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Abstract. In this paper, we remark some of the well-known curvature prop-

erties of square Finsler metrics. Then, we study weakly stretch square Finsler

metrics.
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1. Introduction

The well-known Hilbert’s Fourth Problem is to characterize the distance

functions on an open subset in Rn such that straight lines are shortest paths.

It turns out that there are lots of solutions to the problem. For example, in [4],

Blaschke discusses 2-dimensional solutions to the problem. Then, Ambartzu-

mian [1] and Alexander [2] independently give all 2-dimensional solutions. In

[8], Pogorelov discusses smooth solutions in 3-dimensional case. Then, Szabó

investigates several problems left by Pogorelov and constructs continuous so-

lutions to the problem in high dimensions [12]. See [5] on related issue.

The Hilbert Fourth Problem in the smooth case is to characterize Finsler

metrics on an open subset in Rn whose geodesics are straight lines. Such

Finsler metrics are called projectively flat Finsler metrics or projective Finsler

metrics. Hamel first characterizes projective Finsler metrics by a system of
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PDE’s [6]. Then, Rapcsák extends Hamel’s result to projectively equivalent

Finsler metrics [9].

For an n-dimensional Finsler manifold (M,F ), a global vector field G is

induced by F on TM0 := TM − {0}, which in a standard coordinates (xi, yi)

for TM0 is given by

G = yi
∂

∂xi
− 2Gi(x, y)

∂

∂yi
,

where Gi = Gi(x, y) are called spray coefficients and given by following

Gi =
1

4
gil

∂2F 2

∂xk∂yl
yk − ∂F 2

∂xl
. (1.1)

G is called the spray associated to F . F is projectively flat if only if there exists

scalar homogeneous function P : TU → R such that the its spray coefficients

satisfy

Gi(x, y) = P (x, y)yi. (1.2)

In this case, P = P (x, y) is called the projective factor.

In Finsler Geometry, there is an interesting class of projectively flat metrics

on the unit ball Bn which is given by

F =
(
√
(1− |x|2)|y|2 + ⟨x, y⟩2 + ⟨x, y⟩)2

(1− |x|2)2
√

(1− |x|2)|y|2 + ⟨x, y⟩2
. (1.3)

This class of metrics is called square metrics which can be expressed as

F =
(α+ β)2

α
, (1.4)

where

α =

√
(1− |x|2)|y|2 + ⟨x, y⟩2

(1− |x|2)2
β =

⟨x, y⟩
(1− |x|2)2

. (1.5)

That α is a Riemannian metric and β is a 1-form with ∥β∥α < 1. L. Berwald

first constructed a special projectively flat square metric of zero flag curvature

on the unit ball in Rn (see [3]).

Then the flag curvature of F is a function K = K(P, y) of tangent planes

P ⊂ TxM and directions y ∈ P . F is called of scalar curvature if the flag

curvature K = K(x, y) is a scalar function on the slit tangent bundle TM0,

for any y ∈ TxM . Recently, Shen-Yildirim determine the local structure of all

locally projectively flat square metrics of constant flag curvature. Later on,

L.Zhou shows that a square metric of constant flag curvature must be locally

projectively flat. In [10], Shen-Yang proved the following.

Theorem A. ([10]) Let F = (α+ β)2/α be a square metric on a (n ≥ 3)-

dimensional manifold M , where α =
√
aij(x)yiyj is Riemannian and β =

bi(x)y
i is a 1-form on M . Then F is of scalar flag curvature if and only if it is

locally projectively flat.
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A Finsler metric F = F (x, y) on a manifoldM is said to be locally dually flat

if at any point there is a coordinate system (xi) in which the spray coefficients

are in the following form

Gi = −1

2
gijHyj ,

where H = H(x, y) is a C∞ scalar function on TM0 = TM \ {0} satisfying

H(x, λy) = λ3H(x, y) for all λ > 0.

Theorem B. ([7]) Let F = (α+ β)2/α be a square metric on an open subset

U ⊆ Rn with n ≥ 3. Then F is dually flat if and only if one of the following

holds:

(i) F is a dually flat Riemannian metric.

(ii) F is of Minkowski-type. Moreover, F can be expressed in the following

form.

F =
(|y|+ ⟨v, y⟩)2

|y|
, (1.6)

where v ∈ Rn is a non zero constant vector.

Let (M,F ) be an n-dimensional manifold Finsler manifold. Then F is called

an Einstein metric if its Ricci curvature Ric is isotropic,

Ric = (n− 1)λF 2,

where λ = λ(x) is a scalar function onM . In [11], Shen-Yu proved the following.

Theorem C. ([11]) Let F = (α+ β)2/α be a square metric on a n-dimensional

manifold M , Then F is an Einstein metric if and only if it is Ricci flat and

αRic = k2(1− b2)2−[5(n− 1) + 2(2n− 5)b2]α2 + 6(n− 2)β2,

bi|j = k(1− b2)(1 + 2b2)aij − 3bibj . (1.7)

Then, they determined the local structure of Einstein square metrics as fol-

lows.

Theorem D. ([11]) Let F = (α+ β)2/α be a square metric on a n-dimensional

manifold M . Then the following are equivalent:

(1)F is an Einstein metric.
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(2) The Riemaninnain metric α̃ := (1 − b2)α and the 1-form β̃ :=
√
1− b2β

satisfy

α̃Ric = −(n− 1)k2α̃, b̃i|j = k

√
1 + b̃2ãij , (1.8)

where k is a constant number, b̃ = ∥β̃∥α̃ and b̃i|j is the covariant derivation of

β̃ with respect to α̃. In this case, F is given in the following form

F =
(
√

1 + b̃2α̃+ β̃)2

α̃
(1.9)

with (1 + b̃2)(1− b2) = 1.

