition 2.20. An IFSS (F, A) over U is said to be a null intuition-
istic fuzzy soft set, denoted by ®4, if for all e € A, F(e) is the null
intuitionistic fuzzy set i.e. F(e) = (0,1), where 0(z) =0, 1(z) = 1 for
all z e U.

Definition 2.21. An IFSS (F,A) over U is said to be an absolute
intuitionistic fuzzy soft set, denoted by Uy, if for all e € A, F(e) is
the absolute intuitionistic fuzzy set i.e. F(e)(z) = (1,0), where 1(z) =
1,0(z) =0 for all = € U.

Definition 2.22 ([§]). Let (F,A) and (G, B) be two IFSS over a com-
mon universe U. Then”(F, A) AND (G, B)” denoted by (F, A)A(G, B)
is defined as (F,A)A (G, B) = (H,Ax B), where H(x,y) = F(x)NG(y)
for all (z,y) € A x B.

Definition 2.23 ([5]). Let (F,A) a
mon universe U. Then ”(F,A) OR
is defined as (F,A)V(G,B) = (H,A
for all (z,y) € A x B.

Definition 2.24. Let (F,A) and (G, B) be two IFSS over a common
universe U such that AN B # ¢. The restricted difference of (F, A)
and (G, B) is denoted by (F,A) ~z (G, B) and defined as (F,A) ~»
(G,B) = (H,C), where C = ANB and Ve e C, H(e) = F(e) NG(e).

nd
(G, B)” denoted by (F,A)V (G, B)

(G, B) be two IFSS over a com-
x B), where H(z,y) = F(z)UG(y)
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Definition 2.25. The restricted symmetric difference of two IFSS (F, A)
and (g B) over a common universe U is defined by

Now we define Extended difference operation on IFSS

Definition 2.26. Let (F,A) and (G, B) be two IFSS over a common
universe U. The extended difference of (F, A) and (G, B) is denoted by
(F,A) ~¢ (G,B) and is defined as (F,A) ~¢ (G,B) = (H,C), where
C =AUB and for all e € C,
H(e) = F(e), if ee A\ B,

= d,, if e € B\ A, where ®, is null intuitionistic fuzzy set,

=F(e)NG°(e), if ec ANB.

3. DE MORGAN’S LAWS IN INTUITIONISTIC FUZZY SOFT SET THEORY

In this section, at first we recall De Morgan’s laws in IF'S theory given
by [0]. Then we state some properties relating to operations mentioned
below and illustrate De Morgan’s laws in IFSS theory for restricted
(extended) union, restricted (extended) intersection and complement.
Thereafter we illustrate De Morgan’s laws in IFSS theory for AND-
operation, OR-operation and complement with suitable examples.

Proposition 3.1. Let A = (pa,va) and B = (up, vg) be any two
IFS in X. Then we have the following:

(1) (AUB)¢= A°nN B¢,

(2) (ANB)¢= A°U B,

Proposition 3.2. Let (F,A) and (G, B) be two IFSS over a common
universe U such that AN B # gb Then we have the following:

(1) ((F,A)u(G,B))*C(F, AU (G,B)",

(2) ((F,A)m (G, B)) 2 (F, A)°m (G, B)".

Proof. (1) Suppose that (F,A) U (G,B) = (H,C), where C = AN B.
Therefore ((F,A)U (G, B)) = (H, C) (He,O).

Now (F,A)°U (G,B)" = (F¢,A)U (G, B) = (K,C), where K(e) =
Fé(e) UG(e) forall eec C=ANB.

Let e € C. Then by Definition 19,

He(e) = [H(e)]* = [F(e) UG(e)]° = Fe(e) N G(e) (by Proposition B)

C F¢(e)uG®(e) = K(e). Therefore ((F,A)U(G, B))¢C(F,A)U(G, B)*.

(2) Proof is similar as in (1). O
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Proposition 3.3. Let (F,A) and (G, B) be two IFSS over a common
unwerse U. Then we have the following:

(1) ((F,A) e (G, B))°C (F, A)° Le (G, B)",

(2) (F,A)Ne (G, B))° 2 (F, A)*Ne (9, B)".

Proof. Using similar technique as in Proposition B2 and using Definition
P14, T3, it can be proved. O

Proposition 3.4. Let (F,A) and (G, B) be two IFSS over a common
unwerse U. Then we have the following:
(1) (F,A)Vv(G,B))°C(F,A)VI(G,B),
(2) (F,A)A(G,B)) 2 (F,A)* A (G, B)*.

Proof. We prove part (2) of this theorem. Similarly, part (1) can be
proved. Suppose that (F, A)A(G, B) = (H, Ax B). Therefore ((F, A
(G,B)) = (H,AxB)¢ = (H, AxB). Now (F,A)°A(G,B)¢ = (]:C,A)
(G¢, B) = (K, A x B), where K(z,y) = F(z) N G°(y), V(z,y) € Ax B
Let (x,y) € A x B. Then by Definition 219, H¢(x,y) = [H(x,y)]¢ =
[F(x)NG(y)]¢ = F(x) UG(y) (by Proposition B)

D Fx)NG (y) = K(z,y). So, (F,A)N(G,B)) 2 (F,A)°N(G,B)F. O

Now we give an example in support of Proposition B=2.

Example 3.5. Let U be the initial universe, E be the set of parameters
and A, B be two subsets of E such that U = {hy, ha, hs, hy}, E =
{e1, ea, €3, es}, A ={e1, e}, B={eq, es}. Alsolet (F,A), (G,B) be
two IFSS over the common universe U, where F : A — IV is defined
by:

F(er) = {(h1,0.2,0.3), (he,0.4,0.3), (hs,0.8,0.1), (h4,0.5,0.5)},

F(e2) = {(h1,0.7,0.2), (h2,0.1,0.2), (h3,0.4,0.5), (hg,0.3,0.3)}.
And G: B — IV is defined by:

Gles) = {(h1,0.1,0.1), (h9,0.3,0.2), (h3,0.9,0), (h4,0.7,0.2)},

G(es) = {(h1,0.3,0.2), (h2,0.1,0.2), (h3,0.7,0.2), (hg,0.7,0.1)}.

