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A NOTE ON QUASI-HEMI SLANT SUBMANIFOLDS OF
A NEARLY TRANS-SASAKITAN MANIFOLDS

SHAMSUR RAHMAN AND AMIT KUMAR RAI

ABSTRACT. Here our main objective is to introduce the notion of
quasi hemi-slant submanifolds as a generalized case of slant sub-
manifolds, semi-slant submanifolds and hemi-slant submanifolds of
contact metric manifolds. We mainly focus on quasi hemi-slant sub-
manifold of nearly trans-Sasakian manifold. During this manner,
we tend to study and investigate integrability of distributions which
are concerned in the definition of quasi hemi-slant submanifold of
nearly trans-Sasakian manifold. Moreover, we tend to get necessary
and sufficient conditions for quasi hemi-slant submanifold of nearly
trans-Sasakian manifold to be totally geodesic for such manifolds.
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1. INTRODUCTION

The concept of slant submanifolds of almost Hermitian manifolds has
been studied by B.Y. Chen [(], and also studied on natural generalization
of holomorphic immersions and totally real immersions and many more
[6], []. A. Lotta [2] introduced and studied slant immersions of a Rie-
mannian manifold into almost contact metric manifold. The Lorentzian
para-Sasakian manifolds were defined K. Matsumoto [9]. 1. Mihai and
R. Rosca [7] are also studied.
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K. Matsumoto and I. Mihai [10] has defined and studied Lorentzian
para-Sasakian manifolds. Later, many articles have appeared exploring
the generalization of semi-slant submanifold, pseudo-slant submanifold,
bi-slant submanifold and hemi-slant submanifold etc., in known differ-
entiable manifolds [14], [15], [16].

2. PRELIMINARIES

If M is an (2n + 1)- dimensional almost contact manifold, endowed
with structure (¢, &, v, <,>), then we obtain

(2.1) P?=v0t—1I, 1=uv()
=0, 0=v(p) and rank(p)=2n
(2.2) < QXY >=< X,V > —v(X)v(Y),

(23) w(X)=<X, &> and — < X,$Y >=< X,V >

where X and ) are vector fields on M and if the almost complex struc-
ture J on the product manifold M x R satisfies

(2.4) J (X, fd/dt) = (pX — [, v(X)d/dt),

then the almost contact structure (¢, &,v) has said to be normal. For
trans-Sasakian manifold, the following conditions are equivalent

(Vad)y = —p{v(V)X = < X,V > &} — p{o(V)pX+ < X, 0V >}

(2.5) Val = —popX — pp*X
(Vav)Y = —pu < X, Y > +p < ¢X, Y > and Vep = 0.
It is nearly trans-Sasakian manifolds if

(2.6) (Vyd)X + (Vx9)Y = —p{v(X)oY +v(V)oX}
—p{vV)X + v(X)Y
—2< X, Y >},
for all vector fields X', ) tangent to M where V denotes Riemannian
connection with respect to <, >.
Now, suppose M be a submanifold of a contact Lorentzian metric man-
ifold M with the induced metric <,> and & be tangent to M. Also
suppose V and V+ be the induced connections on the tangent bundle
T M and the normal bundle T M of M, respectively. Then the Gauss-
Weingarten formulas are given by

(2.7) ?Xy = O'(X,y) +Vy)Y
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(2.8) Vad = —AX + V3,

for all vector fields X,) tangent to M and any vector filed A normal
to M, where o and A are the second fundamental form and the shape
operator for the immersion of M into M. The second fundamental form
o and shape operator Ay are related by

(2.9) <o(X, V), A >=< AhX, Y >,

for all vector field X tangent to M and vector field A normal to M, we
can write

(2.10) pX =TX + NX

(2.11) O\ = tA + s,

where TX and t\ are the tangential components of ¢pX' and ¢\, respec-
tively, where as N and F\ are the normal components of ¢ and @A,
respectively. Thus by using (2.10) and (2.11), we can obtain

