Journal of Finsler Geometry and its Applications
Vol. 4, No. 2 (2023), pp 128-150
https://doi.org/10.22098 /jfga.2023.14082.1108

On Riemannian and Ricci curvatures
of Ingarden-Tamassy metrics

Neda Izadian

Department of Mathematics, Shahid Chamran University of
Ahvaz, Ahvaz, Iran.

E-mail: n-izadian@stu.scu.ac.ir

Abstract. In this paper, we study reversibility of Riemann Curvature and
Ricci curvature for the Ingarden-Téamassy metric and prove two global results.
First, we prove that a Ingarden-Tdmassy metric is R-reversible if and only if
si = 0,8i5x = 0. Then we show that a Ingarden-Tdmassy metric is Ricci-
reversible if and only if s; = 0.
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1. Introduction

In this paper, we study the following Finsler metric
52
F=a+—, (1.1)
@
where a = y/a;;(z)y’y7 is a Riemannian metric and 8 = b;(z)y’ is a 1-form
on M. It is remarkable that, this metric was introduced by R. Ingarden and
S. Tamdssy in [5], when they were studying physical applications of Finsler
metrics in electron optic and thermodynamic. Then the Finsler metric (1.1) is
called the Ingarden-Tamaéassy metric.
Recently, Crampin proved that a Randers metric F' = o + 8 has reversible
geodesics if and only if 3 is parallel with respect to « [2]. Then Masca-Sabau-
Shimada investigate («, 8)-metrics with reversible geodesics and projectively
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reversible geodesics [7][8]. In general, the Finsler metrics might not be re-
versible. In spite of the non-reversibility of Finsler metrics, the geodesics and
curvatures might be reversible.

In [10], Shen-Yang introduced R-reversibility and Ricci-reversibility. They
proved that Randers metrics are R-reversible or Ricci-reversible if and only if
they are R-quadratic or Ricci-quadratic, respectively. Recently, in [14], Tayebi-
Tabatabeifar studied the reversibility of Riemann curvature and Ricci curvature
for a Matsumoto metric F' = /(o — ) which is called by Matsumoto’s slope-
of-a-mountain metric, also. This metric was introduced by Matsumoto as a
realization of Finsler’s idea “a slope measure of a mountain with respect to a
time measure” [11][12]. He gave an exact formulation of a Finsler surface to
measure the time on the slope of a hill and introduced the Matsumoto metrics
in [9][13].

The Riemann curvature R, : T, M — T, M is a family of linear maps on
tangent spaces. A Finsler metric F' on a manifold M is said to be R-quadratic
if it’s Riemann curvature R, is quadratic in y € T, M [6][10]. Also, F is called
R-reversible if R(z,y) = R(z, —y) (see [10]).

A Finsler metric F' is called Ricci-quadratic if it’s Ricci curvature Ric,, is
quadratic in y € T, M. F is called Ricci-reversible if Ric, = Ric_, (see [10]).
In this paper, we are going to prove the following:

Theorem 1.1. The Ingarden-Tdmassy metric is R-reversible if and only if B
satisfies s; = 0 and s;;, = 0.

Theorem 1.2. The Ingarden-Tdmassy metric is Ricci-reversible if and only if
B satisfies s; = 0.

2. Preliminaries

Let M be an n-dimensional C'*°-manifold. Denote by T,, M the tangent space
at x € M and by TM := Ugep T, M the tangent bundle of M. Each element of
T M has the form (z,y), where x € M and y € T, M. Let TMy = TM\{0} [15].
A Finsler metric on M is a function F' : TM — [0,00), with the following
properties:

(1) F'is C* on T'M,,

(i4) F is positively 1-homogeneous on the fibers of tangent bundle T'M;

(iii) The Hessian of F?/2 with element g;; = %8?;*5;;1
TM,.