Let (F,A)U (G,B) = (L, AN B), where AN B = {ea} and L(e2) =
Fle2) UG(e2) = {(h1,0.7,0.1), (ha,0.3,0.2), (h3,0.9,0), (hy,0.7,0.2)}.
(F.4)VG.D) =
)¢ Q

Hence (L¢,ANB),
where L(es) = {(hy,0.1,0. 7). (12,02,0.3), (h3,0,0.9), (ha,0.2,0.7)}
Now let (F,A)°U(G,B)¢ = (M,AN B) where AN B = {e2} and
M(es) = Fé(es) UG (ea) = {(h1,0.2,0.1), (h2,0.2,0.1), (hs, 0.5, 0.4),
(h4,0.3,0.3)}. This shows that L(e2) C M(ez).

Therefore ((F, A) U (G, B))¢ C (F,A)° U (G, B)".
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Theorem 3.6. Let (F,A) and (G,B) be two IFSS over a common
universe U such that AN B # ¢. Then we have the following:

(1) (F,A)w(G,B))" = (F,A)*m(G,B)",

(2) (F,A)m(G,B))" = (F,A)U(G,B)".

Proof. (1) Suppose that (F,A) U (G,B) = (H,C), where C = AN
B. Therefore ((F,A)U (G,B))¢ = (H,C)° = (HC). Now (F,A)°m
(G,B) = (F¢,A)m (G, B) = (K,C), where K(e) = F¢(e) NG°(e) for
all ee C=ANB. Let e € C. Then by Definition 2719,

He(e) = [H(e)]® = [F(e) UG(e)]® = F¢(e) N G°(e) (by Proposition B)
= K(e). Therefore ((F,A)U(G,B))¢ = (F,A)m (G, B)".

(2) By similar technique as in (1), it can be proved. O

Theorem 3.7. Let (F,A) and (G,B) be two IFSS over a common
universe U. Then we have the following:

(1) ((Jr, A) Le (g’B))c = (‘F’ A)C Me (ng)Ca

(2) (F,4)Ne (G, B))" = (F, A) Us (G, B)".

Proof. We prove part (2) of this theorem. By similar technique, part
(1) can be proved. Suppose that (F,A) Mg (G,B) = (H,C), where
C = AU B. Therefore ((F,A)Ng (G,B))° = (H,C)° = (H,C). Now
(*F7A)C Le (g’B)c = (fch) Le (gC7B) = (’C,O), where ¢ = AU B,
and Ve € C,
K(e) = F¢(e), if e A\ B,

= G(e), if e B\ A,

= F¢e)UG(e), if e€ ANB.
Then using Definition 219, EZ7Td, we have
for e € A\ B, H(e) = [H(e)]* = [F(e)]° = F*(e) = K(e);
for e € B\ A, H(e) = [H(e)]* = [G(e)]* = G°(e) = K(e); and
for e € ANB, H (e) = [H(e)]¢ = [F(e)NG(e)]c = F(e)UG(e) = K(e).
Therefore ((F,A)Ne (G,B))¢ = (F,A)Ue (G, B)°. O
Theorem 3.8 ([6]). Let (F,A) and (G, B) be two IFSS over a common
universe U. Then we have the following:
(1) (F,A)V(G,B))" = (F,A)A(G,B)",
(2) (F,A)A(G,B))* = (F,A)°V(G,B)".
Theorem 3.9. Let (F,A), (G,B) and (H,C) be three IFSS over a
common universe U. Then we have the following:
El) (])'")7 A)~r ((G,B)m (H,C)) = (F, 4) ~= (G,B)) U ((F,A) ~
H,C));
(2) (F,A) ~= ((9,B) U (H,C)) = (F,A) ~= (G, B)) M ((F, A) ~
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,O));
(F,A) ~& ((G,B)Ne (H,C))

((F,A) ~r (G,B)) Ue ((F, A) ~

F,A) ~r (G, B) Us (H,C)) = (F, A) ~% (G, B)) Ne (F, A) ~

((F,A) ~e (G, B)) U ((F,A) ~¢

25

(F.A) ~e (G, B) @ (H,C))
JA

) ~e (G, B)U (H,C)) = ((F,A) ~¢ (G, B)) m ((F, A) ~e¢

NN TN TN TN TN TN TN T
TSECEEEET
Q/-\
SN—
S~—

53
507
220
S5
3\/

Suppose that (G,B)m (H,C) = (S,BNC), where S(z) =
forall x € BNC # ¢. and let (F,A) ~g (S,BNC) =
C)), where for all z € AN(BNC), T(z) =F(z) NS (x)
z) N H(z)]°
(x) UH ()], using Proposition B and Definition 2719
[F(x ) NG%x)] U [F(z) N H(x)], since distributive law holds in IFS.
Again assume that (F,A) ~r (G,B) = (Z,ANB), (F,A) ~r (H,C) =
(J,ANC), where for all z € ANB, I(x) = F(xr) N G%x) and for all
reANC, J(z) = F(x) N H(x). Now let (Z,ANB)U(J,ANC) =
(K, (ANB)N(ANC)) = (K, ANBNC), where for all x € ANBNC, K(z) =
I(z) UJ(z) = [F(z) N G°(z)] U [F(x) N H(x)]. Therefore we conclude
that 7 (x) = K(z) for all € AN BNC, which proves the desired part.
(2) To proof this we can use similar technique as in (1).
(3) Suppose that (G, B)MNg (H,C) = (S, BUC), where for all x € BUC,
S(z) =G(z), if x € B\C,

=H(x), if € C\ B,

=G(x)NH(z), if zeBNC.
and let (F,A) ~g (S§,BUC) = (T,ANn (BUC(C)), where for all = €
AN(BUCQ), T(x)=F(x)NS(x), ie.
T(x) = F(x) NG°(x), if xe AN(B\O),

= F(z) NH(x), if xe AN(C\ B),

=F(x)n[G(x)NH(x)]¢, f ze AnNBNC.
Again let (F,A) ~g (G,B) = (Z, AN B) and (F,A) ~r (H,C) =
(J,ANC), where for all x € AN B, Z(z) = F(zr) N G°(z) and for all
re ANC, J(z) = F(z) N H(x).
Now assume that (I ANB)Ug (J,ANC)=(K,(AnB)U(ANC)),
where for all z € (ANB)U(ANC) = AN (BUC), we have three cases:
(1) ifa:e(AﬂB)\(AﬁC) AN(B\C), K(z) =Z(x) = F(x)NG(x);
(ii) if x € (ANC)\(ANB) = AN(C\B), K(z) = J(x) = F(z)NH(x);

T

I | Ny Sy
i
ELEL

DD
QQ
(‘:/-\

'\,.]



