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CONVERGENCE OF PANIGRAHY ITERATION

PROCESS FOR SUZUKI GENERALIZED
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Abstract. In this paper, we establish strong and weak conver-
gence theorems for Suzuki’s generalized nonexpansive mapping in
uniformly convex Banach spaces using the iterative scheme intro-
duced by Panigrahy et al [9]. Next, we see an example of Suzuki’s
generalized nonexpansive mapping, which is not a nonexpansive
mapping. Using this example and some numerical tests, we infer
empirically that the Panigrahy iteration process converges faster
than the Krasnoselskij, Thakur, and M-iteration processes.
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1. Introduction

Let X be a Banach space and let C be a nonempty closed convex
subset of X. Let T : C → C be a mapping. We denote by F (T ) the
fixed point of T , i.e.

F (T ) = {x ∈ C : Tx = x}.
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A mapping T : C → C is called a nonexpansive mapping if ||Tx−Ty|| ≤
||x − y||, ∀x, y ∈ C. The Concept of nonexpansive mapping can be
defined accordingly in the general settings of a metric space. Suzuki
[15] introduced the concept of generalized nonexpansive single-valued
mapping which is called Suzuki generalized nonexpansive mappings. Let
C be a nonempty closed and convex subset of a uniformly convex Banach
space X and T : C → C is said to be Suzuki generalized nonexpansive
if for all x, y ∈ C, we have

1

2
||x− Tx|| ≤ ||x− y|| ⇒ ||Tx− Ty|| ≤ ||x− y||.

There exist some iteration processes that are often used to approximate
fixed points of nonexpansive mapping see Picard iteration, Mann itera-
tion [16] and Ishikawa iteration [14]. In 2014, Gursoy et al. [4] introduced
new iteration process called the Picard-S iteration process and proved
that the Picard-S iteration process can be used to approximate the fixed
point of contraction mappings. In 2016, Thakur et al. [3] introduced
a new iteration process and proved strong and weak convergence re-
sults for Suzuki generalized mapping in Banach space. In 2018, Ullah et
al.[10] introduced a new iteration process called the M-iteration process.
They proved that the M-iteration process can be used to approximate
the fixed point of Suzuki generalized nonexpansive mapping and obtain
weak convergence and strong convergence results on Banach space. In
2020, Hassan et al.[13] introduced a new iteration process named S∗-
iteration process and established strong and weak convergence theorems
for Suzuki generalized nonexpansive mapping in Banach space.
In 2022, Panigrahy et al. [9] introduced the following iteration process:

(1.1)



x0 ∈ C
un = T ((1− γn)xn + γnTxn)

vn = T ((1− βn)un + βnTun)

wn = T ((1− αn)vn + αnTvn)

xn+1 = Twn

where {αn}, {βn} and {γn} are sequences in (0,1). They proved con-
vergence and stability results for contractive-like mapping in Uniformly
convex Banach space.
Motivated by all these facts, we study some fixed points results for
Suzuki generalized nonexpansive mappings in uniformly convex Banach
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space and establish strong and weak convergence theorems for approxi-
mating a fixed point of Suzuki generalized nonexpansive mappings using
the iterative scheme introduced by Panigrahy et al. [9].

2. Preliminaries

In this section, we shall discuss some definitions and lemmas to be
used in the main results,

Definition 2.1. [8] A Banach space X is said to be uniformly convex
if for each ε ∈ (0, 2] there is a δ > 0 such that x, y ∈ X

||(x+ y)/2|| ≤ 1− δ whenever ||x− y|| ≥ ε and ||x|| = ||y|| = 1.

Definition 2.2. [17]A Banach spaceX is said to satisfy Opial’s property
if for each sequence {xn} in X converging weakly to x ∈ X, we have

lim sup
n→∞

||xn − x|| < lim sup
n→∞

||xn − y||,

for all y ∈ X s.t. x 6= y.

