Journal of Hyperstructures 12 (2) (2023), 257-275.
ISSN: 2322-1666 print/2251-8436 online

Research Paper

ZAGREB INDICES OF SOME CHEMICAL
STRUCTURES USING NEW PRODUCTS OF GRAPHS

LIJU ALEX AND G. INDULAL

ABSTRACT. Zagreb indices are one of the most extensively studied
degree-based structural descriptors for analyzing various physico-
chemical properties of chemical compounds. In this paper, we define
four new products of graphs based on adjacency relations and com-
pute their Zagreb indices. Using these expressions we compute the
Zagreb indices of various chemical compounds such as linear poly-
acene, a class of nanotubes NAZ", toroidal fullerene NC37, (H3%,)
and hexagonal lattice.
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1. INTRODUCTION

Topological indices, since their inception in 1947 by H. Wiener [29]
has been subjected to an extensive study in analysing the structure-
property relationship of compounds. In 1972, Gutman and Trinajsti¢
defined the first and second Zagreb indices as an easier approximation
in the computation of m— electron energy of hydrocarbons [22]. Let G
be any connected graph with vertex set V(G) and edge set E(G). The
first Zagreb index M;(G) and the second Zagreb index My(G) [21] are
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defined as

M(G)= ) d(u)

ueV(G)

My(G)= ) d(u)d(v)

uweE(G)

where d(u) denotes the degree of the vertex v in G. Through the years,
several mathematical properties and structure activity relationships of
Zagreb indices have been extensively studied. For a detailed literature on
Zagreb indices and other topological indices, see [1, 5, 13, 16, 20, 23, 24].

The determination of topological indices of chemical graphs is an im-
portant research problem for the past several years [0, 10]. The computa-
tion of topological indices of complex chemical structures is a challenging
problem which requires polynomial time. Graph operations generalize
various classes of graphs thus making the computation of topological
indices easier for larger classes of graphs. Graovac and Pisanski were
the first ones to study the topological indices of graph operations. They
computed the Wiener index of the Cartesian product of graphs [19].
Klavzar [20] determined the closed expressions for the Szeged index of
the Cartesian product of graphs. In [25], Khalifeh et al. determined
the exact expressions for Zagreb indices of Cartesian product and some
chemical structures. In 2009, Eliasi and Taeri defined F'— sums, a new
set of operations on graphs and computed the Wiener index of the sums
[17]. In [28], Metsidik et al. determined the hyper Wiener index and
reverse Wiener index of F'— sums. In 2016, Deng et al. gave the explicit
expressions for the Zagreb indices of F'— sums of graphs [14]. Akhtar and
Imran computed the Forgotten index of F'— sums [2]. Basavanagoud et
al. introduced sixty new operations related to F'— sums and computed
Zagreb indices and Forgotten index of the operations [11]. In 2019, Liu
et al. introduced the generalized form of subdivisions and Fj— sums.
They also computed the Zagreb indices of the Fy— sums [27]. Awais et
al. determined the exact expression for generalized Fj— sums of For-
gotten index [8]. Numerous graph operations have been defined, and
in-depth research has been done on computing various topological in-
dices on various graph operations [3, 4, 7, 6, 12]. Although there are
lots of graph operations which produce larger classes of graphs, most of
them does not include large class of chemical structures. In this paper,
we define a new graph operation called adjacency product or A-product
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Ficure 1. (a.) S(Ps), (b.) R(P5),(c.) Q(Fs), (d.) T(FPs)

which generalizes the structure of some chemical compounds and com-
pute the Zagreb indices of adjacency products.

