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Abstract. In this paper, we study the class of C'3-like Finsler metrics with rel-
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1. Introduction

There are some interesting special forms of Cartan torsion and Landsberg
tensor which have been obtained by some Finslerians [2][4][13][15]. The Finsler
spaces having such special forms have been called C-reducible, semi-C-reducible,
C2-Like, L-reducible (or P-reducible), general relatively isotropic Landsberg,
and etc [5][6]. Let us remark the notion of Cartan torsion and Landsberg ten-
sor. For a Finsler manifold (M, F'), the second derivatives of %FE aty € T, My
is an inner product g, on T, M. The third order derivatives of %Ff aty € T, My
is a symmetric trilinear forms C, on T, M. We call g, and C, the fundamental
form and the Cartan torsion, respectively. In [4], Matsumoto introduced the
notion of C-reducible Finsler metrics and proved that any Randers metric is
C-reducible. Later on, Matsumoto-Hojo proves that the converse is true too [1].
A Randers metric F' = a + ( is just a Riemannian metric a perturbated by a
one form (3, which has important applications both in mathematics and physics
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[14]. The rate of change of C, along geodesics is the Landsberg curvature L,
on T, M for any y € T,, My. F is said to be Landsbergian if L = 0.

In [10], Prasad-Singh by considering the special form of Cartan torsion of
3-dimensional Finsler spaces introduced a new class of Finsler spaces named by
C3-like spaces which contains the class of semi-C-reducible spaces, as special
case (see [7], [8], [9]). A Finsler metric F on a manifold M of dimension n > 3
is called C3-like if its Cartan tensor is given by

Cijk = {aih]’k + ajhki + akhij} + {bilek + Iibjlk + Iiljbk}, (1.1)
where a; = a;(z,y) and b; = b;(x,y) are homogeneous scalar functions on T'M

of degree -1 and 1, respectively. We have some special cases as follows:

(1) If a; = 0, then we have
Cijk = {binIk + Iibjlk + Iiljbk}.

Contracting it with g% implies that
1
by = ———=1I,.
3|1
Then F' is a C2-like metric;
(2) If b; = 0, then we have

Cijik = {aihjlc +ajhyg; + akhij}.

Contracting it with g% implies that
1
I;.
n+1
Then F' is a C-reducible metric;
(3) Let us put

a; =

p q
— 1, b= sl
n+1 31112

where p = p(z,y) and ¢ = ¢(z,y) are scalar functions on TM. In this

a; =

case, F' reduces to a semi-C-reducible metric.
It is remarkable that, in [2] Matsumoto-Shibata introduced the notion of semi-
C-reducibility and proved that every non-Riemannian («, §)-metric on a man-
ifold M of dimension n > 3 is semi-C-reducible. Therefore the study of the
class of C'3-like Finsler spaces will enhance our understanding of the geometric
meaning of (a, §)-metrics.

Theorem 1.1. Let (M, F) be an n-dimensional C3-like Finsler manifold n > 3
such that b; = b;(x,y) is constant along Finslerian geodesics. Suppose that one
of the following holds:

2 (i) I=-1/2;

: (i) ai = 2ca;;
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where J := by, I™ and a; = ai|jyj. Then F' is isotropic mean Landsberg metric
J = cF1 if and only if it is isotropic Landsberg metric L = cF'C.

2. Preliminaries

Let M be a n-dimensional C'*° manifold. Denote by T,,M the tangent space
at x € M, and by TM = U,epT, M the tangent bundle of M.

A Finsler metric on M is a function F' : TM — [0, c0) which has the following
properties:
(i) Fis C*® on TMy :=TM \ {0};
(ii) F' is positively 1-homogeneous on the fibers of tangent bundle T'M,
(iii) for each y € T, M, the following quadratic form g, on T, M is positive
definite,

1
g, (u,v) == 3 [F?(y + su+tv)] |s =0, u,v € T,M.

Let © € M and F, := F|r,p. To measure the non-Euclidean feature of Fj,
define Cy : T, M @ T, M ® T, M — R by

1d
Cy(u,v,w) := Sd [gy+tw(u,v)] lt=0, u,v,w € TyM.
The family C := {C, },ernm, is called the Cartan torsion. It is well known that
C=0 if and only if F' is Riemannian.

For y € T,, My, define mean Cartan torsion I, by I, (u) := I;(y)u’, where
I; i= g"* Ciji.

