Journal of Finsler Geometry and its Applications
Vol. 4, No. 2 (2023), pp 113-127
https://doi.org/10.22098/jfga.2023.13740.1101

The necessary and sufficient condition for Cartan’s second
curvature tensor which satisfies recurrence and birecurrence
property in generalized Finsler spaces

Alaa A. Abdallah®, Ahmed A. Hamoud®, Basel Hardan®, A. A. Navlekar?,
Kirtiwant P. Ghadle® and Homan Emadifar/*

@¢Department of Mathematics, Abyan University, Abyan 80425, Yemen
*Department of Mathematics, Taiz University, Taiz P.O. Box 6803, Yemen
dDepartment of Mathematics, Dr.Babasaheb Ambedkar Marathwada
University, Pratishthan Mahavidyalaya, Paithan, India
¢Department of Mathematics, Dr. Babasaheb Ambedkar Marathwada
University, Aurangabad, India
fDepartment of Mathematics, Hamedan Branch, Islamic Azad University,
Hamedan, Iran

E-mail: maths.aab@bamu.ac.in
E-mail: ahmed.hamoud@taiz.edu.ye
E-mail: bassil2003@gmail.com
E-mail: dr.navlekar@gmail.com
E-mail: ghadle.maths@bamu.ac.in
E-mail: homan_emadi@yahoo.com

Abstract. The recurrence and birecurrence property in Finsler space have
been studied by the Finslerian geometricians. The aim of this paper is to
obtain the necessary and sufficient condition for Cartan’s second curvature
tensor that is recurrent and birecurrent in generalized B P—recurrent space and
generalized B P—birecurrent space, respectively. We discuss certain identities
belong to the mentioned spaces. Further, we end up this paper with some
illustrative examples.
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1. Introduction

Finsler geometry is usually considered as a generalization of Riemannian
geometry. The historical studies about development stages for Finsler geometry
have been introduced by Matsumoto [16] and Won [35]. The metric tensor in
Finsler space is a function of line element i.e. function of positional coordinate
and directional coordinate, while the metric tensor in Riemannian space is a
function of positional coordinate only [9, 34, 17]. Qasem [22] and Saleem and
Abdallah [31] discussed the curvature tensor U ;k ,, Which satisfies the recurrence
property in sense of Berwald and Cartan, respectively.

Mandal [14] generalized the concept of recurrent Finsler connection. Pandey
and Shukla [19] generalized and extended some results to a larger class of recur-
rent spaces. Recently, Pfeifer et al. [21] introduced a necessary and sufficient
condition which a Finsler geometry to be Berwald type.

Pandey et al. [20], Qasem and Abdallah [24], Qasem and Baleedi [25] and
Awed [8] obtained the necessary and sufficient condition for some tensors that
be generalized recurrent in the generalized H-recurrent Finsler space, gen-
eralized B R—recurrent space, generalized B K —recurrent space, generalized
P —recurrent space, respectively. In addition, the necessary and sufficient con-
dition for normal projective curvature tensor N;k , that be generalized recurrent
in sense of Berwald and Cartan has been obtained by Qasem and Saleem [28]

and Saleem [30], respectively.
Zlatanovic and Mincic [37] introduced several identities for some curvature
tensors in generalized space. Zafar and Musavvir [36] discussed some identities

of W— curvature tensor.

Qasem [23] and Qasem and Hadi [26] acquired the necessary and sufficient
condition for Berwald curvature tensor H;kh and Cartan’s third curvature ten-
sor R} w5, that is generalized birecurrent in sense of Berwald. Also, the necessary
and sufficient condition for projective curvature tensor Wiy, that is generalized
birecurrent in sense of Berwald and Cartan has been studied by Qasem and
Saleem [27] and Al — Qashbari [7], respectively.