2. FOUR NEW ADJACENCY BASED GRAPH PRODUCTS

Let G be a connected graph, then the four subdivison graphs S(G),R(G),
Q(G) and T(G) associated with G are [17]

e Subdivision graph S(G) of a graph G is obtained from G by
replacing each of its edges by a path of length 2, or equivalently,
by inserting an additional vertex into each edge of G.

e R(G) of a graph G is obtained from G by inserting an additional
vertex into each edge of G and keeping every edge of G.

e Q(G) of a graph G is obtained from G by inserting an additional
vertex into each edge of G, then joining every pair of new vertices
whose corresponding edges are adjacent in G.

e Total graph T'(G) of a graph G is obtained from G by inserting
an additional vertex into each edge of G and keeping every edge
of G and joining every pair of new vertices whose corresponding
edges are adjacent in G.

For example, the subdvision graphs of path P5 is plotted in Figure 1.
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Py Rg Py Py Mg Py PiRg Py PRy Py

FIGURE 2. The Adjacency Products of two Py’s.

For convenience, in F(G) where F' = {S, R, Q, T} we call newly intro-
duced vertices as white vertices and the vertices of G as black vertices.
Let Vi = {ui,u2, - ,un}, Vo = {v1,va, -+ ,v} denotes the vertex
sets and Ey = {ey,ea, -, e}, Eo = {f1, fo, -, fs} denotes the edge
sets of the graphs G; and G5 respectively. Associated with each edge
fi = vpvg € Ga, define a set Vi, = {vy;,v4;} of vertices and their union
be A(Gz) = Uj_Vy;. Every vertex of A(Gz) is of the form v;; where the
vertex v;; denote the copy of the vertex v; in G2 corresponding to the
edge f;.

Definition 2.1. Let F' be one among the four symbols S, R, Q,T, we
define the adjacency product or A- product of G; and Gy denoted by
G1X Gy is the graph with vertex set V(G1XpGe) = (VIUE7) X (A(G2))
and edge set E(G1 Xp Go) consist of edges (u;, vj)(up, vgr) if and only
if either uu, € E(F(G)) and vj, = vgr or u; = u, with vjv, € Eo and
k =r or u; = u, with ff. € L(G2) and j = ¢q where f, f, € Es.

In other words, corresponding to each vertex v € G2 we take d(v)
copies of F'(G1) and pairwise join the corresponding black vertices of
copies F'(G1) whenever the corresponding vertices are adjacent in Gy and
the corresponding white vertices of each pair will be adjacent to another
pair whenever the corresponding edges are adjacent in G5. Throughout
this paper we consider generalized Zagreb index as Mo(G) = 3 ey () d(w)%,
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« > 3 is a natural number. When o = 3 it is called Forgotten index
[18]. Figure 2 is an example of A - product with G, G2 = P,. Based on
these subdivisions we have the following preliminary result from [14].

Lemma 2.2. [I1] Let Gy be a simple connected graph with vertez set
Vi and edges set Ey and F(G1) be the subdivison graph of G1 with F =
Q or T. If u,x € By with u = wu; and x = uju, where u;, uj,u, € V7.
Then

(a).

> (drey)(u) + dp) (@) = M3(G1)+2M2(G1)—2M1(Gh)
ur€E(F(G1)),u,x€Ey

(b.)

1 1
> dpa)(Wdp,)(z) = §M4(G1) — 5 Ms(Gh)
ur€E(F(G1)),u,x€Fq

+ Y rida, (w)de, (w) + Y dey (u)? > de, (u) — 2Ma(Gh)

ui,u; €V1 u;€V1 u;€Vi,uu;€E

rij denotes the number of neighbouring vertices common to both u;, u;.

Fullerene is an all carbon skeleton of a molecule in which the atoms
are arranged by means of pentagons and hexagons. Michel Deza [15] ex-
tended this fullerene structure onto other closed surfaces such as sphere,
torus, Klein bottle and projective plane. Let L be a regular hexago-
nal lattice and P]* be an mn quadrilateral section cut from the regular
hexagonal lattice. When n = 1, the structure is known as a linear hexag-
onal chain. When n > 2, if we identify the two lateral end sections of
the hexagonal lattice and then identify the top and bottom sides of the
lattice P!, the resulting structure is known as toroidal fullerene with
mn hexagons [10)].