(2.12) (VaT)Y —T(VxY) = (VaT)Y
(VEN)Y = N(Va)) = (VaN)Y
(2.13) (Vat)A — t(VE)A = (Vat)A,

(VEs)A — s(VHA) = (Vas)A
for all vector fields X, ) tangent to M and vector field A normal to M.
The mean curvature vector ¢ of M is given by

1 1 &
214 = —1 - 19C1)
(2.14) H - race(o) - ; o(ei, i)

where m is the dimension of M and {e1, €9, ..., &, } is a local orthonormal
frame of M. A submanifold M of an almost contact metric manifold
M is said to be totally umbilical if

(2.15) <X, Y>H=0X),

where o is the mean curvature vector. A submanifold M is said to be
totally geodesic, if o(X,)) = 0. For all vector fields X', ) tangent to M
and M is said to be minimal if H =0 .

Now, Py and Fy) are the tangential and normal parts of (Vx¢)),
then we decompose

(2.16) FxY+PxY = (Vap)Y,
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for all vector fields X', Y tangent to M. Thus, we can obtain

(2.17) PxY = —to(X,Y) — AnyX + (V2T)Y
and
(2.18) FaY = o(X,TY) — Fo(X, V) + (VaN)V.

Similarly, Py A and Fy A are the tangential and normal parts of (Vx¢)A,
respectively, then we infer

(2.19) PxA = (Vat)d — Ap X + TA\X

and

(2.20) Fxd=(VxF)A+o(tA\, X) + NAX,

for the vector field A normal to M. By using (2.6), we deduce
(221)  (Vy)X = —(Vag)Y — p{v(X)oY +v(V)oX}

—u{o(NX +o(X)Y —-2< X,V > ¢
and
(Vyd)X + (Vad)Y = —pVyX + VyoX — ¢VaY + Vao).
From (2.7), (2.8), (2.10) and (2.11), we get
(Vyd)X = —¢(0(X,Y) + VD) — ¢(c(X,Y) + VykX)
—(Vxd)Y + VaNY + VyNX + VTY + VyTX

(2.22) VxTY + o(X,TY) — AnyX + VENY
~TVxY — NVxY — 2to(X,))
—250(X,Y) + VyTX 4+ (Y, TX) — Ay
+VHNX — TVyX — NVyX = 0.

Then using (2.21) and (2.22), we deduce

(2.23) (VyT)X = —(VaT)Y+AnyX +Anx)Y —2to(X,))
—u{v(X) Y +ov(P)X -2< X, Y > &}
+p{o(X)TY + v(V)TX)

(224) (VyN)X = —(VaN)Y — oV, TX) - o(X,TY)

+2fo(X,Y) + p{v(V)NX + v(X)NYV}.
Take Y = ¢ in (2.6) and by using (2.2), (2.7) and (2.8), we infer
(2.25) T[X, €] = pTX — pud*X — 2t (X, &) + (VeT)X — TV X — Avwé
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(2.26) N[X,&] = (VeN)X — NVeX — 2fo(X,€) + o(TX,€) + pNX.

The submanifold M of an almost contact metric manifold M is invariant
for p(Tx M) C Tx M for every point X € M and carrying a Riemannian
manifold M isometrically absorbed in an almost contact metric mani-
fold M.

The submanifold M of an almost contact metric manifold M is anti-
invariant for ¢(TyM) C T M for every point X € M.

If ¢ is tangential in M for a submanifold M of an almost contact
metric manifold M then, the submanifold M of an almost contact metric
manifold M is slant for each non zero vector X tangent to M at X € M
such that X is linearly independent to £y, the angle 8(X’) between ¢pX
and Ty M is constant i.e. it does not depend on the choice of the point
X € M and X € TyM — {£}. In this case, the angle 6 is called the
slant angle of the submanifold. A slant submanifold M is proper slant
submanifold for neither § = 0 nor § = 7/2. Here TM = Dy ®{¢{}, where
Dy is slant distribution with slant angle 6.

