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SOME PROPERTIES OF o-PRODUCT ON SPHERICAL
FUZZY GRAPHS

MOHAMED HARIF AND NAZEERA BEGAM

ABSTRACT. In a network model involves incomplete and imperfect
network states for which sophisticated analysis is needed. Spher-
ical fuzzy sets could be more helpful for the analysis of network
state more accurately. The following evaluation information may
be provided by the decision maker: Yes, Abstain; No, Reject. To
solve such problems, we can use a mathematical model based on
spherical fuzzy sets. The mathematical models are something like
a theory which should be able to explain observations of making
useful predictions. In this paper, some properties of a-product on
spherical fuzzy graphs are studied. Also, the regularity properties
of a-product of two spherical fuzzy graphs are discussed. Theorems
related these concepts are stated and proved.
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1. INTRODUCTION

Fuzzy set theory introduced by Zadeh [16] is a generalization of crisp
set theory. Fuzzy set theory has got many applications in several fields,
including chemical industry, telecommunication, decision theory, net-
working, computer science, and management science. In 1986, Atanassov
[2] proposed the intuitionistic fuzzy sets (IFSs) as an extension of fuzzy
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set (FS) theory. In 2013, Cuong [3, 4] initiated the concept of the picture
fuzzy set (PFS) as a direct extension of intuitonistic fuzzy sets, which
may be adequate in cases when human opinions are of types: yes, ab-
stain, no, and refusal. Mahmood et al. [12] introduced the concept of
spherical fuzzy set which gives an additional strength to the concept of
picture fuzzy set by enlarging the space for the grades for all the four
parameters. Yager [11] introduced Pythagorean fuzzy subsets. Kifayat
et al. [7] studied the geometrical comparison of fuzzy sets, intuitionis-
tic fuzzy sets, Pythagorean fuzzy sets, picture fuzzy sets with spherical
fuzzy sets. Cen Zuo, et al. [15] introduced the some new concepts of
picture fuzzy graph. Akram et.al [I] introduced the notion of spheri-
cal fuzzy graphs and Abhishek Guleria [0] also introduced generalized
version of spherical fuzzy graphs using T-spherical fuzzy sets. Muham-
mad Shoaib et. al [11] discussed the concept of complex spherical fuzzy
graphs. Mordeson and Peng [13] introduced some operations on fuzzy
graphs. Gani et al.[5] studied alpha product on fuzzy graphs. B. Mo-
hamed Harif and A. Nazeera Begam [3, 9, 10] defined regular spherical
fuzzy graphs and alpha product on spherical fuzzy graphs. The research
paper is organized as follows: Introduction presents the various works
done by several researchers in fuzzy graphs, intuitionistic fuzzy graphs,
picture fuzzy graphs and spherical fuzzy graphs. In Preliminaries, we
have provided some basic definitions of spherical fuzzy graphs. In Main
Result some theorems on regularity properties of alpha product of two
spherical fuzzy graphs are given. In conclusion, we conclude present
studies and recommendation for future work.

2. PRELIMINARIES

Definition 2.1. [12] A spherical fuzzy set S in U (universe of dis-
course) is given by S = {< «,us(a),ns(a),vs(a) >: a € U} where
us = U — [0,1], ng : U — [0,1] and vs : U — [0,1] denote de-
gree of membership, degree of neutral membership and degree of non-
membership respectively, and for each o € U satisfying the condi-
tion 0 < pi(a) + ni(a) + vi(a) < 1,Va € U. The degree of re-
fusal for any spherical fuzzy set S and a € U is given by rg(a) =

V1= (2(0) + 13 () + vi(a)).

Definition 2.2. [I] A spherical fuzzy graph(SFG) G = (N, £) where

e N = {v1,v9,...,u,} such that o1 : N' = [0,1],00 : N' = [0, 1]
and o3 : NV — [0,1] denote the degree of membership, degree
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of neutral membership and degree of non-membership of each
element v; € N respectively, and

(2.1) 0< U%(’U@') + a%(vi) + Jg(vi) <1,

for every v; e N, (i = 1,2,3...,n)
o LCN xN where py : L — [0,1],pu2 : L — [0,1] and ps3 : L —
[0, 1] are such that
pur(uiy uj) < minfoy (ug), o1 (uy)},
p(ui, uj) < minfoo(uq), o2(uy)},
pa(ug, uy) < max{os(u;),o3(uj)}, and

0 < 1 (ui, uy) + (i, ug) + p3(ui, ug) < 1

(2.2)

for every (u;,u;) € L, (1,57 =1,2,3,...,n).