3. MAIN RESULTS

In this section we obtain the expression for the first and second Za-
greb indices of the adjacency product or A - product in terms of the
constituent graphs.

Theorem 3.1. Let G; = (V1, Eq) and Gy = (Va, Es) be two simple
connected graphs. Then

a. Ml(Gl &5 Gg) = 2|E2

10| 1| Ea| 4 2| B || VA |

(M1(G1) + 2|E1|M1(G2) + |E1|M3(G2) +
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1
b. My(G1 Xs Ga) = §’E1‘(M4(G2) + M3(G2)) + M1 (G1)M1(G2) +
3
3| Ea| My (Gh) + §\E1|M1(G2) + 7| Er || Ea| + [ Ea| VA

Proof. From the definition of first Zagreb index, we have

Mi(G1 Mg G) = > iy mgc) (V)
(u,v)GV(GﬂXLng)

= > (dic1m5G2) (Wi Vjk) + d(im5G2) (Ups Var))
(uisv5k) (Uup,vgr) EE(G1 M5 G2)

= Z Z (d(G1|ZSG2)(ui7 vj) + d(G1|ESG2)<uiu Uq))

u; €V1 vjvg € B2 k=r

+ Z Z (d(Gl&SGQ)(Uu vjk) + d(Gm56,) (Wi, Vgr))
wEEL fi freB(L(G2)),j=q

+ Z Z (d(G1|Z5G2)(ui7 Ujlc) + d(GH@ng)(up? vjk))
vk €EV2 usup €E(S(G1))
= Al + Bl + Cl

Now we separately find the values of each parts of the sum.

Ay = Z Z (d(cims) (Ui, v5) + dicymgay) (Ui, vg))

u; €V1 vjvg B k=r
=Y ) dey(w) + 1+ dg, (u) + 1]
u; €V1 vjvgEE2 k=r

= 2[E2|(2[Ex| + V)

The second part is,

By = Z Z (d(GlmSGZ)(Ui;'Ujk) + d(G’1®st)(ui?vq7‘))
u; €E1 fkfreE(L(GQ))J:q

= > > [, (vi) + 1+ dg, (vy) +1]

wEEL fir freE(L(G2)),j=4

- Y Y dwpw)? - 1)
uieEﬁ vjEVQ,d(”U]‘)7é1

= |E1](M3(G2) — 2| E»|)
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The third part is,

Cr= ) > (dicmsaa) (Wi vik) + dicimsaa) (Up, Vik)
vk €V2 ujup€E(S(G1))

= > > (doy(wi) + 1+ day(v5) + 1)

vk E€EV2 uup € E(S(G1))

= > (Mi(Gy) + 4| Er| + 2| Erlda, (v5))

v €V
= 2|E|(M1(G1) + 2| E1|M1(G2) + 8| E1 || E2|

From the expressions, we obtain

My(G1 Ky Go) = 2[Ea|(M1(G1) + 2|Er[M1(Ga) + | E1|M5(G2)
+ 10[Ex || E2| 4 2| Eo| V4]

Next Consider

My(G1 g Gs) = Z (d(GymgGa) (Uis Vi) (g G (Ups Vgr))
(uivjk) (up,vgr) EE(G1MsG2)

Z Z d(G1®SG2 uZ7U])d(G1|ZsG2)(ulvvq>)

u; €V1 vjvg €2

+ Z Z (d(Gm5G) (Wi, Vi) (G5 Ga) (Ui Vgr))
u; €Ey fkfreElL(GQ))

+ ) Y. (dGimsea (i vik)d(cimsGa) (ups vjk)
vjkGVZ uZUPGE(S(Gl))