If & = 0, then slant submanifolds is said to be an invariant sub-
manifolds and if & = 7/2 , then the slant submanifolds is said to be
anti-invariant submanifolds.

The submanifold M of an almost contact metric manifold M is semi-
invariant if there exist two orthogonal complementary distributions D
and D+ on M such that

TM=Da®D+a{¢,

where D is invariant i.e. $D C D and D' is anti -invariant i.e. ¢D+ C
(T+M) .

The submanifold M of an almost contact metric manifold M is semi-
slant if there exist two orthogonal complementary distributions D and
Dy on M such that

TM =D& Dy {&},

where D is invariant i.e. ¢D C D and Dy is slant with slant angle 6 here
the angle @ is called semi-slant angle.

The submanifold M of an almost contact metric manifold M is hemi-
slant if there exist two orthogonal complementary distributions Dy and
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D+ on M such that
L
TM=Dyd D & {},

where Dt is anti- invariant i.e. ¢D+ C (T+M) and Dy is slant with
slant angle # here the angle 6 is hemi-slant angle.

3. QUASI HEMI-SLANT SUBMANIFOLDS OF A NEARLY
TRANS-SASAKIAN MANIFOLDS

Studying the existence of quasi hemi-slant submanifolds in a nearly
trans-Sasakian manifolds is the goal of this section.

We say that M is quasi hemi-slant submanifold of a nearly trans-
Sasakian manifold M, if there exist three orthogonal complementary
distributions D, Dy and D+ on M such that
(a) TM admits the orthogonal direct decomposition

TM=D&Dy®D @ {¢}, ¢el(Dy)

(b) ¢D =D
(c) ¢D+ C T+ M.
(d) The distribution Dy is a slant with slant constant angle 6, where 6 =
slant angle.
In this case, 6 is said to be quasi hemi- slant angle of M. If the dimension
of distributions D, Dy and D+ are m;, ma and ms respectively, then
(a) M is a hemi-slant submanifold for m; = 0.
(b) M is a semi-invariant submanifold for mgy = 0.
(c) M is a semi-slant submanifold for ms3 = 0.
The quasi hemi-slant submanifold M is proper if D # {0}, Dy # {0},
D+ = {0} and 0 # 0, 7/2.

It represents that quasi hemi-slant submanifols is a generalization of
invariant, anti-invariant, semi-invarint, slant, hemi-slant, semi-slant sub-
manifolds.

It is clear from definition that if D # {0}, Dy # {0} and D+ = {0},
then dimD > 2, dimDy > 2 and D+ > 1. So for proper quasi hemi slant
manifold M, the dimM > 6.

Suppose M be a quasi hemi-slant submanifold of Sasakian manifold
M and the projections on D, Dy and D+ by P, Q and R respectively,
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then for all vector field X tangent to M, we infer

(3.1) X =RX + QX + PX + v(X)E.
Now put
(3.2) TX +NX = o¢X,

where TX and NX are tangential and normal part of X on M. From
(3.1) and (3.2), we derive

(3.3) PX = NRX +TRX +NQX +TOX + NPX +TPX.
As ¢D = D and ¢D+ C T+ M, we obtain NPX = 0, and TRX = 0 and
(3.4) PX = NRX +NOQX +TOX +TPX.
For all vector field X’ tangent to M, we infer
TX =TPX +TQOX

and
NX = NOX + NRX.
Using (3.4) we deduce the following decomposition,

(3.5) H(TM) =D @ TDyg® NDy & ND+.
As NDy C T+ M and ND+ C T+ M, we obtain
(3.6) T*M = NDy & ND* & &,

where x denotes the orthogonal component of NDy & ND+ in T'(T+M)
and invariant with respect to ¢.
For all non-zero vector field A normal to M, we infer

(3.7) PN = tA + S,
where tA tangent to M and s\ normal to M.