The pair F* = (M, g) is called a Finsler space of dimension n. F is called
fundamental function and g;; is called the fundamental tensor of the Finsler
space F'". By the homogeneity of F, we have F(z,y) = \/gi;(z,y)y'y/. An
important class of Finsler metrics are Riemann metrics, which are in the form
of F(z,y) = +/9ij(z)y’y/. Another important class of Finsler metrics are
Minkowski metrics, which are in the form of F(z,y) = \/¢:;(y)y'y’ [4].

is positive definite on
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Given a Finsler manifold (M, F'), then a global vector field G is induced by
F on T My, which in a standard coordinate (x?,y*) for TMj is given by

; 0 i 0
G=y i 2G (x,y)—ayi,
where 1
i il 2 ™ — 2
G'= 4g {[F lamyry [F ]Iz} (2.1)

G = G(x,y) are called the spray coefficients. G is called the spray associated
with F.

For a non-zero vector y € T,, My, the Riemann curvature is a family of linear
transformation R, : T, M — T, M with homogeneity R, = /\QRy,V)\ >0
which is defined by
R,(u) = Rik(y)uk%, where

oG P*Gh - O*GY IG" 0GI
R (y) :== QW_WZ/]+2GJW_TWTM' (2.2)
The family R := {R, }yern, is called the Riemann curvature.
The Ricci curvature is the trace of Riemann curvature means Ric(z,y) =

R™ (z,y) and the Ricci tensor is defined by

yiyd -

1
RiCij = 5 Ric

Let F = a¢(s), s = B/a, be an (a,)-metric on a manifold M, where
¢ = ¢(s) is a scalar function on the interval (—bg,bo), o = +/a;;(x)yiys is a
Riemannian metric and 8 = b;(x)y® is a 1-form on M.
1 1
Tij = 5(171‘] + bj\i)7 sij = §(b2|] — bj\i)v (23)

where —’denotes the covariant derivative with respect to the Levi-Civita conec-
tion of a.. Let

rij = aimrmj, Ti0 = mjyj, Too = mjyiyj, ri ="y, o= rjyj,

r = bir, 55 1= b"5p;, sij = aimsmj, Si0 i= sijyj, Sp = sjyj.
Lemma 2.1. [1, 3] Let G' = G(x,y) and G' = G(z,y) denote the geodesic
coefficients of F' and « respectively. Then we have

G =G+ aQs’y + (rop — 2Qavso) (A1 + ¥b'), (2.4)
where
Qim0 4. 09 —s(6¢" +¢") i ¢
C9—s¢ T 20[p—s¢' + (B — %)) - 200 —s¢' + (B¢

Here I' := y'/a and B :=b?. By (2.4), we can rewrite the geodesic coefficients
of an (o, B)-metric as
G'=G"+T, (2.5)
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where

T" = aQs'y + 0{roo — 2Qaso ' + 1 {reo — 2Qauso }b'.
From (2.2) and by use of a technique for computing Riemannian curvature (see
Proposition 3.1 in [1]) and (2.5), we have

R'; = R'; + RT"}, (2.6)
where ﬁij denotes the Riemann curvature of c.

Also, the Ricci curvature of F is related to the Ricci curvature Ric of a (see
Proposition 3.3 in [1]) by

Ric = Ric+T™,. (2.7)

3. Proof of Theorem 1.1

The Riemannian curvature of Ingarden-Tdmassy metric F = a + 32/« is
given by
Rl = ( 1
17 \afa= (B at + B2 2B + af — 357

where

)Eilzotkak, (3.1)

to := 818i0|0620yj.
All the coefficients of t; are tedious, listed in Appendix 1.

Let F be R-reversible, R(y) = R(—y). Then by contracting both sides (3.1)
with a(a — B)3(a + B8)3(a? + B?)3(2Ba? + o? — 38%)* and by a quite long
computational procedure using Maple program, we obtain

Ez‘lgotlziazi =0, (3:2)
where

b= —815’:0‘0ﬁ20yj,

the = y; (2B + 1) ( —8bis2, + (2B + 1)51'0‘0),

and other coeflicients of t; are listed in Appendix 2. By (3.2), it follows that
a? divides t{, which is impossible. Therefore t{, = 0, we get

8010 = 0- (3.3)
Putting it in others implies that ¢t} = 0. Put sio‘o = 0 in others. Then, one can
show that

5% = 0. (3.4)
Conversely, by placing s; = 0 and s;;;, = 0, in (3.1), we have

Ez‘lgotlz/ia% =0, (3.5)



132 Neda Izadian

where

to = 18516( — 2453%y Y1108y + 4BBY Y o010 — 10By'y %0 + 33%6" ;ro00 — 588" ;%00
+ 27" 400 B2y; — 3r'gr00 8%y — 387y biroojo + 4By bir%0 + Y oo B0 + 68°Y 000
— 68y rooj + 9y'r00 B s0; + 4BY y;r00m0 — 3b'Y;me00B8” + 867y, Briee — 4BY YT o0
12y %0 ) — SLR 5%,

and other coefficients of ¢}, are listed in Appendix 3. By (3.5), F is R-reversible.