Definition 2.3. [I] Let G = (N, £) be a SFG. The degree of a vertex u
of a SFG is

dg(u) = Z:ul(u’v)’Z#Q(uvv)’Zﬁ%(uvv)

uFv uFv uF v

Definition 2.4. [¢] Let G = (N, £) be a SFG. If dg(u) = (c1, ¢2,¢3),Vu €
N. (i.e) each vertex has same degree (c1, co, c3), then G is said to be reg-
ular spherical fuzzy graph(RSFG) of degree (c1,c2,¢3) or a (c1,c2,¢3)—
regular spherical fuzzy graph((c, co, c3)-RSFG).

Definition 2.5. [3] Let G = (N, £) be a SFG, then the order of G is
denoted by O(G) and defined by

0G) = (Z o1(v), Z oa(v), Z 03(U)> .

veN veN veN

Definition 2.6. [8] Let G = (N, L) be a SFG, then the size of G is
denoted by S(G) and defined by

S(g) = (Z 'U“l(uv)a Z MQ(U’U)a Z ,LLg(UU)) :

uveEL wvel uwveLl

Definition 2.7. [I] A spherical fuzzy graph G = (N, £) is said to be a
complete spherical fuzzy graph if
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M1 (U, U) = min{al (u ;01 (U)}a
M2 (U, U) = min{aQ (u)7 02 (U)}a
p3(u, v) = max{os(u),o3(v)}

for all u,v € N and is denoted by Ky .

Definition 2.8. [I] The complement of a spherical fuzzy graph G =
(N, L) is a spherical fuzzy graph G = (N, L) where N = A and £ =
(777, 72, T5) defined by

m(uv ’U) = min{al (u)7 01 (7))} — M1 (u7 U)?
E(ua v) = min{a?(“)? 02 (’U)} — p2(u,v),
(s, ) = max{aa(u),05(0) } — fi3(on, ).

Definition 2.9. [10] Let G; = (N1, £1) = <<0%170317051> , (u%ﬂu%ﬂu?))

and Gy = (Ny, Lo) = ((019270292’0?2) , (,u%Z,,ug?,,u%)) be two spheri-
cal fuzzy graphs. The a-product of two spherical fuzzy graph G; and G-
is defined as a spherical fuzzy graph G = G; X, G2 and

E = {((u1,u2), (vi,v2) /u; = vi,ugvy € Lo (or) ug = ve,ujv; € L1 (or)
u1v1 € L1, ugvs ¢ Lo (01") U171 ¢ L1, usv9 € ,CQ} with

o719 (uy,uz) = of" (ur) Ao (ua),

0529 (w1, uz) = 03" (u1) A oy (ua),

G1xaG2 _ G Go
o5 "7 (ur,u2) = 03" (u1) Vo3 (u2)
and
91 g2 : — p
oyt (u1) A pg? (uzv2), if up = v1,uzv2 € L2
0192 (u2) A ufl (u1v1), if ug = vo,u1v1 € L1

Hflxag2 ((u1,uz2), (v1,v2)) = Go Go G1 .
o2 (u2) Noy? (v2) Apyt (uivr)  if uivr € L1, ugve ¢ Lo

0191 (u1) A Ulgl (v1) /\M?Q (ugvz) if ugvy & L1,u2v2 € Ly

o5t (ur) A pg? (uzv2) if up = v1,ugv2 € Lo

052 (u2) A pgt (uivr), if ug = vo,urvy € L1
92 (u2) A 92 (v2) A ugl (urv1) if uivy € L1,u2v2 & Lo
021 (ul)/\o’21 (711)/\#22 (u2v2) if uyvr € L1, uzvs € Lo

g g
py %92 ((ur, uz) , (vi,v2)) =

Ugl (u1) V 52 (uzvz) if w1 = v1,u2v2 € Lo

072 (ug) V pust (urvy), if ug = vo,u1v1 € L

P2 (un,ua) (o) = § g, 73 (LY pa L) e = vz v € £
052 (u2) Voz? (v2) Vust (urvr) if urvy € L1, ugvs ¢ Lo
031 (u1) \/031 (v1) \/;432 (uz2v2) if uivy € L1,u2v2 € Lo

Example 2.10. Consider the spherical fuzzy graphs G; and G are given
in Figure 1. The a-product G; X, Go is given in Figure 2.