=Ay+ By + Cs

First part of the sum is

=Y D> (demsas) (Wi v)dcymse) (i vg))

u; €V1 vjvg€ B k=r

=Y e+ ) (e, () + 1)

u; €V ’Uj’UqEEQ,k:T
= > Y (da(w)’ +2(dg (w) + 1)
u; €V1 vjvg€ B k=r

= |Ea|(M1(G1) + 4| Ex| + V1))
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The second part is,
By = Z Z (d(G1®sG2)(ui’vjk)d(Gl&SGQ)(Ui’”””
u; €1 fkaEE(L(G2))7j:q
=3 > (da,(vj) + 1) (dgy (vs) + 1)

w€EL fr freE(L(G2)),i=q

=Y T ) - D) + 1)

u, €E1 v €V, d(vj)#L

L Z > (d(w)* + d(vy)? — d(v))? = d(v)))

uzeEl v;€Va
1
= §|E1|(M4(G2) + M3(Ga) — M1(Ge) — 2|Esl)

The third part is,

= Z Z (d(GlgSGQ)(Ui,Ujk)d(Gl&ng)(upvUjk))

'UjkEVZ uiupeE(S(Gl))

=3 Y (dey(w) + 1)(de,(v) + 1)

vikE€EV2 ujup €E(S(G1))

= Z Z (d, (wi)da, (Uj) +da, (w) + da, (vj) +1)

vik€EV2 ujup €E(S(G1))
=M, (G1)Mi(G2) + 2|E3| M1 (G1) + 2| E1|M1(G2) + 4| E1 || E2|

Thus we obtain, My (G Mg Ga) = Ay + By + Co,
1
M3 (G X5 Ga) = §!E1\(M4(G2) + M3(Ge)) + M1(G1) M1 (Ga)

3
+ 3| Ea| M1 (G1) + §|E1|M1(G2) + 7| Eq || EBa| + | Ea||VA]
]

Theorem 3.2. Let G; = (Vi,E1) and Gy = (Va, E2) be two simple
connected graphs. Then

a. Ml(Gl X g GQ) = |E1|M3(G2) + 8|E2|M1(G1) + 2|E1|M1(G2) +
18| Er || Ea| + 2| o[ V|

b. M(G1KpGa) = %\El\(m(eg)+M3(Gg))+2M1(Gl)M1(GQ)+

3
12|E2|M1(G1)+§|E1|M1(G2)+8|E2|M2(G1)+13|E1||E2’+’E2HV1|
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Proof. We have

M (G K Gy) = > A0 (1)
(u,U)EV(G’lﬁRGg)

= Z (d(GlgRG2)(ui’vjk) + d(G1®RG2)(uP7vqT‘))
(wisvjk) (up,vgr) EE(G1X¥RG2)

=3 Y (demacs) Wi v)) + dympes) (i vg))

u; €V1 vjvg€Ea k=r

+ > > (d(c1mpGa) (Ui Vi) + (iR Ga) (Ui Vgr))
uwi€E1 fi fre E(L(G2)).j=q

+ > D (dGimacy (Ui k) + diimacy) (U vik))
’UjkEVQ ’LLiUpEE(R(Gl))
=A1+B+Cy

Now we separately find the values of each parts of the sum

A= Y (diampen) (Wi v)) + digimaas) (Ui vg))

w; €Vi vjvg€ Ba k=r
=Y > [2de, () + 1+ 2dg, (i) + 1]
w; €V vjvg€ Ba k=
= 2|E5|(4]Er| + V1)
The second part of the sum is same as the second part of M;(G1XgG2).