Definition 2.3. [5]A mapping T : X → X is said to satisfy condition
I, if ∃ a non decreasing function f : [0,∞)→ [0,∞) with f(0) = 0 and
f(c) > 0 for all c > 0 s.t. ||x − Tx|| ≥ f(d(xn, F (T ))), for all x ∈ X,
where d(x, F (T )) = inf{||x− p|| : p ∈ F (T )}.

Definition 2.4. [15] Let C be a nonempty closed and convex subset of
a uniformly convex Banach space X and T : C → C is said to be Suzuki
generalized nonexpansive if for all x, y ∈ C, we have

1

2
||x− Tx|| ≤ ||x− y|| ⇒ ||Tx− Ty|| ≤ ||x− y||

Definition 2.5. [7] Let X be a Banach space and C be any nonempty
subset of X. A mapping T : C → C is said to be quasi-nonexpansive if
for each x ∈ C and y ∈ F (T )

||Tx− y|| ≤ ||x− y||.

where F (T ) is the set of fixed points of T .

Lemma 2.6. [6]Let X be a uniformly convex Banach space and 0 <
u ≤ tn ≤ v < 1 ∀n ∈ N . Let {xn} and {yn} be two sequences of X s.t.
lim supn→∞ ||xn|| ≤ a, lim supn→∞ ||yn|| ≤ a and lim supn→∞ ||tnxn +
(1− tn)yn|| = a hold for some a ≥ 0. Then lim

n→∞
||xn − yn|| = 0.
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Lemma 2.7. [8] Let X be a uniformly convex Banach space and C
be any nonempty closed convex subset of X. Let T be a nonexpansive
mapping on X. Then, I − T is demiclosed at zero.

Proposition 2.8. [15] Let C be a nonempty closed subset of a Banach
space X with the Opial property and T : C → C a Suzuki general-
ized nonexpansive mapping. If {xn} converges weakly to a point z and
limn→∞ ||Txn − xn|| = 0, then T (z) = z.

Proposition 2.9. [15]Let C be a nonempty subset of a Banach space
X. Let T : C → C be a Suzuki generalized nonexpansive mapping and
F (T ) 6= φ then T is quasi- nonexpansive.

3. Main Results

We first state and prove the following lemmas which will be needed
in the proof of our main theorems:

Lemma 3.1. Let C be a nonempty closed and convex subset of a uni-
formly convex Banach space X. Let T : C → C be a Suzuki generalized
nonexpansive mapping with F (T ) 6= φ. Suppose that {xn} is defined by
(1.1), then limn→∞ ||xn − p|| exists for all p ∈ F (T ).

Proof. Let p ∈ F (T ). By Proposition 2.9, T is quasi nonexpansive
mapping. So we have

||un − p|| = ||T ((1− γn)xn + γnTxn)− p||
≤ ||(1− γn)xn + γnTxn − p||
= (1− γn)||xn − p||+ γn||Txn − p||
≤ (1− γn)||xn − p||+ γn||xn − p||
= ||xn − p||(3.1)

Now

||vn − p|| = ||T ((1− βn)un + βnTun)− p||
≤ ||(1− βn)un + βnTun − p||
= (1− βn)||un − p||+ βn||Tun − p||
≤ (1− βn)||un − p||+ βn||un − p||
= ||un − p||(3.2)
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||wn − p|| = ||T ((1− αn)vn + αnTvn)− p||
≤ ||(1− αn)vn + αnTvn − p||
= (1− αn)||vn − p||+ αn||Tvn − p||
≤ (1− αn)||vn − p||+ αn||vn − p||
= ||vn − p||(3.3)

||xn+1 − p|| = ||Twn − p||
≤ ||wn − p||(3.4)

From equation (3.1), (3.2), (3.3) and (3.4), we get

||xn+1 − p|| ≤ ||xn − p||(3.5)

This implies that {||xn − p||} is bounded and non-increasing. Hence
limn→∞ ||xn − p|| exists ∀ p ∈ F (T ). �

Lemma 3.2. Let C be a nonempty closed and convex subset of a uni-
formly convex Banach space X. Let T : C → C be a Suzuki generalized
nonexpansive mapping with F (T ) 6= φ. Suppose that {xn} is defined by
(1.1), then limn→∞ ||Txn − xn|| = 0.