Here, u = u'd/0x%|,. By Diecke Theorem, F is Riemannian if and only if
I, =0.

For y € T, My, define the Matsumoto torsion My : T, M @ T, M @ T, M — R
by My (u, v, w) := M;jx(y)u'viw® where

1
M;ji == Ciji — m{lihjk + Lihg, + Ixhis},

and h;; = FF, = gij — %gipypgquq is the angular metric. A Finsler
metric F' is said to be C-reducible if M, = 0. This quantity is introduced
by Matsumoto [4]. Matsumoto proves that every Randers metric satisfies that
M, = 0. A Randers metric F' = ao +  on a manifold M is just a Riemannian
metric o = \/a;;y'y’ perturbated by a one form 3 = b; ()y* on M such that
I8]la < 1. Later on, Matsumoto-H6jo proves that the converse is true too.

Lemma 2.1. ([1]) A Finsler metric F' on a manifold of dimension n > 3 is a
Randers metric if and only if M, = 0, Yy € T'M,.
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A Finsler metric is called semi-C-reducible if its Cartan tensor is given by
p q
Cij = m{hijlk + hjid; + hy L} + ﬁliljlk,

where p = p(z,y) and ¢ = q(x,y) are scalar function on TM and C? = I'I;.
Multiplying the definition of semi-C-reducibility with ¢/* shows that p and ¢
must satisfy p+ ¢ = 1. If p = 0, then F is called C2-like metric. In [2],
Matsumoto and Shibata proved that every («, 8)-metric is semi-C-reducible.
Let us remark that an («, §)-metric is a Finsler metric on M defined by F :=
ad(s), where s = B/a, ¢ = ¢(s) is a C* function on the (—bg, by) with certain
regularity, « is a Riemannian metric and § is a 1-form on M [3].

Theorem 2.2. ([2][3]) Let F = cz)(g)a be a non-Riemannian («, 5)-metric on
a manifold M of dimension n > 3. Then F' is semi-C-reducible.

The horizontal covariant derivatives of C along geodesics give rise to the

Landsberg curvature L, : T, M ® T, M ® T, M — R defined by
Ly (ua v, 'LU) = Lijk(y)uivjwk7

where Liji := Cyjpsy°, u = ui%u, v = vi%\r and w = wi%h. The family
L := {Ly}yern, is called the Landsberg curvature. A Finsler metric is called
a Landsberg metric if L = 0.

There are many connections in Finsler geometry [11][12]. In this paper, we
use the Berwald connection and the h- and v- covariant derivatives of a Finsler
tensor field are denoted by “ | ” and “, ” respectively.

3. Proof of Theorem 1.1

In this section, we are going to prove Theorem 1.1. For this aim, we need
the following.

Lemma 3.1. Let (M, F) be an n-dimensional C3-like Finsler manifold n > 3.
Suppose that F is not Riemannian. Then the following hold:

ai(z,y)y' =0, bi(z,y)y’ =0. (3.1)
Proof. F is C3-like metric
Cijk = {aihjk +ajhy + akhij} + {binIk + Iibj I, + Iinbk}a (3.2)

where a; = a;(z,y) and b; = b;(x,y) are scalar functions on TM. Multiplying
(3.2) with g% implies that

I, = aihjk + bilek- (33)
Contracting (3.2) with y* yields
aiyihjk + biinjIk =0. (34)
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Multiplying (3.4) with g/* gives us

(n = Dagy" + |[1[*biy" = 0, (3-5)
which by considering the assumption ||I]| # 0 is equal to
Putting (3.6) in (3.4) implies
1 .
hjk — W(n — 1>Ijlk aiy’ =0. (3.7)
By contracting (3.7) with I and using
hixl? = Iy
we get
(n —2)a;y'Iy = 0. (3.8)
Since F' is not Riemannian and n > 3, then (3.8) gives us
a;y’ = (3.9)
Putting (3.9) in (3.6) yields
biy' =0 (3.10)
This completes the proof. (Il

Lemma 3.2. Let (M, F) be a C3-like Finsler manifold. Suppose that b; =
bi(xz,y) is constant along Finslerian geodesics and I™b,, = —1/2. Then F is
isotropic mean Landsberg metric if and only if it is isotropic Landsberg metric.