The projection on indicatrix for some tensors which behave as recurrent
and birecurrent have been discussed by Alaa et al. [1] and Saleem and Abdal-
lah [32]. In this paper, we discuss the necessary and sufficient condition for
Cartan’s second curvature tensor when behaves as recurrent and birecurrent.
Additionally, diverse theorems have been established and proved.
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2. Preliminaries

In this section, some basic concepts and definitions will be provided for the
purpose of this paper. An n—dimensional space X,, equipped with a function
F(z,y) which denoted by F,, = (X,,, F(z,y)) and is called a Finsler space if the
function F'(x,y) satisfying the request conditions [5, 11, 18, 10, 33]. The metric
tensor g;;(z,y) is positively homogeneous of degree zero in y* and symmetric
in its indices which is defined by

1. .
gij (z,y) = 55'¢3sz (z,y).

The metric tensor g;; and its associative g% are related by

. 1if j = k,
gizg*t =0y =4 " (2.1)
0if j #k,
where
9ij = 0F 9kj- (2.2)
Matsumoto [15] introduced the (h)hv—torsion tensor Cj;j, that is positively

homogeneous of degree -1 in 3 and symmetric in all its indices which is defined
by

1. 1. . -
Cijk = =0i gjr. = ~0;0;05 F*.
2 4
This tensor satisfies the following

a) Clyyi =0, b) Cije = gn;Ch, ¢) 8:CY, = Ciy, and d) C%, = Cj,  (2.3)

where C;k is called associate tensor of the (h)hv—torsion tensor Cjj.
The unit vector [* and the associative vector [; with the direction of y* are
given by
X3
a)l' = yf, and b) l; = % (2.4)
Cartan h—covariant differentiation (Cartan’s second kind covariant differenti-
ation) with respect to z¥ is given by [29]

Xi, = 0X' — (& Xi) G+ XTI
The h—covariant derivative of the vector y* and the metric tensor g;; are vanish
identically i.e.
a) ylik =0 and b) Gijik = 0. (2.5)

Berwald’s covariant derivative BT} of an arbitrary tensor field T} with respect
to z¥ is given by [29]

BT} = OT) — (9,T}) Gi + T} Gy, — TG,
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Berwald’s covariant derivative of the vector y; is vanish identically i.e.
B y; =0. (2.6)
But the Berwald’s covariant derivative of the metric tensor g;; does not vanish
in general, i.e. Byg;; # 0. It is given by
Brgij = —2Cikny" = —2y "B, Cijp. (2.7)
The processes of Berwald’s covariant differentiation with respect to #" and the
partial differentiation with respect to y* commute according to
(ék%h - %hak) Ti =TI Gl — TiGin,- (2.8)

for an arbitrary tensor field T;
The tensor P;kh is called the hv—curvature tensor (Cartan’s second curva-
ture tensor) which is positively homogeneous of degree -1 in y® is defined by

[29]
Pfkh = Clih\j - gwcjkmr + C;kprih - Pjrhcj‘ka (2.9)
and satisfies the relation

Py’ =Ty’ = Py, = Olich|ryr7 (2.10)

where P]ih is called the (v)hv—torsion tensor. The associate tensor Pijxs,
P—Ricci tensor Pjj, and the tensor (P;; — Pj;) are given by [29]

a) Pijkh = girpjrkh; b) ij = szkz and C) Pz — Pji = ijkhgkh. (211)

Also, the hv—curvature tensor Pjikh satisfies the identity

P;kh - Plijh = Clih|j + ngPI:h —j/k. (2.12)

Definition 2.1. Let the current coordinates in the tangent space at the point
xo be =¥, then the indicatriz I,_1 s a hypersurface defined by F (xo,xi) =1
or by the parametric form defined by x* = z* (u®),a=1,2, ..., n— 1.

Definition 2.2. The projection of any tensor T; on indicatriz I,_1 is given
by [12]

a) p.T; = Tlfhgh? where b) b = 6¢ — 1. (2.13)

The projection of the vector y?, unit vector {* and metric tensor gi; on the

indicatrix are given by p.y’ = 0, p.l" = 0 and p.gi; = hi;, where h;; = g;; — Lil;.