172 Jayanta Ghosh et al.

(iii) if z € (ANB)N(ANC) = ANBNC, K(x) =Z(x)UJ(z) = [F(z)N
G (@) U[F(z)NH (2)] = F(2)N[G°(x) UH (z)] = F(x)N[G(x) NH ()]
Therefore we conclude that 7 (z) = K(z) for all x € AN(BUC), which
completes the proof.

(4) Proof is similar as in (3).

(5)-(6) can be proved similarly as (1), (2) and using Definition 228. [
Note 3.10. Theorems &4, B4, B3 are the De Morgan’s laws in IFSS
and the Theorem XA s the generalisation of De Morgan’s laws in IFSS.

Example 3.11. Now we illustrate part (2) of the Theorem B-1. As
a continuation of Erample B4, let (F,A) Ng (G,B) = (L£,A U B).
Hence by Definition 218, L(e1) = F(e1), L(e2) = F(e2) N G(e2) =
{(h1,0.1,0.2), (h2,0.1,0.2), (hs,0.4,0.5), (h4,0.3,0.3)}, L(es) = G(es).
Now let (F,A)°Ug (G,B) = (F¢, A)Ug (G°, B) = (K, AU B). Hence by
Definition 218, K(e1) = F¢(e1), K(e2) = F(e2)UG(e2) = {(h1,0.2,0.1),
(h2,0.2,0.1), (h3,0.5,0.4), (h4,0.3,0.3)}, K(e3) = G°(es). This shows
that L(e1) = K(e1), L(e2) = K(e2), L (e3) = K(es). Therefore
(F,A)Ne (G,B))¢ = (F,A)° Ug (G, B)¢ is verified.

Now we illustrate part (1) of Theorem B38. Let (F,A)V (G,B) =
(M, Ax B), then ((F,A)V(G,B))¢= (M AxB). Note that Ax B =
{(61762)7 (61763)7 (62,62), (€2a€3)}' Then by Definition 223, M(elae2) =
.7:(61) U g(€2) = {(h1,0.2,0.1), (h2,0.4,0.2), (h3,0.9,0), (h4,0.7,0.2)}.
Similarly,

M(e1,e3) = Fle1) UG(es)

— {(11,0.3,0.2), (hs,0.4,0.2), (h3,0.8,0.1), (h,0.7,0.1)},
M(ez, e2) = F(ea) UG(e2)

— {(h1,0.7,0.1), (hs,0.3,0.2), (h3,0.9,0), (hs,0.7,0.2)},
M(ez,e3) = F(e2) UG(e3)

= {(h1,0.7,0.2), (h2,0.1,0.2), (hs,0.7,0.2), (ha,0.7,0.1)}.

Now let (f A)AN(G,B) = (FA) N (G B) = (N,A x B).

Then by Definition 22232,

N(el, 62) = .7:‘3(61) N gc(eg)

={(h1,0.1,0.2), (h2,0.2,0.4), (hs3,0,0.9), (h4,0.2,0.7)}.

Similarly,

N(er,es3) = {(h1,0.2,0.3), (he,0.2,0.4), (h3,0.1,0.8), (h4,0.1,0.7)},
N ez, e2) = {(h1,0.1,0.7), (he,0.2,0.3), (h3,0,0.9), (h4,0.2,0.7)},
N ez, es3) = {(h1,0.2,0.7), (he,0.2,0.1), (h3,0 2,0.7), (h4,0.1,0.7)}.
This shows that M°¢(e1,es) = (61, e2), M (61,63) N ey, es),
Mc(eg, 62) = N(eg, 62), Mc(eg, 63) (62, 63).

Therefore ((F,A)V (G,B))¢ = (F,A)A(G,B)¢ is verified.
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4. PROPERTIES OF OPERATIONS ON IFSS AND THEIR
INTERRELATIONS

In this section, at first we recall some properties like associative, dis-
tributive property in IFS theory given by [I]. Then we illustrate those
on IFSS theory using different operations on IFSS. We have been mo-
tivated from properties of operation on soft set theory [8]. Throughout
this section, let (F, A), (G, B), (H,C) be any three IFSS over the same
universe U, where A, B,C are subsets of the parameter set F.

Proposition 4.1. Let A = (pa,va), B = (up,vs), C = (uc, vo)
be any three IFS in X. Then we have the following:

(1) An(BNC) = (AﬂB)ﬂC’

(2) Au(BUC)=(AUB)U

(3) An(BUC)=(ANB)U (AﬂC),

4) (AuUB)NC=(AnC)u(BNCQC),

(5) AU(BNC)=(AUuB)N(AUCQC),

(6) (AnB)UC =(AUC)N(BUCQC).

Theorem 4.2. Associative properties:

(1) (FA) (g, B)n(H,C)) =((F,A)n(G,B))m(H,C);

(2) (F,A4)Ne (G, B) Ne (H,C)) = (F, A) Ne (G, B)) Ne (H, C);

(3) (F, AU ((G,B)U(H,C)) =((F,A)U(G,B)) U (H,C);

(4) ("rvA) Ue ((gv ) (H C) ((]: A) e (ng)) Ue (ch)a

(5) (F,A)A((G,B) A ( Q) = ((F, A) A (G, B)) A (H,C);

(6) (F,A)V((G,B)Vv(H,C)=(F,A)VI(GDB))V(HC).

Proof. (1) Let (G, B) M ( C)=(L,BNC),

where L(e) =G(e) NH(e )f all e€ BNC # ¢.