Some properties of a-product on spherical fuzzy graphs 37

uz (0.1,0.3,0.5) v3 (0.1,0.2,0.3)
! !
(0.1,0.2,0.4) (0.1,0.2,0.5)
l (0.2,0.3,0.5)
4’
u1(0.1,0.2,0.3) 01(0.2,0.4,0.6) 2(0.3,0.3,0.3)
g1 Go

FIGURE 1. Spherical Fuzzy Graphs
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FIGURE 2. a—Product of G; and G»
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3. MAIN RESULTS
Theorem 3.1. Let G = (N, L) = ((algl,agl,agl> , <M%1,ug1,ugl))

and Go = (Na, Lo) = <<0’1g2, agg,a%) , (,u%?, ug2, u%)) be two spherical
fuzzy graphs such that 0,191 < ,u%,agl < qu and agl > ugg. If G1 X oGo
and G are regular spherical fuzzy graphs and if G5 is a regular graph,

then (Ulgl,agl,agl> is a constant function.

Proof. Suppose that G; is a regular spherical fuzzy graph of degree
(r1,72,73) and G3 is a regular graphs of degree n, Since O'lgl < u‘fz, 029’1 <
,ugz and agl > ,qu, we have 01g2 > ,u%l,a% > ,ugl and 052 < ,ugl.

For any (u1,u2) € N7 x Na,

A9 092 (uy, up) = Z (11 Xa p2) ((u1, u2) (v1,02))

(u1,u2)(vi,v2)EER
= > oft(ua) A pf? (ugve)

u1=v1,u2v2€L2

+ > o (u2) Apft (uvn)

Uz =v2,u1v1 €L,

+ Z 0f? (ug) A of? (va) A p§* (uyvn)
u1v1 €L1,uzvaE Lo
+ Z of* (ur) Aot (v1) A pd? (ugvs)

w11 €L, u2v2€Lo

= Y o)+ Y g ()

u1=v1,u2v2€L2 up=vz,u1v1 €L1
g g g
+ ) pit (uiv) + ) o7 (u1) Aoyt (vr)
u1v1 €L1,uzv2¢ Lo urv1 L1, uv2€L2

= 09" (u1) dT* (uz) + d§" () + Bz | d§" (1) + |Er| 09 (u1) dS? (uz)
= algl (uq) d?; (ug) [1 + |E|] + d%l (u1) [1 + |E|]

The a-product of this two spherical fuzzy graphs G; and Gs is a regular
spherical fuzzy graphs.
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Then for any two points (u,us) and (vy,vs) in N X Na,

d%lxag2( _ d%lxag2(

ul,ug) UhUQ)

o9 (ur)dy (uz)[1 + i) + df (wr)[1 + [Bo]
= o7t (01)dy? (v2)[1 + [En]] + d§* (01)[1 + [Ea]
of (u)n[1 + [E1]] = of* (v1)n[1 + [Ex]
algl (up)n = algl (v1)n

o7 (u1) = of" (v1)

dngaQZ ( _ dngaQZ (

Similarly, U1, u2) V1, V2).

Which implies 02gl (u1) = 02gl (v1) and d?g)lng (uy,ug) = dglng (v1,v2).
Which implies 03gl (ug) = agl (v1).

This is true for all vertices u,v; € N.

Hence (ofl,ag l,ag 1) is a constant function. O

Theorem 3.2. Let Gy = (N1,L1) = ((cflgl,agl,agl) , <u%1,ugl,,ug1))
and
Go = (Ny, L) = ((Ulgl,oggz’,agz) , (,uf%,u%,,u%)) be two spherical

fuzzy graphs such that an < ,ufl,anZ < ugl,a§2 > ,ugl and (ang, 0'2g2, 03?2)

s a constant function. Then Gy X ,Go is a reqular spherical fuzzy graph
if and only if GT is a reqular graph and G is a reqular spherical fuzzy
graph.

Proof. Let 0%2(u) = ¢1,052(u) = ¢2,052(u) = c3 for all u € Na.

Since 01g2 < u%l,agl < ,ugl,agQ > ugl, we have algl > ,u%,azgl > qu
and ag P < ,u§2.

Let G2 be a regular spherical fuzzy graph of degree (ki, k2, k3) and G
is a regular graph of degree n.
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For any (u1,u2) € N7 x Na.

d‘131xag2 (ur,uz) = Z (u1 Xq p2) ((u1,u2) (v1,v2))
(uz,u2)(v1,v2)EE

= Z o7 (ur) A pf? (upvs)

u1=v1,ugv2€L2

+ Z 072 (u2) A p§* (ugvy)

ug=v2,u1v1€.L1

+ Z of* (ug) A of? (v2) A pi* (urvn)
u1v1 €L, ugv2¢ Lo
+ > oft (w) Aot (vr) A pf? (ugwy)

u1v1 L1, ugv2E€Lo

= oo ufPuv)+ D 07 (up)

u1:v1,u2v2€£2 ugivg,ul’uleﬁl
Go A G1 Go
+ o7 (u2) Aoy*(v2) + (17 (ugv2)
u1v1 €L1,u2v2¢ L2 u1v1€L1,u2v2€LS

G* —_ —
Ao () = dF () £ YD o)+ endy ) B + (Bl (o)

uz=v2,u1v1€L1

Where |E‘ the degree of a vertex in complement of G and ‘E‘ is the
degree of a vertex in complement of G3.