That is Bl = |E1|(M3(G2) - 2|E2|)
The third part is,

Ci= Y Y. (dcimacn) (Ui vik) + d(Gympcy) (tp: k)
vjkEVz uiupEE(R(Gl))

=D, > (2dc, (ui) + 1+ da,(vj) +1)

’UjkEVQ uiupEE(R(G’l)),upEEl

+ Z Z (Qd(;l (uz) +1+ 2d6’1 (up) + 1)

01 EVe wiup € E(R(Gh))
ui,up€Vy

= > (2M(G1) +4|Er| + 2| Erlda, (v) + > 2Mi(Gh) + 2| By
vjREV2 v EV2

:8’E2’M1(G1) + 2‘E1|M1(G2) + 12‘E1HE2’
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Thus,

Ml(Gl Xgr GQ) = |E1|M3(G2) + 8’E2‘M1(G1) + 2|E1|M1(G2)
+ 18| Ex[| Ea| + 2| E|[VA|

Similarly,

MQ(GI IE]{ GQ) = Z (d(G1®RG’2)(Ui7'Ujk)d(GlﬁRGg)(uanqr))
(wisvjk) (up,vgr) EE(G1X¥RG2)

Z Z GﬂZRGQ u27vj>d(G1®RG2)(ui7vq))

u; €V1 vjvg€E2
k=r

+ Z Z (d(Gy35G) (Ui, Vi) d(GympGa) (Wi Vgr) )
wi€E fk’f're-.E;(L(GQ))

+ Z Z (diGympas) (Ui Vjk)d(Gy 2,6 (Ups Vi)
vik€EV2 ujup € E(R(G1))

= Ao+ By + (9

First part of the sum is

Z Z GI&RGQ Uz,U])d(GlgRGQ)(uz,vq))

u; €V1 vjvg € K2

=Y > (2de, (w) + 1)(2de, (u5) + 1)

u; €Vq ’U]"UqEEQ,k’:T
=YD (4da, (w)® + 4(dg, (wi) + 1)
u; €V1 vjvg€ B2 k=r

|E2|(4M1(Gh) + 8| Ea| + [VAl)

The second part of the sum in both cases are same. i.e,

- %\E1|(M4(G2) + M3(Ga) — My(Gz) — 2| Es|)
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The third part is,

Cy = Z Z (d(Gl@RGz)(ui’Ujk)d(GlgRaz)(up’vjk))
v, EV2 ujup € E(R(G))

= Z Z (2dc, (ui) +1)(de, (vj) +1)

v €V uiuPEE(R(Gl))
up€E1

+ > Y (2de, (w) + 1) (2day, (up) + 1)

vik€V2 ujup€E(R(Gh))
u;,up €V

= > > (2da, (wi)da, (vy) + 2da, (ui) + da, (v;) + 1)
vik€EV2 ujup€E(R(G1))

+ ) Y (de (w)da, (up) + 2(de, (ui) + da, (up)) +1)

vik€V2 ujup € E(R(Gh))
ui,upevl

=2M, (Gl)Ml(GQ) + 4|E2|M1 (Gl) + 2’E1‘M1(G2)
+ 4| B || Ba| + 8| Ea| Ma(Gr) + 4] E2| M1 (Gh) + 2| Eq || Ex|
Thus we obtain, Ma(G1 K G2) = A + B + Co,

Ma(G1 B o) = 5| Bx| (Ma(Go) + My(Go)) + 2Mi(C1) Ma (Go)

3
+ 12| Ea| M1 (Gh) + §|E1|M1(G2)
+ 8|E2|M2(G1) + 13‘E1||E2’ + |E2HV1‘
O

Theorem 3.3. Let G; = (V1,E1) and Gy = (Va, Eg) be two simple
connected graphs, then

a. Ml(GlIZQGQ) = 2’E2‘M3(G1)—|—|E1|M3(G2)—|—2M1(G1)M1(G2)+
4| Eo| M (Gh) — 2| Ea| M1 (Gh) — 2| E1[M1(Ga)
+ 10[ B4 || E2| + 2| E2||VA] . 5
b. MQ(Gl‘EQGQ) = |E2|M4(G1)+§|E1|(M4(G2)+§M3(G1)M1(G2)+
3 5
o Ms(G2) Mi(G1)— 4| B2| M3(G1) — 5 | E1 | M5(G2)) +3 M1 (G2) Ma(Gr)—
7
5M1(Gl)Ml(G2)+8\E2|M1(Gl)—IO\E2|M2(G1)+§\E1\Ml(Gg)—
|Er || Ea| + [E2||Vi]

