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Abstract. In this paper we have taken the n—power (¢, §)-metric and ob-
tained the condition for projectively flatness and further find the the some
special cases.
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1. Introduction

An n— dimensional Finsler space F™ = (M"™ L) is known as a locally
Minkowskian space [3] if the manifold M™ is covered by coordinate neigh-
bourhood system (z%) in each of which the metric £ is the function of y* only.
Further the Finsler space F" is known as projectively flat if F™ is projective
to a locally Minskowski space. Matsumoto [6] introduced a condition for a
Finsler space with Randers metric and Kropina metric to be projectively flat.
The projective flatness property for the Finsler space with various important
(c, B)-metric had been studied by various authors [1], [5], [7],[8], [9], [10], [11],
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[12] [13] and obtained fruitful and beneficial results in the field of Finsler spaces.
Initially the concept and importance of (o, §)-metric has been introduced and
explained by Matsumoto [6] in detail and the metric £ = L(«, 3) is an n- di-
mensional manifold M™, which is positively homogeneous function of degree
one in « and (3, where « is a regular Riemannian metric o = /ay;(z)y'y?, i.e
det(a;j) # 0 and B is 1— form, 8 = b;(z)y". It is generalization of Randers met-
ric L = a+ . We know that there are many types of important (c«, 8)-metrics
namely Kropina metric, Matsumoto metric, generalized Kropina metric, and
Z. shen’s square metric, infinite series metric and many more metrices [2], [3],
[4] [12], [13] , [14] discussed and obtained various fruitful results in field of
Finsler geometry. Matsumoto [5] used the following notation, which we have
applied in this research and took 'y;- . to repersent the Christoffel symboles in
the Riemannian space (M, a)-metric

1 j i ‘
Tij = i{bi;j + bj;i}7 rj = alhrhj’ rj = birj,

1 ' i 4
Sij = 5{% - bj;,»}, Sj=a"8y;, S =bS],
bi = aihbh, bQ - blb’w

where b;;; is the covariant derivative of the vector field b; related to the Rie-
mannian connection ’y§ k> 1€,

b .
bi;j = 87553 — bk’)/;k.

It has been shown by Matsumoto [5] that a Finsler space F" = (M™, L)
with an («, 8)-metric is projectively flat if and only if for every point of the
manifold M™ there is a local co-ordinate neighbourhood that includes the point
such that christoffel symbols 'y;- & in the Riemannian space (M™, a) satisfies:

o) ()i () e ) (o) =0,

where ‘0’ stands contraction by 3’ and C is given by

o+ () ()@ -#)(en ) =0 aa

Since a®Lo0 = B?Lsp, due to homogeneity of £ equation (1.2) may be rewritten
as

arpo

26

«

20

Moo= CE)S0) (13)

1+ (522020 — p2)y(0 +

ol )= (
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The term (C'+ 38¢) in (1.3) can be eliminated if {1+ (%)(021)2 —B%)} #0,
it is expreesed as :

{1+ S O - ) ()

(EN - CESI T )0 o

Thus we have [0] :

Theorem 1.1. Let

Lss 272 2
{1+(a£a)(a b 5%} A 0.
Then a Finsler space F™ equipped with (o, §)-metric is projectively flat if and

only if (1.4) is satisfied.

In this research paper, we have considered a generalized form of an («, 3)-
metric which is known as n—power (a, §)-metric [15] on an n— dimensional
manifold M™, defind as

£:a(1+§>n. (1.5)

Further we shall discuss and find out the projectively flatness condition of (1.5)
and also try to obtain the special conditions on some particular cases by taking
n=20,1,2,3 and 4.

2. Projectively Flat Finsler Space with n— Power (a, §)-Metric

In this section, we have taken n—power (¢, 8)-metric as defined in equation
(1.5).
It has been obtained [1] if &® contains 3 as a factor, then the dimension is equal
to 2 and b? = 0.
Here we have assumed that the dimension is more than two, and b? # 0, i.e
a? # 0(modf). Taking the partial derivative of (1.5) with respect to a, 3, ax
and B3, we have

Lo = (a+8)" " Ha=(n=1)B)

n—1

’Cﬁ = n(aojnﬁ*)l ) 21

Lo = n2mmB(act )" (2.1)
[e7e% amn

i

n(n—1)(« n-2
Lpp = "= —.