Proof. F is C3-like metric
Cijk = {aihjk +ajhg; + akhij} + {bifjfk + IibjI;, + Iifjbk}, (3.11)

where a; = a;(z,y) and b; = b;(x,y) are scalar functions on TM. Multiplying
(3.11) with g% implies that

1
= —Ja -2y, - IQbi}, 3.12
a= —{a-26 -1 (3.12)
where J := b, I™ and ||I||? := I,,I™. By plugging (3.12) in (3.11), we get

27

1
n = —A L + Ly Ihi-}f—
Cijk n—l—l{ ik + Lihg; + Lihgg 1

{Iihjk + Lihg + Ikhij}

L AP T4 LbiT 4 L,
s+ b+ iy b+ (B B+ Ly B+ L, (3.13)
or equivalently
23 ]
Mij, = *m{fih]‘k + Lihg + Ikhij} Taal {bihjk + bjhki + bkhij}

+{bi1j1k +Iibi I+ Iizjbk}. (3.14)
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By taking a horizontal derivation of (3.14), we have

Mije = —

(T Imb’m){lihjk + Iy + Ikhij}

27
n+1

{Jitin+ it + Jihis | - ”J {Bitgh + Vg + b §

g (T Ime){bihjk + bl + bkhij}

BT Ly + b Tl + b+ b il + bl
+ {bgfjfk + VLT + bgcmj}, (3.15)

where 0] = b;|sy° and

1
Mijk = Lijk — m{Jihjk + Jihgi + thij}~

Let b, = 0. Then (3.15) reduces to following

1
Liji =

27
1 Jihji + Jjhy + thij} - m{jihjk + Lihg; + Ikhij}

{
- {J b + Jihi + thij}bmfm

3
b +

-3

] (J™ Ly + Ime){bihjk +bjhg + bkhij}

+ biJjIk—FbinJk—‘rijiIk—i-bjIZ‘Jk—i-kailj +b}€IiJj} (316)

—~

Let F is isotropic mean Landsberg metric
J =cFI,

where ¢ = ¢(z) is a scalar function on M. Then (3.16) became as follows

cF 4cF'J
Liji, = m{lihjk + Iihg + Ikhij} —— {I hjk + Lihg + Ikh”}
2¢F |12
- %{bih]’k +bjhg + bkhij}
+ 2F{bily I + Tibs Ty + Lil by ). (3.17)

By (3.13) we have

(BT + Lt I+ Lo b = Cuge = ——{ T + Lt + Lihis |

n+1

+ {Iihjk+Ijhki +Ikhij}

n +
T)*
n+1

+ {b Byt + bilni + b b(3.18)
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Putting (3.18) in (3.17) yields

F(1+27
Lijr = 2cFCijp, — LTy fz_’_ 1 ){Iihjk + Lihy + Ikhij}. (3.19)
Since J = —1/2, then (3.19) reduces to L;;, = 2c¢FCjjy. O

Lemma 3.3. Let (M, F) be a C3-like Finsler manifold, such that b; = b;(x,y)
is constant along Finslerian geodesics and a) = 2ca;. Then F is isotropic
mean Landsberg metric J = cF1 if and only if it is isotropic Landsberqg metric

L=cFC.
Proof. Let F' be a C3-like metric
Cijk = {aihjk +ajhg; + akhz’j} + {biljlk + Libi I + Iiljbk}, (3.20)
By taking a horizontal derivation of (3.20), we get
Liju = {a;hjk +dhy + a;hij} + {b;IjIk + VLT + b;CIin}
+ {biJjIk + bl Iy + b; Jidy + b L Iy + b ;I + kaiJj}. (3.21)

Let F is isotropic mean Landsberg metric J = ¢FI. Then (3.21) became as
follows

Lije = {aihn + ahu + aihisk + (LT + VLT + B LT |
+ QCF{binIk + Ibi I + Iiljbk}.(3.22)
By (3.20) we have
{biljlk + LibjIy + Iifjbk} = Ciji — {aihjk' +ajhyi + akhij}' (3.23)
Putting (3.23) in (3.22) yields
L;jk = 2cFCyji, + {(a; — 2ca;)hji + (a; — 2caj)hy; + (ay, — 20ak)hij}
+ {b;IjIk + VLT + b;CIZ-Ij}. (3.24)
Since b; = 0 and a} = 2ca;, then (3.24) reduces to
Liji = 2¢FCijy. (3.25)

This completes the proof. (I

Proof of Theorem 1.1: By Lemmas 3.2 and 3.3, we get the proof. (]
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