Then (F, A)n((G,B)n(H,C)) = (F,A)m(L,BNC) = (M, ANBNC),
where M(e) = ()OL() Fle)n(G(e)NH(e)), Ve € ANBNC # ¢.
Similarly, we have ((F,A)m(G,B))m (H,C)=N,ANnBNC),

where N(e) = (F (e)ﬂg(e)) ()foralleeAﬂBﬂC#gb

Now using Proposition B, we have M(e) = N (e), Ve € ANBNC # ¢.
Therefore (F,A)m ((G,B)m (H,C)) = ((F,A)m(G,B))n(H,C).
(2) We omit this proof, it is similar as in (4).
(3) To prove this, we can use similar technique as in (1).
(4) Let (G,B)Ug (H,C) = (L,BUC), where for all e € BUC,
L(e) =G(e), if ee B\ C,

=H(e), if ec C\ B,

=G(e)UH(e), if ee BNC.
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Then (F,A)Ug(L, BUC) = (M, AUBUC), where for all e € AUBUC,
M(e) = Fle), if ee A\ (BUCQC),

L(e), if ee (BUCO)\A = {B\(AUC)}U{C\(AUB)}U{(BNC)\ A},
Fle)UL(e), f ec AN(BUC)={ANBNC}U{AN(B\C)}U

{ANn(C\ B)}.
Now, let (F,A)Ug (G,B) = (K,AU B), where for all e € AU B,
() Fle), if e€ A\ B,
Gle), if e€ B\ A,
—F(e)Ug(e), if e ANB.

Then (K, AUB)Ug (H,C) = (N, AUBUC), where for all e € AUBUC,
N(e)=K(e), if ee (AUB)\C={A\(BUC)}U{B\ (AUC)}U

{(AnB)\ C},
= H(e), if eec C'\ (AUB),
=K(e)UH(e), if ec (AUB)NC ={ANBNC}U{(A\B)NnC}

U{(B\ A)NC}.

Now we decompose (AU BUC) as a union of pairwise disjoint sets,
(AUBUC)={A\ (BUC)}U{B\ (AUC)}U{C\(AUB)} U{(AN
B)Y\C}u{(BNnC)\A}U{(CNnA)\ Bfu{AnBnNC}.

Now e € (AU BUC) means e belongs to one of the disjoint sets.
(i) If e€ A\ (BUC), then M(e) = F(e) = N(e);

(i) If e B\ (AUC), then M(e) =G(e) = N(e);

(iii) If e C'\ (AU B), then M(e) = H(e) = N(e);

(iv) If e € (ANB)\C = AN(B\C), then M(e) = F(e)UG(e) = N(e);
(v) If (BﬂC’)\A (B\A)NC, then M(e) = ()UH() N(e);
(vi) If (CNA)\B=ANn(C\B)=(A\B)nN then M(e) =
H(e) U F(e) = Ne);

(vii) If e€ (ANBNC), then M(e) = F(e) UG(e) UH(e) = N(e).
So, for all e € (AUBUC) we have M(e) = N (e).

Therefore (F,A)Us ((G,B)Ug (H,C)) = ((F,A) Ug (G,B)) Ug (H,C).
(5) Suppose that (G,B) A (H,C) = (Z,B x C), where Z(y,z) = G(y) N
H(z) for all (y,z) € BxC andlet (F,A)A(Z,BxC)=(J,Ax B x
(), where j(myz)z]:( )NZ(y,z) = F(x) N (G(y) N H(z)) for all
(x,y,2) € Ax B xC.

Now, let ((F,A) A (G,B)) A (H,C) = (K,A x B x C). Then similarly
we can show that K(x,y,z) = (F(z)NG(y)) NH(z) for all (z,y,2) €
A x B x C. By using Proposition B0, we have J(z,y,2) = K(z,vy, 2)
for all (x,y,2) € Ax B x C.

(
) A
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Therefore (F,A) A ((G,B) A (H,C)) = ((F,A) AN (G,B)) A (H,C).
(6) Proof is similar as in (5). O

Theorem 4.3. Left distributive properties:

(1) (F,4)m((G,B)U (H,C)) = (F,A) M (G, B)) U ((F,A)m (H,C));
(2) (F,A)m((G, B)Us (H,0)) = (F, A)m (G, B)) Ue (F, A) 0 (H, C));
(3) (£, AU ((G,B)m(H,C)) = ((F,A)U(G,B))m((F,A) U (H,C));
(4) (F,A)Ue (9, B)m(H,C)) = ((F, A)Us (G, B))m ((F, A)Ug (H, C));
(5) (F,A)Me (9, B)U(H, C)) = ((F, A)Ne (G, B))U((F, A)Me (H, C));
(6) (F,A)U((G,B)Ne (H,C)) = (F, A)U(G, B)) e (F, A) U (H, C)).
Proof. (1) It can be proved as a particular case of (2). So, we omit the
proof

(2) At first suppose that (G, B) Ug (H,C) = (P,BUC), where for all
ee BUC,

Pe) = G(e), if ee B\ C,
:H(e), if eec C'\ B,
Gle)UH(e), if ee BNC.
And let (F,A)m (P,BUC) = (Q,Aﬂ (BUC)) where for all e €
Aﬁ(BU C), Q(e) = Fe)NP(e) i.
Q(e) = F(e)ngGl(e), 1fe€Aﬁ(B\C)
e) NH(e), if ee AN(C\ B),

= F(
=F(e)N[Ge)UH(e)], if ee ANBNC.
Now we consider the right hand side of the equality and let (F,A) m
(G,B)=(L,ANB), (F,A)m(H,C)=(M,ANC), where
L(e)=F(e)NG(e) forall ec ANB,
M(e) =F(e)NH(e) forall ec ANC.
Again let (£, ANB)Ug (M,ANC) = (T,(ANB)U(ANC)), where for
all e (ANB)U(ANC),
T (e) = L(e), ifee (ANB)\(ANC),