Alaa et al. [2, 4, 0] introduced the generalized B P—recurrent space and
generalized B P—Dbirecurrent space which are characterized by the conditions
B P, = AmPlen + bm (65 9xn — 01.95n), Pin # 0, (2.14)
and
BB P (2.15)

= am Pjin, + bim (8596 — 61.9n) — 29" ttm B¢ (85 Cnt — 6, Cn1), Pjrn # 0,
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respectively. These spaces are denoted by G(BP) — RF,, and G(BP)— BRF,,.

Let us consider a G(BP) — RF,. Transvecting the condition (2.15) by g,
using eqs. (2.11), (2.7) and (2.2), we get
B Prikh = AmPijkn + tom (95190 — 9rigin) + QP;khyt%tCilm
Transvecting above equation by g*", using egs. (2.11), (2.1) and (2.2), we get
B (P — Pjt) = Am (P — Pit) + 26" Pj1,y"B:Citin + PrjknBmg™"
This shows that
B (P — Pj1) = Am(Py; — Pji) (2.16)
if and only if
20" Py By Citm + PrijrnBmg™ = 0. (2.17)
3. Necessary and Sufficient Condition for ijh to be Recurrent in
Generalized B3 P— Recurrent Space

The main aim of this section is studying the necessary and sufficient con-
dition for Cartan’s second curvature tensor P;kh that satisfies the recurrence
property in generalized 28 P—recurrent space. Let Cartan’s h—covariant deriv-
ative of first order for the (h)hv—torsion tensor Cjj; and its associative C;k
which satisfy

a’) Clich\r = OcTC]ih + wT(dlicyh - 52?/]@)
(3.1)
b) Ciknr = <+ Cin + wr(gjkYn — GinYk)s

where o, and w, are non - covariant vectors field. Also, let Berwald’s covariant
derivative of first order for the tensors C}, and Cjy, which satisfy [3]

a) B Chy = o< Chy + Wi (8yn — 8t yx) (3.2)
b) B Cjin = XmCikn + wWm(9jkYn — 9inYr)-

In next theorem we obtain the necessary and sufficient condition for Cartan’s
second curvature tensor that is recurrent.

Theorem 3.1. In G(BP) — RF,, the behavior of Cartan’s second curvature
tensor P;kh as recurrent if and only if

XjWm — Xpwj + Bmw; — wmwyj} (0kyn — 61yn) + (Bmo)Chp,
—(B ") Cjn + I:ocmwi — oy, — %mwz} (9ixYn — GinYr)
+(Bm o + o< o ) (C, Th— grhC:;k‘) (3.3)
+(Bmw) (Y Crn) + 20" (YnClikm|sy” — ykCinm|sy”) = 0.
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Proof. Multiplying eq. (3.1) by y", using egs. (2.5) and (2.10), we get
Plih = Clih\ryr =X Clih + w(@iyh - (%yk)a (3.4)
where o= o, y" and w = w,y".
Using egs. (3.1) and (3.4) in eq. (2.9), using eq. (2.3), we get
P;kh = oChy — < Clpnt ox (O;kcvi-h - C}hcf-k) + w;(6kyn — 61yx) (3.5)
—w'(gjkyn — ginyk) + w(Y;Cryp),
where o/ = ,.¢'" and w'® = w,.g"".
Taking B —covariant derivative for eq. (3.5) with respect to ™ and using
eq. (2.6), we get