4. Proof of Theorem 1.2

The Ricci curvature of Ingarden-Tdmassy metric F' = a + 32/« is given by
1
(a7 = F72%(a? ~ 5)(2Ba” + a? - 357)

Ric = ( 4)2,1€8:Odkak, (4.1)

where
do := 18816 (3(n — 2)Broop — (51 — 22)7”(2)0> — 81RicA™,
and other coefficients of dj are listed in Appendix 4.
Let the Ricci curvature of F' be reversible, i.e., Ric(y) = Ric(—y). Then by

contracting both of (4.1) with (a* — 84)%(a? — 82)(2Ba? + o? — 33?)* and by
computational procedure using Maple program, we obtain

EZ:odlziOéQi =0, (4.2)
where

d) = 1296 (n - 1) 52,315

. 4
1, = 16(n - 1) (2B + 1) 52,3,

and other coefficients of dj,; are listed in Appendix 5. By (4.2), it follows that
o? divides dj), which is impossible. Thus dj, = 0, we get

5% =0. (4.3)
Conversely, by placing s; = 0 in (4.1), we have
T odya® =0, (4.4)
where
dl = 18816 (S(n —2)Broop — (5n — 22)r§0) — 81Ricp', (4.5)

and other coefficients of df, are listed in Appendix 6. By (4.4) F is Ricci-
reversible.
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5. Appendix 1
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+512nBsor052 — 384nB236"1"0m,82 — 336nBs(7)nr0m,82 + 576nB2sglsm,(ﬁS + 576nBansm n,63 + 224nsoroﬁ2 + 36 Bzrgo + GOnBTSO
764nB2r00r0,8 — 544nBsgrgo B — 208nsgroo B + 48nBr00‘0ﬁ — 96 ,BSBsansm — 288 ﬁSBsglrm — SOnanrom,Bz + 144n56nsm[33
+224B° 53 rm B + 2888° Brsg + 2888° Bb™ s, — 288 B Br sm + 10m0|0B + 24 BOrg — 84 B2 g — 405 Bri, + 48B*r],
—64nroorof + 128nB7 536 + 704nBsg B + 1618190 + 60 B2 nrog 0B — 192nB% 50,08 — 32085098 — 168 Bnsg|of°

+256nB%s3 87 — 96 B2b™ g, ,82) +8Rics® (2B +1) (B —1) (2 B2 +17B + 17)

= 748(n _ 1) (2B+ 1)2(4132 _ QOB+7>52035

=—25? (67»30 +264 B%s5" 82 rom — 12nBrgy — 12 Bnrd, + 32nsoroo B + 8nroo ro B — 128nBs5 6 — 224nBsi 8 +326°B%s)g
—64ns3 % + 24nBsg o — 32ns0r0B° + 128nB”s35% — 192 BZs r° + 425008 — 50 8%s | — 104531, 8% + 185587 — 2615 8

+48 8°B%sg — 5|0 — 4 B®rgo|0B — 48 Brg)0 — 27 Brog|oB — 26 sor00 B — 14raq 7o B + 144 B*s3 6% + 48 Bs3 > + 16 B>r} 87

—48 B%s)08% + 156 B?sq0B° + 174 Bsg|o8° — 8 Brg f° + 26 rrog 7 — 20 59 19 2 + 136 s™ sy, B* + 8258 T 8% — 6850 s0m 57

—16 B%rg o B2 + 12 B?r|o 87 + 78 Bro|o 87 + 128 B35, 8% — 336 BZs{},, 8% — 400 Bs(l,, 8% — 347 roo B2 — 340 rgq),, B
+1008%b™ $q | m, — 74" $m — 100 B2 55" rm — 50" sm 8% + 128nB>sgr00 B + 32n B roo ro B + 128nBsgroo B + 32 Bnroo 1o B