Proof. Since F (T ) 6= φ. Suppose p ∈ F (T ) , then by Lemma 3.1
limn→∞ ||xn − p|| exists ∀ p ∈ F (T ) and {xn} is bounded. Put

lim
n→∞

||xn − p|| = k(3.6)

Case I: If k = 0, then we are done.
Case II: If k > 0, From equation (3.1) in Lemma 3.1, we have

||un − p|| ≤ ||xn − p||
It follows from

lim sup
n→∞

||un − p|| ≤ lim sup
n→∞

||xn − p|| = k

⇒ lim sup
n→∞

||un − p|| ≤ k(3.7)

By using Proposition 2.9, we have

lim sup
n→∞

||Txn − p|| ≤ lim sup
n→∞

||xn − p|| = k

⇒ lim sup
n→∞

||Txn − p|| ≤ k(3.8)

||xn+1 − p|| = ||Twn − p||
≤ ||wn − p||(3.9)
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From equation (3.3), (3.4) in Lemma 3.1, we have

||xn+1 − p|| ≤ ||un − p||(3.10)

So we can get from equation (3.6) and (3.10), we have

k ≤ lim inf
n→∞

||un − p||(3.11)

From equation (3.7) and (3.11), we have

k = lim
n→∞

||un − p||

= lim
n→∞

||T ((1− γn)xn + γnTxn)− p||

= lim
n→∞

||(1− γn)(xn − p) + γn(Txn − p)||

Using Lemma 2.6, we have

lim
n→∞

||Txn − xn|| = 0.(3.12)

�

Theorem 3.3. Let X be a uniformly convex Banach space which satifies
the Opial’s condition and C a nonempty closed convex subset of X. Let
T : C → C be a Suzuki generalized nonexpansive mapping with F (T ) 6= φ
and {xn} be a sequence defined by iteration (1.1). Then {xn} converges
weakly to a fixed point of T .

Proof. From Lemma 3.1, we proved that limn→∞ ||xn−p|| exists and that
{xn} is bounded. SinceX is uniformly convex, we can find a subsequence
say {xni} of {xn} that converges weakly in C. We have to show that
{xn} has a unique weak subsequential limit in F (T ). Let u and v be
weak limits of the sequence {xnk

} and {xnm} of {xn} respectively. By
Lemma 3.2, limn→∞ ||xn−Txn|| = 0 and I−T is demiclosed with respect
to zero by Proposition 2.8, we therefore have that Tu = u. Similarly we
can show that Tv = v. Next we establish uniqueness. From Lemma 3.1,
we have that limn→∞ ||xn − v|| exists. Now Suppose that u 6= v, then
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by Opial condition

lim
n→∞

||xn − u|| = lim
n→∞

||xnk
− u||

< lim
k→∞

||xnk
− v||

= lim
n→∞

||xn − v||

= lim
m→∞

||xnm − v||

< lim
m→∞

||xnm − u||

= lim
m→∞

||xn − u||

Which is a contradiction, so u = v. Hence, {xn} converges weakly to a
fixed point of F (T ). �

Theorem 3.4. Let C be a nonempty closed and convex subset of a uni-
formly convex Banach space X. Let T : C → C be a Suzuki generalized
nonexpansive mapping with F (T ) 6= φ. Suppose that {xn} is defined
by (1.1). Then {xn} converges strongly to a point of F (T ) if and only
if lim infn→∞ d(xn, F (T )) = 0, where d(x, F (T )) = inf{||x − p|| : p ∈
F (T )}.