= [1+ |E1[]dS? (u2) + c1n [1 + | B]

(3.1) = [1+|Ei|l ki +cn [1+ [By]

Since G7 is a regular graph of degree n and d% (ug) = kq, for all uy € Na,
Similarly,

05 (g, w2) = [1+ B[] b+ eom 1+ 5]
dglx&g? (uy,ug) = [1 + ‘EH ks + c3n [1 + ‘EH
Hence a-product of two spherical fuzzy graphs G; and G, is regular

spherical fuzzy graphs. Conversely, assume that G; X, G2 is a regular
spherical fuzzy graph. Then for any two points (u1,u2) and (vi,ve) in
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Nl X ./\/2.

(3.2)

d%l X aG2 ( _ d%l X aG2 (

Uy, uz) v1, vg)

[1+ By (u2) + eady™ (un) [1 + [ B]]
= [L+|Ei || diT (v2) + e1di? (v) 1+ |Ea|]

(using 3.1).
Fix u € V; and consider (u,ug) and (u,ve) in N x Ny, where ug, vy € Ny
are arbitrary. From (3.2),

[L+ B dY? (ug) + erd* (u) [+ [Ba] = [1+ [En|] d7? (v2) + e1df (u) [1 + [ E2]
di? (up) = d§* (va)

Similarly, d* (ug) = d52 (v2) , d3? (ug) = d5? (va).

This is true for all us,vo € No. Hence Gy is a regular spherical fuzzy
graph of degree (ki, k2, k3). Now fix v € Ny and consider (u1,v) and
(v1,v) in N1 x Na, where uy,v; € N7 are arbitrary.

From (3.2),

= [1+|E1|] df*(v) + crdy”™ (v1) [1+ | Ea|] -

Which implies leik (ug) = dff (v1).
.. G G G G7
Similarly, dy'' (u1) =dy"' (v1),d3" (u1) =d3 " (v1).
This is true for all uy,v1 € M.
Hence G7 is a regular graph of degree n. O

Theorem 3.3. Let G = (N1, L) = ((Ulgl,agl,agl) , (,u%l,,ugl,,ugl))

and Go = (N, Lo) = ((al%, U2g2, U%) , (u%l,u%, u%)) be two spherical

fuzzy graphs such that O‘ng < M%I,UQQQ < ,ugl,agQ > ,ugl. If G1 x4 G2 and
Go are regular spherical fuzzy graphs and if G] is a regular graph, then

(Glgz,UgQ, 03?2) 18 a constant function.

Proof. Suppose that Go is a regular spherical fuzzy graph of degree
(k1, ko, k3) and G7 is a regular graph of degree n. Since o9 < ', 05" <
ugl and ng > ugl. we have 01g1 > u%l,agl > ugZ and agl < ,ugl.



42 M. Harif And N. Begam
For any (u1,u2) € N7 x Na,

d%xagz (uy,uz) = Z (11 X p2) ((u1,u2) (vi,v2))
(u1,u2)(v1,v2)EE

= > oft (w) Api? (ugwy)

u1=v1,u202,L2

+ Z of? (uz) A p§* (ugvy)

U2=v2,U1V1 cLy

+ Y o () Ao (v2) A (urn)
u1v1 €L1,u2v2 ¢ Lo
+ Z Ulgl (u1) A algl (v1) A u% (ugv2)

u1v1€L1,u2v2€L2

= [1+|Ba|] d? (uz) + 057 (ua) d;" (wr) 1+ [Ea]]

Where !E‘ is the degree of a vertices in complement graph G7 and ’E}
is the degree of a vertex in complement graph G5. Since G; X, G2 is a
regular spherical fuzzy graph.

For any two points (u, us) and (vy,v9) in N7 x Na, we have

d%lxag2( :dglxag2(

U17U2) Ul,”Uz)

[+ [Br|df? (uz) + 097 (u2)d™ (ua)[1 + [E]]
= [1 + [Ed§ (v2) + 072 (v2)dS"" (v1)[1 + [Ea]
o7 (us)n[1 + |Ba|] + [1 + [E1[Jk1 = 072 (va)n[1 + B2 + [1 + [E1[Jks
Ulg? (ug)n = Jng (v2)n

o7? (u2) = 07 (v2)

Similariy, O'QQQ (ug) = 0292 (v2) ,0392 (ug) = O‘3g2 (v2).
This is true for all ug, v € N.