= M(e), ifee (ANC)\ (ANB),

=L(e)UMl(e), fec ANBNC.
We note that AN(BUC) = (ANB)U(ANC) and decompose AN(BUC)
as an union of pairwise disjoint sets, AN (BUC) =[AN(B\C)JU[AN
(C\B)JU[AnBNC].
Now e € AN (BUC) means e belongs to one of the disjoint sets.
i)If eec AN(B\C) = (ANB)\(ANC), then T(e) = L(e) =
F(e) ngG(e) = Q(e);
i) f ec AN(C\B) =(ANC)\ (AN B)), then T(e) = M(e) =
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F(e) NH(e) = Qe);
(iii) If e € ANBNC, then T(e) = L(e)UM(e) = [F(e)NG(e)]U[F(e)N
H(e)] = F(e)N[G(e) UH(e)] = Qe ) using Proposition B.
Therefore (Q,AN(BUC)) = (T,(ANB)U(ANC)). This implies that
(F,A)m (G, B) Us (H,C)) = ((F, ) (G, B)) Us ((F,A)m (H,C)).
(3) It can be proved as a particular case of (4). So we omit the proof.
(4) At first suppose that (G, B) m (H,C) = (’P,B N C), where for all
e € BNC, Ple) = G(e) N H(e). And let (F,A)Us (P,BNC) =
(Q, AU (BNC), where forall ec AU(BNC),
Q(e) = F(e), if eec A\ (BNCQO),

=P(e) =G(e) NH(e), if ee (BNQC)\ A,

=F(e)UP(e) =F(e)U[G(e)NH(e)], f eec ANBNC.
Now consider the right hand side of the equality and let (F,A) U
(G,B) = (L,AUB), (F,A)Ug (H,C)= (M,AUC), where for all
e€c AUB,
L(e) = Fle), if eec A\ B,

=G(e), if e€ B\ A,

=F(e)ug(e), if e€ ANB.
And for all e AUC,
M(e) = Fle), if ec A\ C,

=H(e), if ec C'\ A,

=F(e)UH(e), if ee ANC.
Again let, (L,AUB)m (M,AUC) = (T,(AUB)N(AUC)), where
forall ee (AUB)N(AUC)=AU(BNC), T(e)=L(e) N M(e).
Now we decompose AU (BN C) as an union of pairwise disjoint sets,
AU(BNC)=[A\(BNO)JU[(BNC)\AJU[ANnBNC(].
So, e€ AU(BNC) means e belongs to one of the disjoint sets.
(i) If ec A\(BNC)=(A\B)U(A\C), then T(e) = L(e)NM(e) =
F(e)NF(e) = F(e) = Qe);
(ii)) If (BNC)\ A= (B\A)N(C\ A), then T(e) = L(e) N M(e) =
G(e) NH(e) = Q(e);
(iii) If e ANBNC, then T (e) = L(e)NM(e) = [F(e)UG(e)|N[F(e)U
H(e)] (by Proposition B1) = F(e) U[G(e) N ’H(e)] = Q(e).
This shows that (Q,AU(BNC)) = (T,(AUuB)N(AUC)). Therefore
(F.A) g (G, B) M (H.C)) = ((F. A) e (G B)) ((F,A4) e (R, C)).
(5) Here we can use similar technique as in (4). So, we omit the proof.
(6) Here we can use similar technique as in (2). So, we omit the proof.

O
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Note 4.4. In general M is not left distributive over ~p and ~g¢ . Then
we state the following Theorem.

Theorem 4.5.
(1) (F, An((G, B) ~= (H,C)) € (F, A)A(G, B)) ~r (F,A)m(H,C));
(2) (F,AN((G,B) ~¢ (H,0)) € (F, A)N(G, B)) ~¢ ((F, A)M(H,C)).

Proof. (1) It can be proved as a particular case of (2). So, we omit this
part.
(2) Suppose that (G, B) ~¢ (H,C) = (L,BUC), where
L(e) =G(e), if ee B\ C,

— D, if e € C\ B,

=G(e)NHe), if eeBNC.
Now, let (F,A)m(L,BUC)=(W,AN(BUC)), where W(e) = F(e)N
L(e) forall ee AN(BUCQC) i.e.
W(e) = F(e)NG(e), if ee AN (B\O),

=F(z)N®, = D, if ec AN(C\ B),

=F(e)n[Ge)NH (e)], if eec AN(BNC).
Now suppose (F,A)m (G,B) = (M,ANB) and (F,A) n (H,C) =
(N,ANC), where M(e) =F(e)NgG(e) forall e ANB and N(e) =
F(e)NH(e) for all e ANC. Again, let (M, ANB) ~g (N,ANC) =
(K, (AN B)U(ANC)), where
K(e) = M(e), if eec (ANB)\(ANCQC),

= o, if eec (ANC)\ (ANB),

=M(e)NN¢e), ifee(ANB)N(ANC)=AnBnNC.
Hence, for all e (ANB)U(ANC)=ANn(BUCQC),
(i)(If ee€ (ANB)\(ANC) = AN(B\C), K(e) = M(e) = F(e)NG(e) =
W(e);
(i) If e (ANC)\ (ANB) =AN(C\ B), K(e) = ®c = W(e);
(iii) If e € ANBNC, K(e) = M(e)nN<(e) = [F(e)NG(e)|N[F(e)NH(e)]®
= [Fle)nG(e)|n[F(e) UHS(e)] = [F(e)NG(e) NFe(e)] U[F(e)NG(e) N
He(e)] 2 F(e) N G(e) NH(e) = W(e).
Therefore (K,(ANB)U(ANC)) D> W,ANn(BUCQ)).
Hence (F,A) m ((G,B) ~¢ (H,C)) C ((F,A) m(G,B)) ~¢ (F,A)m
(H,C))- O

Theorem 4.6. Right distributive properties:
(1) (F,A)u(g,B))m(H,C) = ((F,A)m (H C))u
(2) (F,A)Ue (G, B))m(H,C) = ((F, A)m( U
(3) (F,A)m(G,B)) U (H,C) = ((F,A) U (H,

i i
29
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(4) ((f7 A)@(g,B))ng (H,C) = ((*F7 A)I—IE (H,C))@((Q,B) Lge (ch))a
(5) ((]:7 A)@(gaB))‘_lf (H,C) = ((]:7 A)l_lf (H,C))@((Q,B) Mg (ch))a
(6) ((]:714) Mg (g7B)) U (ch) = ( ]:,A)@(,H,C)) Mg ((ng)w(ch) ;
52 ng)faA) U (G,B)) ~r (H,C) = ((F,A4) ~»r (H,0)) Y ((G,B) ~r
E8>’ é(f’ A) U (G, B)) ~r (H,C) = ((F, A) ~r (H,C)) Ug (G, B) ~r
H,C));
22 ng)faA) m(G,B)) ~r (H,C) = ((F,A4) ~= (H,C)) m((G,B) ~=
5103 <)<)f A)Me (G, B)) ~r (H,C) = ((F, A) ~x (H.C))Me (G, B) ~x
H,(C));
Ell) )()(f,A) U (G,B)) ~¢ (H,C) = (F,A) ~¢ (H,C)) U ((G,B) ~¢
H,(C));
(12) ((F,A)m(G,B)) ~¢ (H,C) = (F,A) ~¢ (H,C))m ((G,B) ~¢
(H,C));