Proof. Let {xn} be converged to a fixed point, say p of T . Then
limn→∞ d(xn, p) = 0 and since 0 ≤ d(xn, F (T )) ≤ d(xn, p). It follows
that limn→∞ d(xn, F (T )) = 0. Therefore lim infn→∞ d(xn, F (T )) = 0.
Conversely: suppose that lim infn→∞ d(xn, F (T )) = 0. From Lemma
3.1, we have that limn→∞ ||xn − p|| exists and that limn→∞ d(xn, F (T ))
exists for all p ∈ F (T ). Our assumption, lim infn→∞ d(xn, F (T )) = 0.so
for any give ε > 0, there exists n ∈ N such that for all n ≥ n0, we
have d(xn;F (T )) ≤ ε. We now show that {xn} is a Cauchy sequence in
C.Since, limn→∞ d(xn, F (T )) = 0, for any give ε > 0, there exist n0 ∈ N
such that for n,m ≥ n0, we have

d(xm, F (T )) ≤ ε

2

d(xn, F (T )) ≤ ε

2
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Therefore we have

||xm − xn|| = ||xm − p+ p− xn||
≤ ||xm − p||+ ||xn − p||
= d(xm, F (T )) + d(xn, F (T ))

≤ ε

2
+
ε

2
= ε.

Hence,{xn} is a Cauchy sequence in C. Since C is closed, then there ex-
ists a point x1 ∈ C such that limn→∞ xn = x1. Since limn→∞ d(xn, F (T )) =
0, it follows that limn→∞ d(x1, F (T )) = 0. Since, F (T ) is closed, x1 ∈
F (T ). �

Theorem 3.5. Let C be a nonempty closed and convex subset of a uni-
formly convex Banach space X. Let T : C → C be a Suzuki generalized
nonexpansive mapping with F (T ) 6= φ and {xn} is defined by (1.1). Let
T satisfy condition (I), then {xn} converges strongly to a fixed point of
T .

Proof. By using Lemma 3.2, we have

lim
n→∞

||xn − Txn|| = 0.(3.13)

From condition I and equation (3.13), we have

lim
n→∞

f(d(xn, F (T ))) ≤ lim
n→∞

||xn − Txn||

⇒ lim
n→∞

f(d(xn, F (T ))) = 0.

Since f : [0,∞)→ [0,∞) is a non decreasing function satisfying f(0) = 0
and f(c) > 0 for all c ∈ (0,∞), therefore, we have

lim
n→∞

d(xn, F (T )) = 0.

By Theorem 3.4, the sequence {xn} strongly converges to a fixed point
of F (T ). �

4. Numerical Examples

In this section, we see an example of Suzuki’s generalized nonexpan-
sive mapping, which is not a nonexpansive mapping. Using this example,
we compare our iterative process with three other iterative processes in
the literature.



102 Omprakash Sahu and Amitabh Banerjee

Example 4.1. Define a mapping T : [0, 1]→ [0, 1] as

Tx =

{
1− x ifx ∈ [0, 17)
x+6
7 ifx ∈ [17 , 1]

Then T is a Suzuki generalized nonexpansive mapping but not non-
expansive mapping.

Proof. Consider the following cases:
Cases I: Let x ∈ [0, 17), then 1

2 ||x − Tx|| = 1−2x
2 ∈ ( 5

14 ,
1
2 ]. For 1

2 ||x −
Tx|| ≤ ||x− y|| we must have 1−2x

2 ≤ y − x, 1
2 ≤ y. Hence y ∈ [12 , 1], we

have

||Tx− Ty|| = |y + 6

7
− (1− x)|

= |y + 7x− 1

7
|

≤ 1

7

and

||x− y|| = |x− y| > |1
7
− 1

2
| = 5

14
.

Hence 1
2 ||x− Tx|| ≤ ||x− y|| ⇒ ||Tx− Ty|| ≤ ||x− y||.

Case II: Let x ∈ [17 , 1], then

1

2
||x− Tx|| = 1

2
|x+ 6

7
− x|

=
1

2
|6− 6x

7
|

=
3− 3x

7
3−3x
7 ∈ [0, 1849 ]. for 1

2 ||x − Tx|| ≤ ||x − y|| we must have 3−3x
7 ≤ |y − x|,

which goes two possibilities:
(a) Let x < y, 3−3x

7 ≤ y − x⇒ y ≥ 3−3x
7 + x, y ≥ 3+4x

7 ∈ [2549 , 1] ⊂ [17 , 1]
So

||Tx− Ty|| = ||x+ 6

7
− y + 6

7
||

=
1

7
||x− y||

≤ ||x− y||
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Hence 1
2 ||x− Tx|| ≤ ||x− y|| ⇒ ||Tx− Ty|| ≤ ||x− y||.