—192n B2sglsm53 - 96nBsgLsmB3 + 64nB356nr0m ﬁ2 + 96nB2sglr(]m ﬂ2 + 48nB36nr0m ﬁz - SnBST‘OOlO B — 12n32r00‘0 B
+48nB%50)08° — 6 Bnrgg|o B — 64 8 B0 50|, — 16050 50 8% + 8150 rom B + 64 82 B sy i + 64 82 B3 sy — 6482 B3+ sp
—s07008 + 16 BZro0m08 — 501008 + 88 Brogro 8 — 16 B2rrog82 + 8Brrog82 + 160B%soro 8% — 320BsgroB? — 192Bsors®
—128B*sT s0m B2 + 128 B3 s 50y B2 — 48 B2sT 50, B2 — 208 Bsl som B2 + 320 B350 s, 8% + 16 B3r™rgo B2 + 16 B3bmr00|m B2
4

—smsm64 - sinsznﬂ

— 5™ s Bt +96B%s% 5T B + 96Bs™ 5, 8% + 272Bst, s B + 968° B2 sy vy — 12B2 T rg 82

7sins;n,84 — 128nB2sgrg ﬁ2 — sgr0ﬁ2 — bmroo‘m [32 — 78Brmr00 62 — 3nr30 + 4nso|0[32 — 192 Bssg,ﬁz — nroo'oﬁ
—T8Bb™ g B + 36 B rom B — 968° B2 sg — 968° B20 ™ 50, + 968° B2l s — 3848° B s sy — 32B%50 rom 67

+1688° Briso + 168 8 Bb™ sq|,,, — 168 8 Br{sm — 3368° Bs{'sm — 168 5% Bs'rm — 2rgg|08 + 12B°r — 30 Brdy + 12 B3r],

m

+96 B%rdy + 57 Brog + 32nBs|0 8% + 168 59 1% + 347 87 — 525{' rom [32) —8Ricp? (2B +1)% (B+2) (B —4)
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dis = —48(77. - 1) (2}3 - 3) (2B + 1)3320ﬁ3

dig i=2(2B + 1) (40875 82rom + 30s38% — 147387 + 10r9)0 8% — 186°s|o — 24531,,, 8 + 105008 — 365° Bs|g — 65790
—18 50700 B — 6700 To B — 108 Bsg B + 28 B0 + 34 Bsg|oB° — 4 Brg° + 14 g B2 — 459 79 87 + 6457 sy, * + 2257, 7 5
—20s("som B + 144s078° + 4 B?rg g % + 22 Brgg 8% — 96 BZs{},, 8% — 96 Bsg},,, 8% — 1077 o0 8% — 106 10|, B — 2050 rom B°
—36 B2 sm — 36 B2 T + 24 Bsgroo B + 24 BrooroB + 4 Brrog B2 — 104 Bsg g B2 + 32 B35 s0m 82 — 48 B2s1 5o B2
—16B°%s], 7" — 32 B?s™ sy % + 72875 s 8% + 11285 s B + 84Bs! s BY — 4B 1 roo B — 4B%b " rg), B — 22 Brinrog 87
—22 Bb™ g B — 20 Bs{ rom B° + 36 B2 sq + 36 520 s, — 96 B2 B2 50" sm + 72 82 Brinso + 72 82 Bb™ sq| — 72 82 By sm

—48 8°Bsy sm — T2 8% Bs{'rm + 6 BYrgy — 6 B>rdy — 3 Bryy — 3Brog|of — 72 Bsy som ,62) —Ricg? (2B +1)® (2B +13)

di7 = —16(n - 1) (QB + 1)4320B

dig =2 (2B +1)? ((23 + 1)[ — 8675 s — 4850, + ABrms ™y + 4Bsmr "y — 4Bb™ 50|, — 26757, 5™ + 265, + 25 s0m

+25™"rom + 2Bs)0 + roor m, + 'rommbm = sp|0 — T‘O‘O] +2(4B + 3)52O — 24Brsg +4rgsgp — 2rroo + 2r20> + F/{i\c(2B + 1)4