Proof. (1)-(6) By using similar technique as in Theorem E=3, the proofs
can be established.
(7) Let (F,A)U (G,B) = (L1,AN B), where Li(e) = F(e) UG(e) for
all e € ANB. Now let (£1,ANB) ~g (H,C) = (L2, ANBNC), where
La(e) = Li(e) NH (e) = [F(e)UG(e)]NH(e) forall ec ANBNC.
Now we consider the right hand side of the equality and let (F,A) ~»
(H,C) = M1,ANC), (G,B) ~g (H,C) = (M2,B N C), where
Mi(e) = F(e)NH(e) forall e € ANC and Ma(e) = G(e)NH(e) for
all e€ BNC. Now let (M1, ANC)U(M2,BNC) = (M3, ANBNC),
where Ms3(e) = Mi(e) U Ma(e) = [F(e) N H(e)] U [G(e) N HE (e)]
= [F(e) UG(e)] N HE(e) for all e € AN BN C. This shows that
(L2, ANBNC) = M3z, AN BNC). Therefore ((F,A)U(G,B)) ~r
(H,C) = ((F, A) ~z (H,C)) U ((G, B) ~r (H,0)).
(8)-(10) The proofs can be established similar to (7) and using similar
technique as in Theorem Bd. So we omit the proofs.
(11)-(12) It can be proved similar to (7), (9) and using Definition PZ28.
g

Note 4.7. In general M 1is not right distributive over ~g and ~g .
Then we state the following Theorem.

Theorem 4.8.
(1) (F,4) ~= (G,B))n(H,C) C (F, A)n(H,C)) ~= (9,
(2) ((F,A4) ~¢ (G, B))n(H,C) C )
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Proof. 1t can be easily proved by using similar technique as in Theorem
BH. So we omit the proofs. O

Now we state some basic properties of operation on IFSS theory, which
was proposed on soft set theory by some authors in [[7, §].

Theorem 4.9. Properties of the union operations:
(1) (F,A)Wla =Ua;

(2) (F,A) UgUa = Ua;

(3) (F,A U, =(F,A);

(4) (F,A)Ug @4 = (F, A);

(5) (F,A)U(G,A)=ds & (F,A) =P4 and (G, A) = dy;
(6) (./T,A)I_Ig (Q,A)ZQ)A@(]:,A):@A and( A):@A,
(7) (F,A) Ug (G, A) = (F,A) U (G, A).

Proof. (5) (F,A)U (G,A) = &4 & Ve € A, Fle) UG(e) = (0,1),
(by Definition ET7) < Ve € A, F(e) = (0,1) and G(e) = (0,1), (by
Definition PC12, 2720)

= (.F,A) =&, and (Q,A) =0y

All other parts are easy to prove using Definitions 2220, 22211, 2214, I8
So we omit the proofs. O

Theorem 4.10. Properties of the intersection operations:
(1) (F,A)mUs = (F,A);

) (F,A)NeUy = (F, A);

) ("r7 A) (I)A = (I)Aa
) )
)

(F,A)Ne (G, A) = (.F,A)rm(g,A).

Proof. All the parts can be easily proved using Definitions P20, P21,
P14, 13, So we omit the proofs. O

Theorem 4.11. Properties of complement, restricted difference, re-
stricted symmetric difference operations:
(1) (Ua)¢ = Pa, (Pa)® =Ua;

(2) (faA) ~R Py = (‘FaA)a

(3) ®a~gr (F,A) = u;

(4) Ua ~r (F,A) = (F, A)%

(5) (.F,A)A@A = (F,A);

(6) (F,A)A(F,A)=(F,A) ~r (F,A);
(7) (F,A)A(G,B) =(G,B)A(F,A).
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Proof. (1) It can be proved easily using Definitions 2220, 22211, EZT9. So
we omit this proof.

(2) Let (F,A) ~g ®4 = (H,A). Then for all e € A, H(e) = F(e)N
(0,1)° = F(e) N (1,0) = F(e). Hence (F,A) ~g &4 = (T, A).

(3) Similar proof as in (2).

(4) Let Uy ~r (F,A) = (H,A). Then for all e € A, H(e) = (1,0) N
Fe(e) = Fe(e). Hence Un ~r (F,A) = (F, A)".

(5) By Definition P28, (F,A)A®4 = ((F,A) ~g ®4) U (P4 ~g
(F,A)) = (.7: A)UCDA—(]: A).

(6) (FLA)A(F,A) = (F,A) ~r (FLA) U ((F,A) ~r (FA) =
(F,A) ~g (F,A).

(7) It is easy to prove using Definition ZZZ3. O

Theorem 4.12. Let (F,A), (G,B), (H,C) be any three soft sets over
U. Then we have the following:

(1) (F,A)Ug (F, A)® = (F, A) U (F, A)° = [ I;

(2) (F,A)Ne (F, A)° = (F, A)n (F, A)° = @4 [8];

(3) (F.A) ~r (FA) = (FLA)A(F,A) = [8]; N

(4) (F, A)A((G B)A(H,C)) = ((F, )A(G B))A(H,C);

(5) (K. A) M ((G,B)A(H,C)) = (F,A) M (G, B)) A((F, A) m (H,C));
6) (F,A)A(G ,B))Fm(H, C) = (F,A)m (H,C)) A (G, B))(M(H, C)).