(b) Let x > y, 3−3x
7 ≤ x− y ⇒ y ≤ x− 3−3x

7 . y ≤ 10x−3
7 ⇒ y ∈ [−1149 , 1].

Since y ∈ [0, 1] so y ≤ 10x−3
7 ⇒ x ≥ 7y+3

10 ⇒ x ∈ [ 3
10 , 1]. So the case is

x ∈ [ 3
10 , 1] and y ∈ [0, 1]. Now x ∈ [ 3

10 , 1] and y ∈ [0, 1].

Now x ∈ [ 3
10 , 1] and y ∈ [17 , 1] is already in Case I. So we consider

x ∈ [ 3
10 , 1] and y ∈ [0, 17). To start with suppose x ∈ [ 3

10 ,
1
2 ] and y ∈ [0, 17 ]

we have

||Tx− Ty|| = |x+ 6

7
− (1− y)|

= |x+ 7y − 1

7
|

≤ 3

70

and

||x− y|| = |x− y|

> | 3

10
− 1

7
|

=
11

70

Thus we have that 1
2 ||x− Tx|| ≤ ||x− y|| ⇒ ||Tx− Ty|| ≤ ||x− y||.

Also for x ∈ [12 , 1] and y ∈ [0, 17), we therefore have that

||Tx− Ty|| = |x+ 6

7
− (1− y)|

= |x+ 7y − 1

7
|

≤ 1

14

and

||x− y|| = |x− y|

> |1
2
− 1

7
|

=
5

14

Thus we have that 1
2 ||x−Tx|| ≤ ||x−y|| ⇒ ||Tx−Ty|| ≤ ||x−y||. Hence

T is a Suzuki generalized nonexpansive mapping. However to show that
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T is not nonexpansive, we take x = 3
22 and y = 1

7 , we then have that

||Tx− Ty|| = |1− 3

22
− 43

49
|

= |931− 946

1078
|

=
15

1078

> | 3

22
− 1

7
|

=
1

154
= ||x− y||

Hence T is not nonexpansive mapping. �

In what follows, we numerically compare the Panigrahy iteration pro-
cess with some existing iteration processes.
Case I: Taking αn = 1

n+1 , βn = 1
n+1 , γn = 1

n3 and x0 = 0.7.

Case II: Taking αn = 1√
n3+5

, βn = 1√
n3+7

, γn = 5
n3+150

and x0 = 0.5.

Table 1. Comparison of the rate of convergence with
different iteration processes.

Iteration Panigarhy iteration M-iteration Thakur Krasnoeslskij
0 0.70000000 0.70000000 0.70000000 0.70000000
1 0.99999417 0.99650146 0.99518950 0.82857143
2 1.00000000 0.99994900 0.99991118 0.87755102
3 1.00000000 0.99999918 0.99999828 0.90379009
4 1.00000000 0.99999999 0.99999997 0.92028322
5 1.00000000 1.00000000 1.00000000 0.93167133
6 1.00000000 1.00000000 1.00000000 0.94003810
7 1.00000000 1.00000000 1.00000000 0.94646259
8 1.00000000 1.00000000 1.00000000 0.95156139
9 1.00000000 1.00000000 1.00000000 0.95571327
10 1.00000000 1.00000000 1.00000000 0.95916419

Case III: Taking αn = 1√
5n+1

, βn = 1
n+1 , γn = 5

189 and x0 = 0.4.

Case IV: Taking αn = 2
3 , βn = 2

3 , γn = 3
4 and x0 = 0.8.

Case V: Taking αn = 5
389 , βn = 1√

n20+5
, γn = 1√

n2+5
and x0 = 0.6.
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Table 2. Comparison of the rate of convergence with
different iteration processes.