Proposition 3.1. For a submanifold M of a nearly trans-Sasakian man-
ifolds M, we infer

(3.8) (VyD)X = —(VaD)Y+ AnyX + AnxdY + 2t0(X,))
+u{v(X)Y + o)X —2< X, Y > &}
—p{v(V)TX + v(X)TY}

(3.9)  (VyN)X = —(VaN)Y+2s0(X,Y)—o(X,TY)

—0(V,TX) — p{v(V)NX + v(X)NY},
for all vector fields X', tangent to M.
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Proposition 3.2. For a quasi hemi-slant submanifold M of a nearly
trans-Sasakian manifolds M, we infer

(3.10) TD =D, TDy=Dy, TD+={0},

tNDy =Dy, tNDy=D> .
From (3.2), (3.7) and ¢? = —I + v ® £, we get

Proposition 3.3. For the endomorphism 7" and N, ¢t and s of a quasi
hemi-slant submanifold M of a nearly trans-Sasakian manifolds M in
the tangent bundle of M, we infer

(i) T? +tN = —I + v ® £ on tangent M

(ii) NT 4+ sN = {0} on tangent M

(iii) Nt + s> = —I on normal M

(iv) Tt + ts = 0 on on normal M.

Lemma 3.4. For a quasi hemi- slant submanifold M of a nearly trans-
Sasakian manifolds M, we infer

(1) T?X = —(cos® 0) X,

(2) <TX,TY >= (cos?0) < X,) >

(3) < NX,NY >= (sin?0) < X, Y >

for all X, Y € Dy.

Proof: The proof is the same as in [11].

Proposition 3.5. For a quasi hemi- slant submanifold M of a nearly
trans-Sasakian manifolds M, we infer

(VyT)X = —(VaT)Y +2to(X,Y) + AnyX + AyxY
+u{v(X)Y +ov(D)X -2 < X, Y > &}
—p{v(X)TY + (V)T X}
(VyN)X = —(VaN)Y —p{v(Y)NX +v(X)NY}

—o(X,TY) — o(V,TX) + 250(X,))

(Vat)d = =(Vyt) A + A X + Ay — TANX — TA\Y
and

(VXs))\ = —(vyS)A - O'(X,t)\) + O'(y,t/\) - NA,\X — NA,\)/,
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for all vector fields X', ) tangent to M and vector fields A normal to M.

Proposition 3.6. For a quasi hemi-slant submanifold M of a nearly
trans-Sasakian manifolds M, we infer

Vxl=—pTX + pX

and
o(X,§) = —uNX — pu(X)¢,
for all vector fields X tangent to M.

Lemma 3.7. For a quasi hemi-slant submanifold M of a nearly trans-
Sasakian manifolds M, we infer

U¢ZW = O‘¢WZ,
for all Z, W € D+,

Lemma 3.8. For a quasi hemi- slant submanifold M of a nearly trans-
Sasakian manifolds M, we infer

<[V, X, E> 2u<TY,X>42p <Y, X >=0

< VX, > —p<TY,X >+p <V, X > —pv(P)v(X) =0,
for all Y, X € T'(D & Dy @ D).

4. INTEGRABILITY OF DISTRIBUTIONS AND DECOMPOSITION
THEOREMS

For invariant distributions D, slant distributions Dy and anti-invariant
distributions D+ we provide the integrability criteria.

Proposition 4.1. The invariant distribution D of a proper quasi hemi-
slant submanifold M of nearly trans Sasakian manifold M is not inte-
grable.