B Py
= (Bno)Chp + B Chyy — (B )Cirn — X' BCin + (B, )
(CiCrn — C3Cr)
+ o< (B Cy) It ;k<%mcih) = (BmCjy) e — C;h(%mcik)
+H(Bmw;) (Okyn — hyk) — (Brmw') (gikyn — inye) + (Brmw) (Y5 Cin)
+w(Y;BmChp) — W' (YnBmgik — YeBmgjn)-
Using eq. (3.2) in above equation, using eq. (2.7), we get
B Py
= Xm [OCjCIih — o' Clpn+ ox (kacih - O;hoik) + w(y;Cin)| + (Bmox;)Chy,
— (B Cirn + (B o + o O(m)<C;kCZh - thcik) + (0¢jwm) Gy — Ohyk)
— oCwn(gikyn — Ginyr) + (Bmw;) O1un — Guk) — (Bmw')(gjkyn — 9inyr)
+ (Bnw) (Y Crn) — wmwy; (0kyn = 6hy1) + 20" (YnCirmisy” = YkCinmisy®)-
Using eq. (3.5) in above equation, we get
B Py
= X [P;kh — w;(64yn — 1 yk) + @' (95kYn — 9jnyk) | + (Bmox;)Chy,
— (B )Cikn + (B x + o OCm)(C;kCih - C]rhcik) + 0w (8kyn — 61,Yk)
— Wi (giryn — ginyk) + (Brmw;) (Oiyn — 04yk) — (Brme')(9jkYn — gjnyr)
+ (Bmw)(WChn) — wmwy; (Giyn — 5hyk) + 20" (UnCtmisy® — YkCinmisy®)-
This shows that

B Py = m Pl (3.6)

The equation (3.6) refers that the Cartan’s second curvature tensor Pj; , behave
as recurrent in G(BP) — RF,, if and only if eq. (3.3) holds. The proof for this
theorem is completed. O
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Now, we infer some corollaries related to the previous theorem. Taking
B —covariant derivative for eq. (3.4) with respect to ™, using eq. (2.6), we
get

B Py = (B )l o< (BinCip,) + (Brnw) (519 — k)

Using eq. (3.2) in above equation, we get
B,,Pi, (3.7)
= (B < + 0 0 Chopt 0 Win (O — 0 k) + (Brmw) (Gryn — 54Y)-

In view of eq. (3.4), we obtain

, 171 . . ,
Cin = = [Pin = w6ty — Sh)]- (3.8)
Using eq. (3.8) in eq. (3.7), we get
B Pl = A Py + i (Ohyn — 04 yn), (3.9)
_ [ B _ _ B,y X
where \,,, = ( m —i—ocm) and p,, = [ocwm—i—%mw w(—oc +o<m)}

Thus, we conclude the following corollary.

Corollary 3.2. In G(®BP) — RF,, the (v)hv—torsion tensor P}, necessarily
is given by eq. (3.9) [provided eq. (3.2) holds].

Contracting the indices ¢ and h in eq. (2.12), using egs. (2.11) and (2.3),
we get

Pji — Poj = Cyp; — CL Py — j k- (3.10)
Taking B —covariant derivative for eq. (3.10) with respect to 2™, we get
By (P — Prj) = B (Crj — CLiPE — k).
Using eq. (2.16) in above equation, then using eq. (3.10), we get
By (Criy — Coy Pl — /%) = A (Crjj — Coy Py — 5 /K).- (3.11)
Thus, we conclude the following corollary:

Corollary 3.3. In G(BP) — RF,, the behavior of the tensor (Cy; — CL;Pg; —
j/k) behaves as recurrent [provided eq. (2.17) holds].

Differentiating eq. (2.16) partially with respect to ", we get
B (Py — Pit) = (Ondm) (P — Pjt) + AmOn(Pij — Pp1).

Using the commutation formula exhibited by eq. (2.8) for (Plj — jl> in above
equation, we get

B, [&(sz - le)} — (P — P)Gropy — (Prj — Pjr) G
= (OnAm)(Poj = Pji) + AmOn(Piy — Py). (3.12)
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If the tensor Oy, (Plj - P; ) is recurrent, i.e. satisfies the following

By [O(Pyy = Pjt)| = Amdn(Pyj — Py), (3.13)
Using eq. (3.13) in eq. (3.12), we get
(OnAm)(Pij — Pjt) = —(Pir — Pot)Gippp; — (Prj — Pin) G-
If O\ = 0, then above equation becomes as
(Pir = Pr)Gropj + (Prj — Pir)Grp = 0. (3.14)

Thus, we conclude the following corollary:

Corollary 3.4. In G(®BP) — RF,,, we have the identity (3.14) [provided egs.
(3.13), (2.17) hold and Op\; = 0].