Iteration Panigarhy iteration M-iteration Thakur Krasnoeslskij
0 0.50000000 0.50000000 0.50000000 0.50000000
1 0.99990833 0.99336660 0.99105835 0.67496355
2 0.99999998 0.99989681 0.99982872 0.75223403
3 1.00000000 0.99999821 0.99999660 0.78977624
4 1.00000000 0.99999997 0.99999993 0.81146879
5 1.00000000 1.00000000 1.00000000 0.82564188
6 1.00000000 1.00000000 1.00000000 0.83569497
7 1.00000000 1.00000000 1.00000000 0.84324440
8 1.00000000 1.00000000 1.00000000 0.84915363
9 1.00000000 1.00000000 1.00000000 0.85392607
10 1.00000000 1.00000000 1.00000000 0.85787558

Table 3. Comparison of the rate of convergence with
different iteration processes.

Iteration Panigarhy iteration M-iteration Thakur Krasnoeslskij
0 0.40000000 0.40000000 0.40000000 0.40000000
1 0.99990928 0.99203992 0.98989751 0.60995626
2 0.99999998 0.99986486 0.99980538 0.67552244
3 1.00000000 0.99999745 0.99999610 0.70029966
4 1.00000000 0.99999995 0.99999992 0.71056689
5 1.00000000 1.00000000 1.00000000 0.71500407
6 1.00000000 1.00000000 1.00000000 0.71695826
7 1.00000000 1.00000000 1.00000000 0.71782624
8 1.00000000 1.00000000 1.00000000 0.71821322
9 1.00000000 1.00000000 1.00000000 0.71838604
10 1.00000000 1.00000000 1.00000000 0.71846329

Note 4.1. Table 1, Case I; Table 2, Case II; Table 3, Case III; Table 4,
Case IV; Table 5, Case V.

The comparison shows that the Panigrahy iteration (1.1) converges
to x∗ = 1 faster than M- iteration[10], Thakur[3] and Krasnoeslskij [11].
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Table 4. Comparison of the rate of convergence with
different iteration processes.

Iteration Panigarhy iteration M-iteration Thakur Krasnoeslskij
0 0.80000000 0.80000000 0.80000000 0.80000000
1 0.99999454 0.99825073 0.99747328 0.91428571
2 1.00000000 0.99998470 0.99996808 0.96326531
3 1.00000000 0.99999987 0.99999960 0.98425656
4 1.00000000 1.00000000 0.99999999 0.99325281
5 1.00000000 1.00000000 1.00000000 0.99710835
6 1.00000000 1.00000000 1.00000000 0.99876072
7 1.00000000 1.00000000 1.00000000 0.99946888
8 1.00000000 1.00000000 1.00000000 0.99977238
9 1.00000000 1.00000000 1.00000000 0.99990245
10 1.00000000 1.00000000 1.00000000 0.99995819

Table 5. Comparison of the rate of convergence with
different iteration processes.

Iteration Panigarhy iteration M-iteration Thakur Krasnoeslskij
0 0.60000000 0.60000000 0.60000000 0.60000000
1 0.99993037 0.99192667 0.99187345 0.60440690
2 0.99999998 0.99983705 0.99983415 0.60876526
3 1.00000000 0.99999671 0.99999662 0.61307559
4 1.00000000 0.99999993 0.99999993 0.61733844
5 1.00000000 1.00000000 1.00000000 0.62155432
6 1.00000000 1.00000000 1.00000000 0.62572375
7 1.00000000 1.00000000 1.00000000 0.62984725
8 1.00000000 1.00000000 1.00000000 0.63392532
9 1.00000000 1.00000000 1.00000000 0.63795846
10 1.00000000 1.00000000 1.00000000 0.64194717

5. Conclusion

The main contribution of our work:

(1) We have established strong and weak convergence theorems for
the Panigrahy iteration process in the class of Suzuki’s general-
ized nonexpansive mapping in uniformly convex Banach spaces.
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(2) We provide an example of Suzuki’s generalized nonexpansive
mapping which is not nonexpansive mapping. Using this ex-
ample and some numerical tests, we infer empirically that the
Panigrahy iteration process converges faster than the Krasnosel-
skij, Thakur, and M-iteration processes.
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