+2|E2| (Zm,erl Tﬂﬁdel (x)dGl (y) + ZyGVl dGl (y)2 ZmeVl,myeEl dG1 (:L’))
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where 5y, denote the number of common neighbours to the ver-
tices x and y in Gy

Proof. Using the definition,

M (G1 Mg Go) = Z d%GngGQ)(Ua v)
(u,’U)EV(G1@QG2)

= Z (d(GﬂXQGg)(uia ’U]k) + d(GngGQ) (Upa Uqr))
(ui, k) (up,vgr) EE(G1MQG2)

= Z Z (d(GngGz)(Uz’, Uj) + d(GngGQ)(ui, Uq))

u; V1 vjvg€E2 Jk=r

+ ) > (d(angG2)(uz’, Vjk) + d(cy=oGa) (Ui Uqr))
u; € B fr freE(L(G2)),5=q

+ ) > (d(GﬂXIQGQ)(Uia Vjk) + d(GyRoGa) (Ups Ujk:))
vk E€V2 uiup €E(Q(G1))
=A+B+C
Now we separately find the values of the each parts of the sum. The first

part of the sum is same as in Theorem 3.1, so Ay = 2|Es|(2|E1| + |V4]).
The second part is,

By = Z Z (d(GﬂQGz)(ui’ vjk) + d(GlﬁQG”(ui’vqT))
uwi€Ey fi freE(L(G2)),j=9

=2 Z Z [dgay (ui) + day (vg) = 1]

w€E fi fre B(L(G2)),i=q

=Y D d)(dvy) — D(dgy (ui)

u; €1 vj€E2,d(vy)#1

+ > > dv)(d(vy) — 1)?

u €E1 vjeE2,d(v;)#1

= Y (Mi(Ga) — 2| Ba|)(dgey) (i) + D (Ms(Ga) — 2My(Ga) + 2| Ea))
u; €1 u;€E1

Also, dgg,)(ui) = dg, (z) + dg, (y) where u; is the vertex inserted cor-
responding to the edge xy € Fy. So the sum becomes

By = Mi(G1)(M1(G2) — 2|Ea|) + [Er[(M3(Ga) — 2M1(G2) + 2| Ea)
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The third part of the sum is,

Ci= ) > (d(GmQGQ)(uiavjk) + d(GngGz)(upa'Ujk’)>
Vi EV2 uiup €EE(Q(G1))

= Z Z (dG1 (uz) +1+ dQ(Gl)(up) +dg, (Uj) — 1)
’UjkEVQ ui’u,peE(Q(Gl)),UpeEl

+ ) Y (o (W) + day (v)) — 1+ doey (up) + da, (v;) — 1)
vjkEVQ uiUPEE(QL(UGI))
ujUp € R

=Cn+Cr2

Also if u; is the vertex corresponding to edge xy and u, is the vertex
corresponding to the edge yz, then

> dowen (up) =2 Y (d(y) + d(2)) = 2My(Gh)

uup€E(Q(G1)),ui €V, up€E1 yzEF

By using Lemma 2.2,

Cii= Y (Mi(G1) +2Mi(Gh) + 2| Erldes, (v))

’Ujk-GVQ
=6|E2| M1 (G1) + 2|E1| M1 (G2)
Cia= Y > (do (W) +day(v;) = 1+ dgey) (up) + day (v;) = 1)

v €Va UiupeE(Q(Gl))
u; upEE

=2|Eo|(M3(G1) + 2Ma(G1) — 2Mq(Gr))
+ Z (M1(G1) = 2|E1])(dg, (v) — 1)
vir€Va
=2|Eo|(M3(Gh) + 2Ma(G1) — 2M1(Gh)) + Mi(G1) M1 (G2)
— 2| E1[ M1 (G2) — 2|E2|Mi(Gs) + 4| Er || B2