4. Necessary and Sufficient Condition for P;kh to be Birecurrent in
Generalized B3 P— Birecurrent Space

The main aim of this section is studying the necessary and sufficient condi-
tion for Cartan’s second curvature tensor P;kh that satisfies the birecurrence
property in generalized ‘B P—birecurrent space. Let Berwald’s covariant deriv-
ative of second order for the (h)hv—torsion tensor Cj; and its associative C; &
which satisfy [13]

a) %l%mcjlgh = almclih + blm(aiyh - 521/1@)
b) BB Cikn = aimCikn + bim (95£Yn — 9inYk)s

where a;,,, and b, are non - zero covariant tensors field.
In next theorem we obtain the necessary and sufficient condition for Cartan’s
second curvature tensor that is birecurrnt.
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Theorem 4.1. In G(BP) — BRF,, the behavior of Cartan’s second curvature
tensor P;kh as birecurrent if and only if

(BB 1)) + (Braox o+ (Broc o< + (BiBeo)ys
+(Bpw)oqy; + (Biw)xmy; + azmij] Chn

— [(BiBoc) + (Buoc’) o1 +(Biox )| Cren

+ _(%l%m ) + 20¢ (B X) + 20, (B )+ X aim

+2 o 010 | (CG1Cly, = O i)

+ :(%mcxj)wl + (B¢ ) Wi, + Xjbim + (B1Brw;) + (Brw)y,;wi + (Biw)yjwm
+wyibim — 2wiwimy; — ahnwj] (S1yn — 0hyr)

+ [(%mwi)wl + (B wim + (BiBmw") + < b + almwii| (9jxYn — GinYr)
+2(Bmw" ) W Cirtsy® — YrCintsy®) + 2(B1w”) YnCirmisy® — YeCinmysy®)

—w (Y BB gt — ykB1Bmgin) = 0. (4.2)

Proof.

Taking B— covariant derivative for eq. (3.5) twice with respect to 2™ and

z!, successively, using eq. (2.6), we get

BB Pl
= (B1Bmog)Chp + (B (BiChp) + (B10G) (B Ci)
+0¢ (BB Crp) — (BB’ ) Cikn
— (B ) (BiClkn) — (B1o< ) (BmCkn) — o< (B1BmCjkn)
+(B1Bm OC)(C;kCih - C;hcik)
+(Bon ) [ (BiCJ1)Cly, + i BiCly) = (BiC},)Chy = Cop(BiCly)|
+(B; ) [(%m ;k)cih + ;k(%mcih) - (B, ;h)cilc - C;h(%mcik)}
+ o [(BiBn i) Cly, + (BruCli)(BIChy) + (BICh) (B i)
+C (BB Crp) = (BrBmCly)Cri = (BnCin) (BiCry) — (Bi1C5,) (B )
_C}-h(%l%mcik)] + (B1Bmw;) (15 — Ohyr) — (B1Brmw') (gikyn — giny)

—(Bnw") (YnB19jk — YiBigsn)
+(B1Bmw) (Y Chn) + (Bmw) (y;B1Chy) + (B1w) (y;BmChp) + w(y;B1BmChp)
—(B1w") (YnBmgjr — YkBmgin) — W YnB1BmGix — YeBiBmGin)-
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Using egs. (3.2) and (4.1) in above equation, then using eqs. (2.7) and (2.3),
we get

BB Pl
= Qim [“jciih — o' Cpn+ o ( ;kc}h ChCy )+ w(yjclih)]
+ [(%l%m ) 4+ 20¢; (B, X) + 20, (B X)+ X Ay
+2 oqocm] (CT.Cly — ChuCly)
+ {(%mocj)wl + (B0 ) wm + b + (Bi1Bmw;) + (Brw)y,wi
+H(Biw)yjwm + wYsbim — 2wiwmy; | (5yn — 5hYk)