By virtue of theorem (1.1), {1+ (%)(Oﬂlﬂ — %)} = 0 then we have {a?(1 +
(n? —n)b?) + (2 — n)aB + (1 — n?)B%} = 0, which is contradiction. Hence
Theorem 1.1 can be applied.
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Putting the values of L, L3, Laa and Lgg, in equation (1.4), we obtain

(@®(1+ (n® = n)b?) + (2 = n)ap + (1 = n*)B*){(a*yi0 — Yo00y') (& = (n — 1))
+ 20?8} 4 (n? —n)a?{(a — (n — 1)B) 190 — 2na’Sp} (b — By') = 0.

(2.2)
The above equation can be rewritten as a polynomial of degree 6 in ’o’, which
is given as
Aga® + Agat 4+ Asa® + Ag + a(Asa’ + Asa® + Ay) =0, (2.3)
where

Ap = —(n —1)(n* — 1)5°y"v000,
A1 = (3n = 3)5%v000y",

Ay = (2n — 3)519%000 + n(n — 1)%6*By'yo00 + (n — 1)*(n 4+ 1), + (n® —
n)(n —1)5%y"ro0,

As = —y"v000 — 2nb?y Y000 + (3 — 3n) B2 — (n? — 1) By o0,

Ay =n(n® = 1)bBrgo + (3= 2n) Bybe — 2n(n” — 1) %S — (n® —n)(n = 1)b* Broo +
2TL(TL2 - n)ﬂyz7

As = iy + (0% — n)7igh? + (n? — n)birgy + 2n(2 — n)BSE,
Ag =2n{(1 + (n? — n)b*)S{ — (n? — n)b'Sp}.

Since Aga® + Asa* + A0 + Ay and Asa* + Asa® + A; are rational and
« is irrational in y*, therefore we have

AGOZG + A4C¥4 + A2042 + AO =0. (24)

A5Oé4 + A3a2 + Al =0. (25)

Since the term which does not contains 3 is Aga®, therefore there exists a
homogeneous polynomial Vs of degree 6 in ¢, such that 2n{(1+ (n?—n)b?)Si —
(n? —n)b'Sp}a® = BVs. Since a? # 0(modf), then we must have u’ = u’(x)
satisfying
20{(1 + (n* — n)b*)Si — (n* —n)b'Sy} = u'p. (2.6)
Contracting the above equation by b;, we have 2n{(1 + (n? — n)b*)Sy — (n? —
ﬂ)bzgo} = Uiﬂbi7 i.e.
2nSy = u'Bb;. (2.7)
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Again contracting this by b;, we have 2nS; = u'b;b;, further contracting this
equation by b7, we obtain u'b;b? = 0, i.e u'b; = 0. Putting this value in equation
(2.7), we obtain Sy = 0. Therefore from (2.6), we get

2n(1 + (n? — n)b?)S;; = u'b;, (2.8)
which implies u;b; +u;b; = 0. Contracting this equation by b7, we have u;b*> = 0
by virtue of b'u; = 0. Therefore we get, u; = 0. Hence from (2.8), we have
Sij = 0.
Conversely, from (2.5) we have 1—form vy = v;(x)y’, such that
Yooo = 000!2- (2.9)
Putting Sy = 0, S§ and ~p00 = voa? into (2.2), we have
{?(14+(n?—n)b*)—(2—n)aB—(n*—1) B>} (veo—voy’)+(n*—n)roo (b’ —By*) = 0.
(2.10)
Since (a — (n — 1)B) # 0, the equation (2.10) may be expressed as follows

Pa+Q =0,
where

P = (2—n)B(v5 — voy’),

Q = {?(1 + (n* = n)b?) — (n* = 1)B%} (750 — voy’) + (n* — n)roo (@b’ — By’).
Since P and @) are rational and « is irrational in y* we have P = 0 and @ = 0.
Initially, P = 0 implies that

Yoo — voy' = 0. (2.11)

i.e.

27§k = v;0} + vk5;», (2.12)
which implies that the associated Riemannian space (M™, ) is projectively
flat.

Next, from @ = 0 and from 7}, — voy® = 0, we have
(n? —n)reo(a?d’ — By*) = 0. (2.13)

Contracting the equation (2.13) by b;, we have (n? — n)rp(a?b? — 32) = 0,
from which we obtain rpo = 0 i.e. r;; = 0. From S;; = 0 and 7;; = 0, we have
bi;; = 0. On the other hand if b;,; = 0, then

2Tij = bj;i7 (214)
28i; = —bjui. (2.15)

By addlng (214) and (215), we have 2Tij +282J =0i.e. 251] =0and 2Tij = 0,
then we have rgo = S§ = Sp. So (2.2) is a result of (2.11). Hence we have:
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Theorem 2.1. A Finsler space F™ equipped with n—power (a, 8)—metric and
the associated Riemannian space (M™, «) is projectively flat if and only if the
covariant derivative of b; with respect to 'y’ is zero.