. Appendix 5

dy = —432(n — 1) (8B —5)s° 8"

dyi=432(n - 1) (8B% — 168 — 1)s%6""

dl —48(n — 1) (3233 — 168B2 + 24B + 31)52059

df =16 (n—1) (2B +1) (833 —132B2 | 1868 + 19) s%)87
digi=48(n—1) (2B + 1)2 (4B® =208 +7)5% 8

iy i=48(n—1)(28-3) (2B + 1)332053

10. Appendix 6

dy = ept* (18635|0 + 79Bro0|08 + 28B%r0| B — 6rr008° — 82r00T08 — 18Br)0A° + 1485y, 8° — 54s sk, 1 — 10857 s0m 67
—68 Brogro + T3 nrgg — 21nrgg|of + 288 85 g sm + 432 Bs g som B + 18 Brhrao B + 18 B0 ™ 1| B — 276 Bs g rom 67
181 100 B2 + 180 10| B — 1565 r0m B + 36 825 rm + 4B nrly + 52Bnrg, + rooroB — 12nB7rgg 08 — 48 Bnrgg|o S
+32nBroor0B + 54 rom B + 55 rom 87 — 144nsg sm B + 613 8% — 1870 B + 72501, 8° + 1070108 + 12B 15, — 8B%r3,
—12B%r8, — 165813, + 2 ) + 27Rics'® (8B + 7)

"= —6,812( + 32BnrooroB + 144nBsy rom B2 — 165Br2, — 68BrogroB + 432 Bsl' s0m B2 — 294Bsi rom 8% + 18 Br ™ rop 82

—18B1 rom B + 18B0™ 10|, B — 18Bb™ 1,108 — 120871010 — 48nBrog)o8 + 64nrooro B + 144050 rom B° + 79B7r0|0 8

+28 B2rgg|of — 67700 87 + 144B53],,, 82 — 545, 57" B + 1283, — 10857 som 8% + 1877100 87 — 1877 rom B + 18 6™ rog|m A7

—8B%rd) — 18b™ 1,108 — 17450 rom B + 548° 1 sy + 368% 0 v + 4 B2nrdy + 52 Bnrdy — 21nrgg 08 + 2150 + 7250}, 8

+10r0g)08 + T3nrgy — 12813, ) — 216Rics B (B + 2)

dy = —2 ﬁ“’( —548%50 + 15 Brogjo 8 — 108 5% Bs | — 20 B®rog)g 8 — 144 B>rgg|o 8 — 24 Brg 8% + 30rrop 8% — 10r00 7o 8

+7roj0 B + 90 Brojo 87 — s”&‘mﬂ?’ — 432 Bsom‘mﬂ?’ + 545 st B* + 32450 50, B% + 80B%rooroB + 344BrogroB — 16501y,

—35nrg0|0f8 + 24 Brrog 87 + 432 Bs["sh, 8% — 1296 B? s som B + 1296 Bsy' som 8> — 36 B2 r7rog 8% — 36 B2b™ rgq) 7

—90 Brrog 7 — 90 Bb™ rog | B + 780 Bsy' rom B° — 333 Briy — 216 8 Bs{ rm + 1877100 B + 18 0™ 1|, B — 30055 r0m B°
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+600 B®s§" 8% rom — 36 B2 nrgy — 204Bnrd, — 104nroro B + 8nB rog)0B + 84nBro00 + T8Bnrgg o — 288nB sy rom £
—32nB2ror0f — 224 Brrgo ro B — 29414 — 720nBs{’ rom B° + 864nBsy’ sm B> — T2ns rom B — 30rg 8% — 18rq)o 87 + 216s(§7m53

+122700(08 + 12 B®rgy — 30 B, + 12 B3 + 264 B*r ) + 24Rics'? (B — 1) (4B + 19 B + 13)

i =2p% (90635‘0 +279Brgg|08 — T268°B%s)g — 72 8% Bs|g — 28 B 1o 0B + 60B°rgg 0 — 8B7rg 67 — 32 Brg 8 — 22 1o 57