Thus we obtain,

Ml(Gl @Q Gg) :2’E2’M3(G1) + ‘El‘Mg(Gg) + 2M1(G1)M1(G2)
+ 4| E2[M2(G1) — 2[E2|M1(Gh) — 2|E1|M:(Ga)
+ 10[Ex || E2| + 2[E2| V1]
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Next Consider

My(Gy R Go) = Z <d(G1IEQGg)(ui7/Ujk)d(GﬂEQGz)(up’vqr))
(wi,vjk) (up,vgr) EE(G1MQ G2)

- Z Z (d(GlﬁQGQ)(ui,vj)d(GIgQGQ)(ui, vq)>

u; €V vjvg b k=r

+ Z Z (d(GIxQGQ)(ui,vjk)d(GIgQGQ)(ui,vqr)>

u;€E1 fkaeE(L(Gz)),j=q

+ Z Z (d(GlﬁQGz)(ui’ Vi) (G2 Ga) (Ups Ujk))
’UjkGVQ UiupeE(Q(Gl))

= Ay + By + Cy

First part of the sum is the same as in the proof of Theorem 3.1, Ay =
| E|(M1(Gh) + 4[Er| + V1)
The second part is,

By= ) > (d(G1®QG2)(uiv Vik) (G REGy) (Ui Uqr))

wEEL fi, freE(L(G2)),j=q

= S (dgen () + day(v;) — 1)°

wi€E1 fi freE(L(G2)),j=q

- % Do D dw)dvy) = 1)(doa)(ui)? + 2dgay) (i) (d(vy) = 1) + (d(v;) = 1)?)
u; € ’U]'EVQ
d(vj)#1

1
=3 > (Mi(Ga) = 2| Bal)dg(ey)(wi)® + > (Ms(Ga) — 2M1(Ga) + 2| Ea|)dgc,) (us)
u;€Fq u; €EFq

1
T3 D () = 3d(y) + 3d(v;)? — d(vy))
u; €1 v €Va,d(vj)#1
1

= 5 (Mi(Ga) = 2| Ba[) (M3(Gh) + 2M5(Gh)) + (M5 (G) — 2M1(Ga) + 2| E2[) M (G)

4 ’f;l’ (My(G2) — 3M3(G2) + 3M:1(G2) — 2| Ex)
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The third part is,

Co = Z Z (d(GmQGg)(%”jk)d(GleGﬂ(“p’vj’“))
vik€V2 ujup € E(Q(G1))
ui,upEE

= ) (dg(ay (ui) + day (vj) — 1) (dgG,) (up) + day(vy) — 1)
’UjkEVQ ui’LLPEE(Q(Gl))
Uz, up €LY

= Yo doy (uidgn (up)

vk€EV2 ujup€E(Q(G1))
ui7upeE1

+ > Yo (dowen () + dgy)(up) (da, (v;) — 1)

vikEV2 uiup €E(Q(G1))
ui,UPEEl

+ ) Y (dey(vy) — 1)

vk E€EV2 usup e E(Q(G1))
u;,up €LY

:2|E2| (;le(Gl) — %Mg((ﬁ) + Z T:chdGl (x)dGl (y)>

z,yeVy

+2’E2’ (Z dG1 (y)2 Z dG1 ({lf) - 2M2(G1))

yeVL zeVy,xyceFy
+M1(G2) (M3(G1) + 2M2(Gh) — 2M1(G1)) — 2| Ea| (M3(G1) + 2Ma(G1) — 2M;(Gh))

5 (ML (Gr) — 21 ]) (M3(Ga) — 20(Go) + 2/ )

Thus we obtain,

My(Gy B Go) = | B Mu(Gh) + 3| Eal(Ma(Ga) + 5 Ms(G1) M (G)
+ My (G)M(G) — Bl Ma(Ga) — 5 Fa|My(Ga)
4 3My (Go) Ma(Gh) — 5M(G1) M (Ga) + 8| Ea| My (Gh)
10> Ma(Gh) + L1 My (Go) — |Brl | + | B[V