+ {( moHwy 4+ (B wm + (BB w') + Kiblm} (9jxYn — 9inYr)

H(BB1noc) Crp, + (Binoj) o Cpyy + (B10¢) X Chp, — (BB o<") Ciikn
— (B )ochjkh — (B0 ocn Cikn
+ [ (BiB ) + (Bruw)ot + (Bieo) o + aimes] (4;Cin)
+2(B, )( Cirtsy® — YuCinysy®) + 2(Biw") YnClrmisy® — YrCinmsy®)

~w' (YnB1Bmgjr — Y Bi1Bmin)-

Using eq. (3.5) in above equation, we get
BB, Py,

= am {ijh — w;i(Ohyn — Ohyr) + W (giryn — 9inyk)

+ {(%l%m ) + 201 (B X) + 2065, (B X))+ X @y + 2 x oqcxm}
X(C;kcih - ;hcik) + [(%mocj)wl
+(B10¢ )wm + Xjbim + (BiBrw;) + (Brw)yjwr + (Biw)y;wm + wy;bim
—lewmyj} (Styn — 61 yn) + [(%moci)wl + (B wm + (B1B,,w") + cxiblm}
x(gjkyn — ginyk) + (Br1Bmoc;)Chp, + (Bmoc;)oa Chp + (Bi10G)okim Cp
— (818, Cjkn — (Bmx)oqCirn — (Broc) o, Cjkn
+ [(%l%mw) + (Bw)x; + (Biw)oxy, + almw} (y;Cin)
+2(%mwi)(yhcjkl|sys = UCjnisy®)
+2(B1w") WnClikmsy® — YeCinmisy®) — @' UnBi1Bmsk — YeBi1Bmijn)-

This shows that
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The equation (4.3) refers that the Cartan’s second curvature tensor Py, be-
have as birecurrent in G(BP) — BRF,, if and only if eq. (4.2) holds. The proof
for this theorem is completed.

Now, we infer a corollary related to the previous theorem. Taking B—
covariant derivative for eq. (3.4) twice with respect to 2™ and !, successively,
using eq. (2.6), we get

= (BB, x)CLy 4 (B ) (B1CL) + (B ) (B Cip )+ o< (B:8B,,CL))
+(B1Bw) (5yn — Ohyk)-

Using egs. (3.2) and (4.1) in above equation, we get
= [(%J‘Bm ) + (B <)o + (B o)X+ X alm} Cin

+ [(‘Bm )wy + (B o) wpm+ X by + (‘Bl%mw)} (8Eyn — 68 yr).

Using eq. (3.8) in above equation, we get

%l%mP]zh = ClmP]zh + dlm(dzyh - 5%%) (44)
where
- (BB, x) N (B o) N (B X)X, +ap.
x x x
and
din = (B X)wp + (B )wm+ < by, + (B Bw)
_w[(%l%m ) n (B x)ox N (B X)Xy, N azm]
o o o

Thus, we conclude the following corollary:

Corollary 4.2. In G(BP)—BRF,, the (v)hv— torsion tensor P, , necessarily
is given by eq. (4.4) [provided eqs. (3.2) and (4.1) hold].

5. Examples

In order to illustrate the effectiveness of the proposed findings, some exam-
ples related to the previous mentioned theorems will be discussed.

Example 5.1. The Cartan’s second curvature tensor P;kh behaves as recurrent
if and only if satisfies

B, (p.Pj?kh) = Xy (p.P;kh) .
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Firstly, since Cartan’s second curvature tensor Pj?kh behaves as recurrent,
then the condition (3.6) is satisfied. In view of eq. (2.13)a, the projection of
Cartan’s second curvature tensor ijh on indicatrix is given by

PPl = Pitghlhbhihj. (5.1)
Using B—covariant derivative for eq. (5.1) with respect to 2™, using eq. (3.6)
and the fact that h{ is covariant constant in above equation, we get
B (0-Pjrn) = m (Pieghlbhhghil) .
By using eq. (5.1) in above equation, we get

Above equation means the projection on indicatrix for the Cartan’s second
curvature tensor P}kh behaves as recurrent.