Hence (a%, a2g2, 0392> is a constant function.

O
Theorem 3.4. Let G = (N1, L1) = ((algl,agl,agl> , ( %Hugl,ugl))

and Go = (N, L) = ((Jng, 0292, 052) , (u%,u%,u%)) be two spherical
fuzzy graphs such that underlying crisp graph G7 is complete graph. If
N1 and Ly are constants and 01g1 < u%,agl < ,qu,O'gl > ,ug?, then
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G1 Xa G2 is a regular spherical fuzzy graph if and only if G1 is a reqular
spherical fuzzy graph and G5 is a regular graph.

Proof. Let the constant value of N7 and L1 be (c1,¢2,c3). Let g1 X o Go
be a regular spherical fuzzy graph. We have afl < u%, 91 < M 2 and
agl > qu, hence 01g2 > G 7052 > ,ugl and O'gl < ,ug , then for any
points (uy,ug) and (vy,ve) in N7 x Na,

d%lxag2( — d%lXQQQ(

’U,1,’u,2) 0177)2)

33 of (wn)df (wa) [L+ [Ei[] + [1+ [Bal] " ()
— 0'1 (Ul)dg2 (v2) [1 + }Elu + [1 4 ‘EH d?l (vy)

Where }El‘ degree of a vertex in complement of G} and |FQ‘ is the
degree of a vertex in complement of Gs.

Suppose that G7 is complete graph, therefore ‘E! = 0. Then (3.3)
becomes,

o9 (ur) dS7T (us) + [1+ | Ba|] 49 (w)
= o (v1)d;" (v2) + [1+ B} 4" (1)

N is a constant function, say (cy, cg, c3)
(34) c1dS® (ug) + [1+ | Ea|] 49" (w1) = e1dS® (v) + [1 + [Ea] d§* (v1)

Fix u € N and consider (u,us) and (u,ve) in Np x N, where
us, vy € N are arbltrary
From (3.4), Cld U (uz) +[1+ | Ba] df () = crdy® (va)+[1+ [Ba]] " (vn)
Which 1mphes d ( ) = df (vg)
Similarly, al2 (ug) = d2 (v2), d3 (ug) = d?g (v2).
This is true for all ug,vs € Na. Hence Gj is a regular spherical fuzzy

graph of degree n. Fis u € N7 and consider (uq,v) and (v, v) in N7 X Na,
where u1,v1 € Nq are arbitrary. )

From (3.4). clde (v)+[1 + | E2|] d9* (uy) = clle2 (v)+[1+ | E2|] d9* (vy).
Which implies [1 + [E3|] df* (u1) = [1+ |E2|] df* (v1).

Which implies d5* (u1) = d¥* (v1).

This is true for all uq,v1 € M.

Thus G is a regular spherical fuzzy graph of degree (ki, ko, k3).
Conversely, assume that G; is a regular spherical fuzzy graph and G35 is

a regular graph.
Let d¥'(u) = ki,d3* (u) = ko,d§' (u) = k3 for all u € N} and G is a
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regular graph of degree n.
Then for any vertex (uy,us) of N7 x ¢Na.

d(flx"g2 (uy,uz) = o1 (u1) d?g (ug) + [1 + }EH + [1 + ‘EH d?l (up)
o [L+ [FRl] + [1 4 [ Bl .

Given that G7 is complete graph, hence ‘E’ = 0.
Therefore, d%lx@g? (ur,ug) = cin+ [1+ ‘EH kq.
Similarly,

59 (ur,uz) = can + [1 + [Ba|] ko
dglx&g? (u1,u2) = can + [1 + ‘EH k3.

This is true for all (u1,u2) € N1 x No. Hence G; X ,Go is a regular
spherical fuzzy graph. O

4. CONCLUSION

Spherical fuzzy graphs are more flexible than the picture fuzzy graphs.
The spherical fuzzy model is more useful than the picture fuzzy model as
it broadens the space of uncertain information, due to its outstanding
characteristic of vast space of participation of acceptable triplets. In
this paper, some regularity properties of a-product on spherical fuzzy
graphs are studied. Theorems related to a-product of two spherical fuzzy
graphs are proved. Furthermore, we will introduce some new operations
on spherical fuzzy settings.
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