Proof. If X,¥ € I'(D) and using (2.3), (2.5) and (2.7), we infer
(4.1) < [X, V], € >=2u< dX, Y > -2p< X, Y >#0.
Since < ¢pX,Y ># 0, therefore < [X, V], & ># 0. O
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Theorem 4.2. The distribution D @ {£} of a proper quasi hemi-slant
submanifold M of a nearly trans-Sasakian manifolds M is integrable if
and only if V X, Y € T(D @ {¢}) and Z € T(Dy @ D), we infer

(4.2) <VxTY -VyTX,TQZ> = <oV, TX)—-0o(X,TY),
NQZ+ NRZ > .
Proof. Using (2.2), (2.5) and (3.2) we obtain
<[XV,Z2> = —<VypX,Z>+<Vx),Z>
= — < PVYX,0Z > + < ¢V Y, 02 > .
After some computation, we get
(4.3) < VaTY —VyTX,TQZ > = <oV, TX)-o(X,TY),
NQZ+ NRZ > .
O

Proposition 4.3. A slant distribution Dy of proper quasi hemi- slant
submanifold M of a nearly trans-Sasakian manifolds M is not inte-
grable.

Proof. : If W, X € I'(Dy) and using (2.3), (2.5) and (2.7), we infer
< W, X],E>=2u< oW, X > —2p < W, X ># 0.
Since < W, X >+# 0, therefore < W, X], £ ># 0. O

Theorem 4.4. The distribution Dy @ {{} of a proper quasi hemi-slant
submanifolds M of a nearly trans-Sasakian manifold M is integrable if
and only if V Y, Z € ['(Dg @ {¢}) and W € T'(D @ D), we infer

(4.4) < An7zY — AnTyZ, W >=<ANnzY — ANy Z,TPW >
+ < VENY - Vy3NZ,NRW > .
Proof. If Y, Z € T(Dy @ {€}) and W = PW +RW € I'(D @ D+) and
using (2.2), (2.5) and (3.2), we infer
<[XV], 2 >=<¢VyZ, oW > — < ¢V Y, oW > .
By using (2.8), (3.2) and lemma 3.4 we infer,
(sin?0) < [V, Z],W > = < Anrz) — AnTyZ, W >
+ < VyNZ —VzNY,NRW >
— <ANnzY = ANYZ, TPW >.
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This leads to the following conclusion:

Theorem 4.5. The distribution Dy @ {} of a proper quasi hemi-slant
submanifolds M of a nearly trans-Sasakian manifold M is integrable if

VNV — VisNU € NDy @ &,

AnTyvU — ATV € Do
and
AnyU — AnyV € Dt @ Dy,
for all V,U € T(Dp @ {€}).

Theorem 4.6. The anti-invariant distribution D+ of a quasi hemi-slant
submanifold M of a nearly trans-Sasakian manifolds M is integrable if
and only if ¥ Z, W € I'(D+), we infer
VINW - Viy,NZ € ND* @ k.
Proof. If Z,W € T(D4),Y = PY + QY € I'(D @ Dy) and using (2.2),
(2.5), (2.8), (3.2) and lemma 3.7, we infer
< [Z7W}7y > = < ?Z¢Wa ¢y >—< ?W¢Za¢y >

=< ApzW, TPY > — < Ay Z,TPY >

— < VHoZ,NQY > + < VEeW,NQY >

=< VZNW,NQY > — < V{HNZ,NQY > .

O

Theorem 4.7. If M is a proper quasi hemi-slant submanifold of a nearly
trans-Sasakian manifolds M, then M is totally geodesic if and only if

(4.5)< oW, PX), YV >=< ViuNTQX,Y > + < AyoaxW,tY >
+ < ANRaW,tY > — < VLN, sY >
—cos?0 < o(W,QX),Y > .
Proof. f W, X € T(TM),Y € T(T+ M) and using (2.2), (2.5), we infer
<VUp&, Y > = <VpPX,Y>+<VpoX, YV >+ < VyRX,))
=< VwoPX, Y > + < VWTQX,¢) >
+ < VWNOX, Y > + < VyoRX, ¢V > .
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Using (2.3), (2.7), (2.8), (3.2) and lemma 3.4, we get

<VWX,Y> = <VpPX,Y>— < VpT20Xx,) >
— < VWNTQOX,Y >+ < VyyNOX, ¢y >
+ < VywNRX,¢Y >
=< o(W,PX),Y > +cos?f < VyyQX,Y >
+cos’0 < a(W,QX),Y > — < Vi, NTQX,Y >
+ < —AnoxW + Vi NQX, ¢ >
+ < —ANrRaW + Vi NRX, ¢Y > .