1
dio

1
d12

1
diy

1
d16

11
dlS

+8B%rg10B” + r0)0B8° — 66Br|of> — 1923333"”|mﬁ3 - 288B23%‘mﬁ3 + 720350mmﬁ‘°’ — 275758 B 4 3650 s0m B2 + 112B%rogro8
~140 BrogroB — 99nrgy — 79070908 + 8B rrgo8° + 32Brroo B> + 43287 s s%, B — 576 B° s s0,m 87 + 172887 s0m °

+432 Bsy" som B° — 48 B2rrog 87 — 48 B20™ 1|, B + 66 Brrrog 7 + 66 BO 10| B — 948 By rom 57 — 8 Br[roo 57

-8 B3bmr00‘m52 + 144 B350 rop, B2 — 144 B2 BsT'ryy, — 144 B2 B2 5T 7, + 9012 + 987100 8% + 98 5™ o0 m B2 — 44457 o, B2
—60B%r3, — 12B%rg) — 1o + 1808% 50" 1 + 3848250 82 rom — 13 — 168Bnrl, + 128nroro + T8Brdy + 16nB3rgg08

+24 B?nrgg)0f — 96 Bnrgo|of — 384 B2 s nrom B — 64 Bnroorof — 64Bnrog ro B + 94rgg)0 8 + 4085',,, 8% + 12B°rg,
+96nB s 0 B2 — 64nB> s rom B2 + 352ns] rom B2 + 2213 87 — 98ro|q Bz) — 2RicB® (8 B* 1+ 64B% — 132 B® — 392B — 115)
=2 55( — 282r0 + 840 B®s§" 8% rom — 584 87 + 44rg0 7 — 106 8%5)o — 5256"17",;33 +24p° B%s|o — 2048° Bs|g — 24B%r4008
—192B%1rgg|08 — 1290B7q|0B + 69507008 + 102100708 + 8B>rg 8 — 40Br] B + 587100 f° + 138s%, 57" 8% + 2450 s0m B — 8B 1|87
460 B?rgo8% + 174 Bro|o° + 64B° 57, 8% — 816 B*s'¢,, 8% — 848 Bs™Y,,,8° — 44r]irog 87 — 446 rog 1, B + 2450 rom B
=212 8255 1y + 45 10 0B + 16 82 B%s | + 57 nrdy + 32 By, 8% + 64n B2 53 rom 7 + 212 8%6™ 5, — 19208755 rom 57
—96B%5{" som B> + 32 B2 B s i — 672nBs{ rom B> + 120nBry + 48nB 1y + 126nBrog|of — 168nr0g mo S + 72nB nrgg|0
—280n50 rom B2 + 96B2rooroB + 432BrooroB — 8 B2rrog B2 4 40 Brrog B2 + 96 B*sT som B2 + 48 Bs som B2 — 60 B*r2,

+804 Bsg'rom B° — 48B% 50 r0m B + 320 B s sm 8 + 8 B3 ro0 87 + 8 B2 ™ rgg) i 87 — 192 B®sE sV 6% + 24 B3

+144 Bs™sm B + 720 Bs! sV % + 192 B2rg + 48 B2 B s3 rm — 60 B2 rop 87 — 60 B rog,, 87 — 174 Britrog 7 — 321 Brg

~408 8° Bs§' v — 6700]08 + 24 B o — 174 Bb™ rgq), 87 + 144B%s), 57" 8" ) + 2Ricp® (8B* — 80B° — 3488 — 1765 + 29)

m°i

=2 54( — 10273, — 1073 8% + 18 %5 + 16850}, 8° — 347 7 — 144 8 B?s)g — 144 8% Bs|g — 40 B%rgg) 8

—36 B>rgg0f + 39Brg|0B — 2ro0 7o B — 16 B>rg 7 — 64Br3 8% + 10rm00 8% — 8655, 57" 8% + 8455 s0,m B° + 16 Br|o 57