Secondly, let the projection on indicatrix for the Cartan’s second curvature
tensor P;kh is recurrent i.e. satisfy eq. (5.2). Using eq. (2.13)a in eq. (5.2),
we get

B (P hihShihT) = o< (Pibg hihSREAT) .

Using eq. (2.13)b in above equation, we get
Bon [Pl — Piral®ln — Ploplle + Plogllel®ly — Pl l°l;
+Pheal’lil %, + Pl P10l — Pl — Pl + Phgl'lall,
+ P U1l — Pyl Lol Ul + P 'Ll — P 'lal%11%,
— P L1010, + P gl 111,01,
= oo [P — Piral®lh — Plopl U + Plogllel®ly — Pyl
+Pheal’lil %, + Pl P10l — PPl — Pl + Phgl'lall,
+ P81l — Pyl Lol Ul + P 'Ll — P l'lal%11%,
— P U101, + PL gl 1111,

In view of eq. (2.4) and if P2, yo = P2, y* = P, y¢ = P&, y? = 0, then

above equation can be written as

i i
B Pyn, = X P,

Above equation means the Cartan’s second curvature tensor P;kh behaves as
recurrent.
Example 5.2. The Cartan’s second curvature tensor P;kh behaves as recurrent

if and only if satisfies
BB, (p.P;kh) = Qim (p.ijh) .
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Firstly, since Cartan’s second curvature tensor P}kh behaves as birecurrent,
then the condition (4.3) is satisfied.

By using B—covariant derivative for eq. (5.1) twice with respect to 2™ and
z!, respectively, using eq.(4.3) and the fact that hy is covariant constant, we
get

B1B (0-Pjn) = aim (Pitghbhhihil) .
Using eq. (5.1) in above equation, we get
BB (p-Pjn) = aim (0-Pjpp) - (5.3)
Equation (5.3) means the projection on indicatrix for the Cartan’s second cur-
vature tensor P]?kh behaves as birecurrent.

Secondly, let the projection on indicatrix for the Cartan’s second curvature
tensor P;kh is birecurrent, i.e satisfy eq. (5.3). Using eq. (2.13)a in eq. (5.3),
we get

BB, (Piog WohShERG) = apm (Pieg hhhSRERG) .
By using eq. (2.13)b in above equation, we get

BB, [Prn — Pialln — Plepll + PloglUl Uy — Pl 1l + Pl gll1%,
+ P 10, — Pl LIl — Pl lila + Plhogl'lal®ly + Py U160,

— Pl Ul + Pijo 1%l — Pl Lol 11, — Py 11110,

+ P gl 117111, ]

= i [P — Proal®ln = Pl 1l + Pjoglll Uy — Pl 1l

+ Pl 1 + Pl L1l — PPl el — Py l'ly

+ PGl Tl U + Pyl 1ol U — Pl lallll, + P10,

— P L1001, — PRy lL101100, + P gl L1011,

In view of eq. (2.4) and if P2y, = P2 y° = P2,y° = P,y? = 0, then above
equation can be written as

%l%mP;kh = almp‘;kh.

Last equation means the Cartan’s second curvature tensor Py, behaves as
birecurrent.

6. Conclusion

The necessary and sufficient condition for Cartan’s second curvature ten-
sor which satisfies the recurrence and birecurrence property has been obtained
in generalized B P—recurrent space and generalized 8 P—birecurrent space, re-
spectively. Also, certain identities belong to these spaces have been studied. In
addition, we find the condition for the projection of Cartan’s second curvature
tensor on indicatrix to be recurrent and birecurrent tensor.
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