Some special cases:

Case(a): Put n =0 in equation (1.5), we have
L=a (2.16)

Differentiating equation (2.16) partially with respect to «, 8, aa and 83, we
have

Lo=1,
Ls=0
p (2.17)
‘Caa = 0,
EB[—} - O.

Since 1 + (5%)(0[2()2 — %) # 0, then putting the these values of L, L5, Laa
and Lgg in the equation (1.4) we obtain

{ (oo~ 258" } o

v = Yo00y"- (2.18)

This implies that

Hence:

Theorem 2.2. If we take n = 0, then the n—power (o, 3)—metric is neither
projectively flat nor the associated Riemannian space (M™, ).

Case(b): Put n =1 in equation (1.5), we obtain
L=a+p. (2.19)

If we put n = 1 in equation (1.5), then equation (2.19) is known as a Randers
change of (o, 8)—metric. It has been studied by Matsumoto [5].
Case(c): Put n = 2 in equation (1.5), we obtain

(a+ )

(67

L= (2.20)

Differentiating equation (2.20) partially with respect to a, 8, aa and B3, we
have

o252
‘Coz - ( a2,8 )7

2
Lg= %’

o (2.21)
Lop =2,
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Since 1 + (%)(Q%Q — %) # 0, then putting the these values of La, Lg, Laa
and Lgg in the equation (1.4), we obtain

(a®(1+26%) = 36%){(e® 60 — Y000y ) (@ — B) + 40 S5}

+202 (b — By ){(a — B)ro0 — 4a°Sp} =0

The above equation can be rewritten as a polynomial of degree 6 in ’a’, which

(2.22)

is given as
AGOéG + A4CY4 + A2a2 + Ay + a(A5a4 + A3a2 + Al) =0, (223)

where

Ao = =38%y"y000,

Ay = 38000y,

Az = By" 000 + 2b°BY* Y000 + 36°760 + 267y 100,

Az = —y"vb0 — 26*y"v000 — 387760 — 2By 00,

Ag = =228~y — Bio — 128288 — 2b' Broo + 86y So,
As = by + 278,08 + 2bi o,

Ag = 4{(1 + 262)S1 — 2y }.

Since Aga® + Asa* + Asa? + Ag and Asa* + Asza? + A; are rational and
o is irrational in %%, therefore we have

Aga® + Agat + Aza® + 4y = 0, (2.24)

Asat 4+ Asa® + A; = 0. (2.25)

Since the term which does not contains 3 is Aga®, therefore there exists a
homogeneous polynomial Vi of degree 6 in y*, such that

4{(1 4 2b*)S; — 2b'Sp }ab = V.
Since a? # 0(modf3), then we must have u® = u’(z) satisfying
4{(1 +2b*)S) — 2b'Sp} = u'B. (2.26)
Contracting the above equation by b;, we have 4S5 = u’3b;, i.e.
48; = u'b;b;. (2.27)
Further contracting this equation by &/, we obtain

uib;b® =0,
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i.e. u'h; = 0. Putting these value in equation (2.27), we obtain
So = 0.
Therefore from (2.26), we get
4(1 4 2b%)S;i; = ugbj, (2.28)

which implies u;b;+u;b; = 0. Contracting this equation by b/, we have u;b* = 0
by virtue of b'u; = 0. Therefore we get u; = 0, hence from (2.28), we have
Conversely, from (2.25), we have 1— form vy = v;(z)y* such that

Yooo = anz- (2.29)
Putting Sp = 0, 8§ and ~p00 = voa? into (2.22), we have
{o®(1+2b%) = 38} (760 — voy’) + 2r00(e®b' — By') = 0. (2.30)
Since (a — ) # 0, the equation (2.30) may be expressed as:
Pa+@Q =0,

where P = 0 and Q = {a?(1 + 2b%) — 382} (véo — voy’) + 2100(ab" — By*)}.
Here P and () are rational and « is irrational in 3%, we have P = Q = 0. Since
rational part of this equation has already vanished so it is not showing that the
associated Riemannian space (M™,a)is projectively flat and b;;; # 0. Hence,
we have

Theorem 2.3. A Finsler space F™ equipped with a square («, 8)—metric is
neither the associated Riemannian space (M™, a) nor projectively flat.

Case(d): Put n = 3 in equation (1.5), we obtain
(a+B)°

a2
If we put n = 3 in equation (1.5), then equation (2.31) is known as cubic
(cr, B)—metric. It has been studied by Brijesh Tripathi, Sadika Khan and V.
K. Chaubey [14].