+ 2| Ex| ( Z Tayda, (z)dey (y) + Z da, (y)Z Z da, (SU))

z,yeVq yeVr zeVy,xye b
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where r;, denote the number of common neighbours to the vertices x
and y in G O

Using Theorem 3.2, 3.3 along with the fact d(¢,x,¢.) (7, y) = d(G18oGa) (z,y)
forx € Vi andy € Fyorz,y € By and d(g,m,6,) (7, Y) = d(c1=,65) (T, Y)
whenever z,y € V. We can state the following theorem.

Theorem 3.4. Let G1 and G2 be two simple connected graphs, then
a. Ml(GlgTGg) = 2|E2|M3(G1)+|E1|M3(G2)+2M1(G1)M1(G2)+
4|E2|M2(G1) + 2‘E2‘M1(G1) - 2|E1’M1(G2)
+ 4] Eq || Eo| 4 2 E2[| V1] , ;
b. My(G1X¥rGa) = |E2|M4(G1)+§|E1|(M4(G2)+§M3(G1)M1(G2)+
3

§M3(G2)M1(Gl)—4\Ez\M3(G1)—g\E1\MS(G2))+3M1(G2)M2(G1)—

7
5M; (Gl)Ml (G2)+12|E2|M1 (Gl)—2|E2|Mg(G1)—|—§‘E1‘M1 (Gg)—l-
|E1||E2| + | E2|| V1]

F2B | (Syyers ravdden (2)den (8) + S yevs e () Coevs myer, dei (7))

where rzy, denote the number of common neighbours to the ver-
tices x and y in Gy

Corollary 3.5. Let n > 3 be any postive integer, the Zagreb indices of
linear hexagonal chain L,

a. My(Ly) = 26n — 2

b. My(L,) =33n—9

Proof. Use the fact that L, = P41 Mg P» and by Theorem 3.1. O

Let P’* denote the hexagonal lattice, then using the results we can
obtain

Corollary 3.6. Letn > 3,m > 2 be postive integers, the Zagreb indices

of linear hexagonal lattice Psfl_ L

a. My (P21 = 36mn — 10n — 38m + 10
b. Ma(P2 ) = 54mn — 21n — 67m + 25
Proof. Use the fact that ngl_ ! — p,Xg P,, and by Theorem 3.1. O

Using these results we can compute the Zagreb indices of certain
fullerene nanotubes NA2? NC3* (H3m) [9, 10].
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Corollary 3.7. Let n,m > 3 be postive integers, the Zagreb indices of
the fullerene nanotubes NA2" are

a. Mi(NAZ") = 36mn — 46m
b. Ma(NA2%) = 54mn — 75m

Proof. Use NA%Z} = Cy, Kg P, and use Theorem 3.1. Il

Ezample 3.8. When G = C),, Go = C,, , n,m > 3, using the Theo-
rem 3.1

a. My1(Cp, Rg Cp) = 36mn
b. My(Cp, Kg Cy,) = 54mn
C Ml(Cm &R Cn) = 68mn
d Mg(Cm &R Cn) = 144mn
e. Mi(Cy, Ko Cp) = 68mn
f. My(Cp, Ko Cy) = 144mn
g. My(Cy, Rr C,) = 100mn
h. My(Cy, By Cy) = 250mn

Also N C%ﬁn = C,, Xg C), which is computed in Example 3.8.

4. SUMMARY AND CONCLUSION

We have defined the Adjacency product or A - product in terms of
the Cartesian product of graphs and computed some degree-based topo-
logical indices of A- products. These products generalize the struc-
ture of various chemical compounds such as graphene, linear polyacene,
toroidal fullerene, and some fullerene nanotubes NC37, (H3%,),NA2".
These sums can be defined in terms of other graph products and com-
putation of various other topological indices on A - products are also a
problem for further research.
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