+96 B2rq|q B + 30 Bro|g 87 + 144 Bs{,, 8% + 341", ro0 8% + 34b™ rog|m B + 45{ rom B — 36 820 sq|,,, + 36 B0 1
+384 B0 8% rom + 11nrgg 0B + 21nrgg + 160 Brogro + 76 Brogro B + 168 rrog B2 + 64 Brrog 87 — 192 B*s3* som 67
4384 B2 50, B + 48 Bs{'som B2 — 16 B3rMrgo B2 — 384 B3S(T|mﬁ3 — 576 Bgsmmﬁs — 16 B30 rog|m B — 32 Bhsi smpt
—64nB3 sy rom B2 + 128 B3s? s 8% 4 672 B2t st 4 128 Bs? s 8% — 288 B3 B2 s rpy — 96 B2 rgg B2 — 48B5r3,
—30 Brtroo 7 — 30 Bb™ rog | B — 180 Bsy'rom B° — 160 Bnrogrof — 384nB> sy rom 7 — 336nBsy rom 8% + 36 B>r, + 60nBrj,
—64nBrooro — 288 B Bs{' rm — 8005y rom B° + 144ns{ sim 8% + 224B% s rom 67 + 10rg0|08 + 24 B®r, — 84 BZrg

—405 Brjy + 48B*rd, — 64nrooroB + 160 B> o108 + 60nB rog)08 — 96 BX 0| ,62) + 8RicB® (2B +1)(B — 1)

= —2p2 (srgo + 264 B2s{' 8%rom — 120B%rg, — 12Bnrl, + 328°B%s)q — 508%s) — 10453}, 8% — 2678 8% + 34r¢0 8% + 488° B?s g

—846°Bs|o — 4B%rg0B — 48B% 100 — 14r00708 — 8 Brg B + 267700 8° + 82s%, 57" 8" — 6857 som B° — 16810 ° + 12 BZr| 87
+78 Brg|o8° + 128B%s31,, 8% — 336 B7s()1,, 6% — 400Bs{,, 8% — 34r] ro0 87 — 346 roq | B — 5250 rom B + 100870 s,
7105356"%,,1 — sansmﬁs + 3271]327‘007‘05 + 32Bnroorof + 6471]335817‘07,152 + 96nB256n’7'0mﬁ2 + 48nBsgLr0mB2 — 8nB3r00‘OB
7l2nB2r00‘0ﬂ — 6Bnr00‘06 — B3bm50‘m + 8n56nr0m52 + 633356"7"7” + 16527‘007‘05 + 88Brogro8 — 1GB2TTOQB2 + BBTTOOB2
—128B4s7 50, 8% + 128B3 57 50,1, 8% — 48 B2 51 50, B2 — 208 BsT s0m B> + 16B3rMro0 82 + 16 B roo|m B — 256B°s), 57" p*
+96B%s%, 78 + 272 Bsk, 5T % + 968° B2 r — 12B%rrg0 7 — 32 BYs] T Y — 12B%™ rg),, 87 — T8BrI 007 — 3nrg
1700108 — T8BO™ 10| B + 36 By r0m B — 32B° 55 r0m B — 1688° Bsy'rm — 2rg|of + 12B°rgy + 12B%rg, + 9685,

+57Br§0) —8Rics? 2B +1)2(B+2)(B—14)

i=2(2B + 1) (408757 82 rom — 1473 8% + 1070108 — 188%s|o — 2453, 8° — 368° Bs|g — 68 rg0/08 — 3Brog)of — 4B 6

+14rroop? + 2258 sT B + 4B%rg)o 87 + 22 Brgjo B — 96 BQSg‘lmﬁ - 9633(T|mﬁ3 — 107 rop 7 = 106™ rgg | B — 2058 T0m B
36 3. m 2 3. m 2 2 m 2 m 2 3 1 _mp4 2 i m p4

—36B" sy rm + 24BrooroB + 4BrrooB” + 32B" sy somB” — 48B sy somB” — 72Bsy somB” — 16B”s,, s, B° +T72B%s,, s; B

+84Bs!, sT Y — 4B 1 rg0 % — 4B 10| 87 — 22Br 008 — 22Bb™ 100 87 — 20B50 rom B — T28° Bs{ rm + 6B

i

—6B%r, — 3Brg,) — Rics” 2B+ 1)° (2B + 13)

:=2(2B + 1)2 ((QB +1) [ +4Brms™y — 2B2sim5mi + Qﬂsm[)lm +25"0som + 25" gTom + 2Bs)0 + 00Ty + T00|mbm:| — 27700

+27‘20> + Ric (2B + 1)*
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