Proof. (4) At first we consider the left hand side of the equality and
let (G,B)A(H,C) = (L1, BN C). By Definition 210, (L1,BNC) =
((G,B) ~r (H,C))U((H,C) ~r (G, B)). Using Definition Z9, L;(e) =
[G(e) \ H(e)]U[H(e) \ G(e)], for all e € BNC.
Now let, (F,A)A(L,BNC) = (Ly, AN BNC). Therefore (Ly, AN
BNC) =((F,A) ~z (L1,BNC)) U ((L1, BNC) ~g (F, A)).
Hence for all e e ANBNC, Ly(e) = [F(e) \ Li(e)] U [Li(e) \ F(e)] =

(e

[F ()\{( H{(e))U(H(e)\G(e))H U [{(G(e)\H(e)) U(H (e)\G(e)) }\
(G(e) MH (e)) U (H(e) NG(e))}] U [{(G(e) N H(e)) U

]
He(e))" N ( (e) N G(e))}] U [{(G(e) N H"
)] (G(e) UH (e)) N (H (e
NF(e)] = [F(e)
e)NHe(e)] U [F(e)
e)NF(e)] = [F(e)N
e) NH (e)NFe(e)]U [H(e) N
(since for any crisp subset A of U, ANA° = ¢).
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Now we consider the right hand side of the equality and let (F, A
R (

A(G,B) =
(My, AN B). By Definition 210, (M1,ANB) = ((F,A) ~ U

)
G, B))u
((G,B) ~g (F, A)). Again using Definition 229, M;(e) = [F ( )\ G(e)]U
[G(e) \ F(e)], for all e € AN B. Now let, (Mj,AN B)A(H,C) =
(Mg AN BNC). Therefore (M2,ANBNC) = (M,ANB) ~g
(H,C))u ((H,C) ~g (M1,AN B)). Hence Ve € ANBNC, M(e) =
(M (e)\ H(e)|U[H(e)\ Mi(e)] = [{(F(e)\ G(e)) U (Gle)\ F(e))}\ H(e)
UH(e) \ {(F(e) \ G(e)) U (G(e) \ F(e))}]
[{()F(e]; (ﬁe]))U(G(e)ﬂFc(e))}ﬂHC(e)]U[H(e)ﬂ{(F(e)ﬂGc(e))U
e) N Fe)) ¢
F(e)NnG(e)N H¢(e)] U [G(e)NF¢(e)N H (e)] U [H(e)N{(F°(e)U
) N (G(e) U F(e))}]
F(e) N G°(e) N H (e)] U [G(e) N FC( YJN H¢(e)] U [H(e)N Fc( )N
)JUH (e)NF(e)NF(e)] U[H (e)NG(e)NGE(e)] U [H (e)NG(e)NF(e)]

NG(e NnF e

(

—~

N
“(
&

—~

(

C

I QI QI
=a=0

() )N H(e)] U [G(e) N F(e) N HE(e)] U [H(e) N F(e) N
G<(e)] U [H(e) N G(e) N F(e)]

It clearly shows that (Ls, ANBNC)= (M, ANBNC).

Therefore (F,A) A ((G,B) A (H,C)) = ((F,A) A (G,B)) A (H,C).

(5 ) At first we consider the left hand side of the equality and let (G, B) A
(H,C) = (L1, BN C). By Definition -0, (L, BN C) = ((G,B) ~

(H,C)) v ((H,C) ~r (G,B)). Using Definition 29, Li(e) = [G(e) \
( )JU[H (e )\G( )] = [G(e)nH(e)]U[H (e)N G (e)], for all e e BNC.
Now let, (F,A)m (L1,BNC) = (L2, AN BNC), where Ly(e) =

Fle) N {[G(e) N H(e)] U [H(e) N G*(e)]} = [Fle) N Gle) N HE(e)] U
[F(e)NH(e)NG(e)], forall e€e ANBNC.
Now we consider the right hand side of the equality and let (F,A) M
(G,B) = (M1,ANnB) and (F,A)m (H,C) = (M2,AnC), where
Mi(e) = F(e)NG(e), for all e € ANB and Ms(e) = F(e) N H(e), for
all e ANC. Now let, (M1,ANB)A (M2, ANC) = (M3,ANBNC).
Then (M3, ANBNC) = [(M1,ANB) ~g (M2, ANC)|U[(M3, ANC) ~g
(Mi, AN B)]. Hence for all e ANBNC, Ms(e) =
[Mi(e) \ Ma(e)] U [Ma(e) \ Mi(e)] = [Mi(e) N M(e)] U [Ma(e) 0 M (e)]
— [{F(e) N G(e)} N {F(€) N H(e)}] U[{F(e) N H{e)} N {F(e) N G(e)}
[{F(e)N Ge)} N {F(e) UH(e)}] U [{F(e) N H(e)} N {F*(e) UG*(e))]
— [{F(e)NG(e) N F¥(e)] U[F(e) NGle) N HE ()] U[F(e) N H(e) N F(e)] U
[F(e) N H(e) N G*(e)] = [F(e) N Gle) N HE(e)] U [F(e) N H(e) N Ge(e)].
This shows that (L2, ANBNC) = (M3, ANBNC). Therefore (F,A)Mm
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((G,B)A(H,0)) = ((F,A)m (G, B)) A((F, A) a1 (H,C)).
(6) Proof is similar as (5). O

Note 4.13. Properties of the operations in Theorem F13 are not true
on IFSS. In support of this conclusion, we give an example below.

Example 4.14. As a continuation of Example 33 and T13, let (H,C)
be another IFSS over the common universe U, where C = {ea, e4} and
H:C — 1Y is defined by: H(ez) = {(h1,0.3,0.7), (h2,0.1,0.1), (h3,0.5,
0.4), (h4,0.9,0.1)}; H(eq) = {(h1,0.5,0.3), (h2,0.4,0.5), (h3,0.3,0.2),
(h4,0.6,0.2)}.

(1) Let (F,A)U (F,A)¢ = (L,A). Then by Definition 211,

E(el) = ]:(61) U ]:6(61)

= {(h1,0.3,0.2), (h2,0.4,0.3), (h3,0.8,0.1), (h4,0.5,0.5)},

ﬁ(eg) = ]:(62) U ]:6(62)

= {(h1,0.7,0.2), (h2,0.2,0.1), (h3,0.5,0.4), (h4,0.3,0.3)}.