L= (2.31)

Case(e): If we put n = 4 in equation (1.5), we obtain

P Gty (2.32)

3
Taking the partial derivative of (2.32) with respect to «, §, aa and 53, we
have

)

= (aFB)*(a=35)
_ 4ot BY°

La
‘Cﬁ a3
£ 128%(a4p)’ (2:33)
ao T b ’
2
Lpp = G
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If {1+ 222 (ab? — B2)} # 0, then we have {a?(1 +120?) — 203 — 158} # 0.

Putting the values of L, £, Laa and Lgg in equation (1.4), we obtain
(@®(1+12b%) — 208 — 158*){(a®vio — Yo00y") (o — 38) + 8a*Sy) + 1202 (b
— By ) H{(a = 3B8) 100 — 8>Sy} = 0.

(2.34)
The above equation can be rewritten as a polynomial of degree 6 in ’a’, which
is given as
Aga® + Agat + Asa® + Ag + a(Asa + Asa® + Ap) =0, (2.35)
where

Ag = —458%y"v000,
A = 952700()yia
Ay = 5By "v000 + 366° By 000 + 45860 + 3687y oo,
Az = —y"y000 — 8b%¥" Y000 — 98750 — 158y o0,
Ay = 600 Bygg + 58750 — 1206285 — 36b" Broo + 968y’
As = vho 4+ 12750b? + 12b'ro0 — 1638,
Ag = 8{(1 +12b*)S} — 12b'Sy}-
Since Agab + Asa* + Aya? + Ag and Asa* + Asa? + A; are rational and « is
irrational in y*, therefore we have
Aga® + Aga® + Aza® + Ay = 0. (2.36)
Asat + Asa® + A = 0. (2.37)

Since the term which does not contains 8 is Aga®, therefore there exists a
homogeneous polynomial Vg of degree 6 in y*, such that

8{(1 +126*)S} — 126°Sp}a’ = V.
Since a? # 0(modf3), then we must have u’ = u’(z) satisfying
8{(1 4 126*)SE — 12b'Sp} = u'B. (2.38)
Contracting the above equation by b;, we have
8Sy = u'Bb;. (2.39)

Again contracting this by b;, we have 8S; = u'b;b;. Further contracting this
equation by b/, we obtain u'b;b? = 0, i.e u’b; = 0. Putting this value in equation
(2.39), we obtain Sy = 0. Therefore from (2.38), we get

8(1 + 126%)S;; = w;b;, (2.40)

which implies u;b;+u;b; = 0. Contracting this equation by b/, we have u;b* = 0
by virtue of b'u; = 0. Therefore we get u; = 0, hence from (2.40), we have
Sij =0.
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Conversely, from (2.37), we have 1— form vy = v;(z)y’, such that

Yooo = voa”. (2.41)
Putting Sp = 0, 8§ and ~ypp0 = vo? into (2.34), we have
{®(1 +12b%) — 208 — 1562} (789 — voy') + 12700(a®b — By') = 0. (2.42)
Since (a — 383) # 0, the equation (2.42) may be expressed as:
Pa+Q =0,
where
P =-2B(y50—v0y"), Q= {a®(1+126°)~155} (750 —voy’) +12r00(a’b’ —By").
Since P and @ are rational and « is irrational in y*, we have P = Q = 0.
Initially, P = 0 implies that
Yoo — voy' =0, (2.43)
that is
295k = ;04 + Vi), (2.44)
which implies that the associated Riemannian space (M™,«) is projectively
flat.
Next , from Q = 0 and from 7}, — voy® = 0, we have
12790(a?b" — By") = 0. (2.45)

Contracting the equation (2.45) by b;, we have 12rg0(a?b? — 32) = 0, we obtain
T00 = 0, i.e. 75 = 0. From S;; = 0 and r;; = 0, we have b;;; = 0. On the other
hand, if b;; = 0, then we have 199 = S} = Sp. So (2.34) is a result of (2.43).
Thus we have:

Theorem 2.4. A Finsler space F™ equipped with quartic (o, B)—metric and
the associated Riemannian space (M™, «) is projectively flat if and only if the
covariant derivative of b; with respect to 'y’ is zero.

Conclusion

A Finsler space F™ equipped with n-power («, §)—metric and associated Rie-
mannian space (M™, «) is projectively flat if and only if covariant derivative of
b; with respect to ’j’ is zero. If we take n = 0,2, the condition of projectively
flatness is not satisfied but for n = 1, 3,4 the condition of projectively flatness
are satisfied.
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