(4.6)< VX, Y > = <o(W,PX),Y >
— < VipNTQX,Y > + < Vi N, fY >
— < AyoxW + AnraW,tY >
+cos?f < oc(W,0X),) > .
O

Examine the geometry of the leaves of the slant, anti-slant, and in-
variant distributions now.

Proposition 4.8. An invariant distribution D of proper quasi hemi-
slant submanifold M of a nearly trans -sasakian manifold M is not
define a totally geodesic foliation on M.

Proof. If Y, Z € T'(D) and using (2.3), (2.5), (2.7), we infer

(4.7) <VyZ, &> = <VypZ. &>
=pu<dY,Z2>—-p<Y,Z>+pu(Y)v(2)

(4.8) # 0.

Since < ¢Y, Z ># 0, therefore < VyZ,& ># 0. O

Theorem 4.9. The distribution D @ {£} of a proper quasi hemi-slant

submanifold M of nearly trans-Sasakian manifold M is define totally

geodesic foliation on M if and only if for all X, € I'(D), Z € I'(Dy &
DY) and A € (T+ M), we infer

< VTV, TQZ >= — < o(X,TY),NOZ + NRZ >

and
< VxTY N >=— < o(X,TY), s\ > .
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Proof. If X, € T(D),Z = QZ+RZ € I'(Dy ® D) and using (2.2),
(2.5), (3.2) and NY = 0, we infer

<VaV,Z> = < VTV, 0Z >
=< VTV, TQZ > + < o(X,TY),NOZ + NRZ >,

for all A € (T*M) and X,) € I'(D), we infer
< VaV, A >=< VaTY,tA > + < o(X,TY), s\ > .
O

Proposition 4.10. The slant distribution Dy of a proper quasi hemi-
slant submanifold M of a nearly trans-Sasakian manifold M is not define
a totally geodesic foliation on M.

Proof. If Y, Z € I'(Dy) and using (2.3), (2.5) and (2.7), we infer
(4.9) <VyZ, &> = <VypZ. &>
=p <PV, Z>-p<V,Z>+pu(Y)v(2)
(4.10) #0, forsome Y,Z €T'(Dy).
Since < ¢Y, Z ># 0, therefore < VyZ,& ># 0. d

Theorem 4.11. The distribution Dy @ {¢} of a proper quasi hemi-slant
submanifold M of a nearly trans-Sasakian manifold M is to define a
totally geodesic foliation on M iffV U,V € T(Dy@{¢}), W € T'(DEDL)
and A € (T+ M), we infer

< VENV,NRW >=< AyyU, TPW > — < Anryld, W >

and
< ANYULEA >=< VENV, s\ > — < VENTV, A > .

Proof. If U,V € T'(Dy @ {£}), W = PW +RW € I'(D @ D), and using
(2.2), (2.5) and (3.2), we infer

< VUV, W >=< Vy oV, oW >=< VTV, oW > + < VyNV, oW > .
Then using (2.8), (3.2) and Lemma 3.4 and the fact that NPW = 0, we

infer
<VyV W > = cos?0 < VyV,W>— < VyNTV,W >
+ < VyNV, oW >
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(4.11) sin? @ < VY, W > = < Aypld, W >

+ < VENV, NRW >
— < AU, TPW > .

Similarly, we get

(4.12) sin? < ViV, V> = — <VENTW,\ >

[1]
2]

3]

[10]
[11]
[12]

[13]

[14]

— < AnyU TN >
+ < VENV, s\ > .
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