This shows that (F,A) U (F,A)¢#Ua. Hence by Theorem F.3,
(F,A)Ug (F,A) = (F,A) U (F,A)° #Ua.

(2) 1t is easy to check that (F,A) Mg (F,A) = (F,A)m(F,A)"# da.
(3) Let (F,A) ~g (F,A) = (M,A). Then M(ey) = F(e1)NF(e1) =
{(h1,0.2,0.3), (h2,0.3,0.4), (hs3,0.1,0.8), (h4,0.5,0.5)}, M(e2) = F(e2)N
Fé(e2) = {(h1,0.2,0.7), (he,0.1,0.2), (h3,0.4,0.5), (h4,0.3,0.3)}.

This shows that (F,A) ~r (F,A) # ®4. Hence by Theorem [-11,

(F,A) A (F,A) # 4.

(4) Now we shall establish that

(F.A) A (G, B) A (H,C)) # (F, A) & (G, B) A (H.C), in general
Let (G,B) A (H,C) = (L1,BNC), where BNC = {e2} and by
Definition 223, (L1,BNC) = ((,B) ~r (H,C))U((H,C) ~r (G, DB)).
Then Li(e2) = [G(e2) N H (e2)] U [H(e2) N G(e2)].

Now

g(eg)ﬁHc(eg) = {(h1,0.170.3), (h2,0.1,0.2), (h3,0.4,0.5), (h4,0.1,0.9)};
H(es) N G(e2) = {(h1,0.1,0.7), (ha,0.1,0.3), (hs,0,0.9), (hs,0.2,0.7)}.
SO, £1<62) = {( 1,0.1,0.3), (h2,0.1,0.2), (h3,0.4,0.5), (h4,0.2,0.7)}.
Now let (F,A)A(L1,BNC) = (L2, ANBNC), where ANBNC = {e2}
and by Definitions 2228, 2. 171, B.24,

we have La(e2) = [F(e2) N Lf(e2)] U [L1(e2) N F(e2)]. Now
Flea)NLE (e2) = {(h1,0.3,0.2), (ha,0.1,0.2), (hs,0.4,0.5), (hy,0.3,0.3)}
and Li(e2) N F(e2) = {(h1,0.1,0.7), (h2,0.1,0.2), (h3,0.4,0.5),
(h4,0.2,0.7)}.

Therefore
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£2(62) = {(hh 037 02)7 (hQa 017 02)7 (h3a 04, 05)a
(h4,0.3,0.3)}. Now we consider the right hand side of the inequality and

let (F,A)A(G,B) = (M1,ANB), where AN B = {ea} and by Defi-
nitions 2224, B11, B29, we have Mi(e2) = [F(e2) NG(e2)] U [G(e2) N
F¢(e2)]. Now F(e2) NG°(e2) = {(h1,0.1,0.2), (he,0.1,0.3), (hs,0,0.9),
(h4,0.2,0.7)} and g(ez)ﬂfc(eg) = {(h1,0.1,0.7), (h2,0.2,0.2), (hs3,0.5,
0.4), (h4,0.3,0.3)}. Therefore M;(e2) = {(h1,0.1,0.2), (he,0.2,0.2),
(h3,0.5,0.4), (h4,0.3,0.3)}.

Now let (M1, ANB)A (H,C) = (Mg, ANBNC), where ANBNC =
{ea} and by Definitions 22234, 217, B-24, we have Ma(ez) = [Mi(ez) N
He(e2)|U[H (e2) "M (e2)], where Mi(ea)NH (e2) = {(h1,0.1,0.3), (ha,
0.1,0.2), (h3,0.4,0.5), (hs,0.1,0.9)} and H(ex)NMS(ez) = {(h1,0.2,0.7),
(h2,0.1,0.2), (hs3,0.4,0.5), (h4,0.3,0.3)}. Therefore Ma(e2) = {(h1,0.2,
0.3), (he,0.1,0.2), (hs,0.4,0.5), (h4,0.3,0.3)}. This shows that

Lo(e2) # Ma(ez). Therefore in general, (F,A)A((G,B)A(H,C)) #
((F,A)A(G,B)) A (H,C). N

(5) Now we shall check that (F,A)m ((G,B)A(H,C)) # ((F,A) m
(G,B))A((F,A)m(H,C)), in general. Let (G,B)A(H,C) = (L1,BN
C), where BN C = {ea} and by previous part (4) of this example
Li(es) = {(h1,0.1,0.3), (ha,0.1,0.2), (hs,0.4,0.5), (h4,0.2,0.7)}. Now
let (F,A)m(L1, BNC) = (L2, ANBNC), where ANBNC = {ez2} and by
Definition ZTH, Lo(e2) = F(ea) N Li(e2) = {(h1,0.1,0.3), (h2,0.1,0.2),
(h3,0.4,0.5), (h4,0.2,0.7)}. Now we consider the right hand side of the
inequality and let (F,A)m(G,B) = (M1,ANB) and (F,A)m(H,C) =
(Mo, ANC), where AN B = {ea}, ANC = {ea} and by Definition
M, M1<62) = {(h1,0.1,0.2), (hg,O.l,O.Q), (h3,0.4,0.5), (h4,0.3,0.3)}
and M2(€2) = {<h1,0.3,0.7), (hQ,O.l,O.Q), (h3,0.4,0.5), (h4,0.3,0.3)}.
Now let (M1,ANB)A Mz, ANC) = (M3, ANBNC), where AN
BNC = {e2} and by Definitions 224, P17, B-24, we have M3z(ez) =
[Ml(eg) N M%(ez)] U [Mz(eg) N Mf(eg)], where M1(62) N M%(eg) =
{(h1,0.1,0.3), (h2,0.1,0.2), (h3,0.4,0.5), (h4,0.3,0.3)} and
Mo(e2)NME (e2) = {(h1,0.2,0.7), (ha,0.1,0.2), (hs,0.4,0.5), (hs,0.3,0.3)}.
Therefore

Ms(es) = {(h1,0.2,0.3), (h2,0.1,0.2), (hg,0.4,0.5), (ha,0.3,0.3)}. This
shows that Lo(e2) # Ms(ez2). Therefore in general

(F, A (G, B) AH,C)) # ((F,A) M (G, B)) A ((F, A) @ (H.0)).
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