(3) The Riemannian metric ᾱ := (1 − b2)
3
2

√
α2 − β2 and the 1-form β̄ :=

(1 − b2)β satisfy ᾱRic = 0 and b̄i|j = kāij where k is a constant number,

b̄ = ∥β̄∥ᾱ and b̄i|j is the covariant derivation of β̄ with respect ᾱ. In this case,

F is given in the following form

F =
(
√
(1− b̄2)ᾱ2 + β̄2 + β̄)2

(1− b̄2)2
√
(1− b̄2)ᾱ2 + β̄2

, (1.10)

with b̄ = b.

Also, they provide a new description for square metrics with constant flag

curvature.

Theorem E. ([11]) The Finsler metric F = (α+ β)2/α is of constant flag cur-

vature if and only if under the expression (1.10) of F , ᾱ is locally Euclidean, β̄

is closed and s homothety with respect to ᾱ. In a suitable local coordinate, F

can be expressed by

F =
(
√

(1− |x̄|2)|y|2 + ⟨x̄, y⟩2 + ⟨x̄, y⟩)2

(1− |x̄|2)2
√

(1− |x̄|2)|y|2 + ⟨x̄, y⟩2
, (1.11)

where x̄ := cx+ a for some constant number c and constant vector a. In par-

ticular, F must be locally projectively flat with zero flag curvature.

For y ∈ TxM , define the Landsberg curvature Ly : TxM×TxM×TxM −→ R
by

Ly(u, v, w) :=
−1

2
gy(By(u, v, w), y).

A Finsler metric F is called a Landsberg metric if Ly = 0.

For y ∈ TxM , define Jy : TxM −→ R by Jy(u) := Ji(y)u
i. J is called the

mean Landsberg curvature. A Finsler metric F is called a weakly Landsberg
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metric if Jy = 0. For y ∈ TxM , define the stretch curvature Σy : TxM⊗TxM⊗
TxM ⊗ TxM −→ R, by Σy(u, v, w, z) := Σijkl(y)u

ivjwkzl, where

Σijkl := 2(Lijk|l − Lijl|k), (1.12)

and ′|′ denotes the horizontal derivation with respect to the Berwald connection

of F . A Finsler metric F is said to be a stretch metric if Σ = 0. Also, one

can define Mean stretch curvature Σy : TxM −→ R by Σy(u, v) := Σij(y)u
ivj ,

where

Σij := 2(Ji|j − Jj|i). (1.13)

A Finsler metric F is said to be weakly stretch metric if Σ = 0. It is easy to

see that every Landsberg metric or stretch metric is a weakly stretch metric.

For an (α, β)-metric, let us define bi|j by bi|jθ
j := dbi−bjθ

j
i , where θ

i := dxi

and θji := Γj
ikdx

k denote the Levi-Civita connection form of α. Let

rij :=
1

2
(bi|j + bj|i), r00 := rijy

iyj .

In this paper, we prove the following.

Theorem 1.1. Every weakly stretch square Finsler metric F = (α+ β)2/α

satisfies following

A1r
2
00 +B1r00 + C1 = 0, (1.14)

A2r
2
00 +B2r00 + C2 = 0, (1.15)

where A1, A2, B1, B2, C1, C2 are functions in terms of b2 and s, and are given

in Appendix.

2. Proof of Theorem 1.1

The mean Landsberg curvature of (α, β) metrics is as follows:

Ji =
−1

2∆α4

[ 2α2

b2 − s2
(r0 + s0)hi

(Φ

∆
+ (n+ 1)(Q− sQ′)

)
+

α

b2 − s2
(Ψ1 + s

Φ

∆
)(r00 − 2αQs0)hi

+
αΦ

∆

(
− αQ′s0hi + αQ(α2si − yis0)

+ α2∆si0 + α2(ri0 − 2αQsi)− (r00 − 2αQs0)yi

)]
. (2.1)
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where

Ψ1 =
√
b2 − s2∆

1
2

[√b2 − s2Φ

∆
3
2

]′
,

Φ = −(Q− sQ′)(n∆+ 1 + sQ)− (b2 − s2)(1 + sQ)Q′′,

Q =
ϕ′

ϕ− sϕ′ ,

∆ = 1 + sQ+ (b2 − s2)Q′,

hi = bi − α−1syi

For a square metric F = αϕ(s), we have ϕ(s) = (1 + s)2. Then

Q =
2

1− s
(2.2)

∆ =
1− s2 + 2(b2 − s2)

(1− s)2
(2.3)

Φ = (n+ 1)
(4s2 + 2s− 2

(1− s)3

)
− 4(b2 − s2)

(n(1− 2s) + s+ 1

(1− s)4

)
(2.4)

Ψ1 =
−sΦ

∆
+

9s(b2 − s2)

(1− s)2
Φ

∆2
− 4(b2 − s2)2(2− n)

(1− s)5∆

+
(b2 − s2)

∆

−24ns2 + 14ns+ 14s+ 2n+ 2

(1− s)4
. (2.5)

By substituting (2.2), (2.3), (2.4) and (2.5) in (2.1) we have:

Ji = (r0 + s0)hiK1 +
(
(1− s)r00 − 4αs0

)
hiK2

+
[
− 2αs0hi + 2α(1− s)(α2si − yis0) + α2(1− s2 + 2(b2 − s2))si0

+ α2(1− s)((1− s)ri0 − 4αsi)− (1− s)((1− s)r00 − 4αs0)yi

]
K3, (2.6)

where

K1 =
12s

α2
(
1− s2 + 2(b2 − s2)

)2 ,

K2 =
M2

2α3(1− s)
(
1− s2 + 2(b2 − s2)

)3 ,

M2 = 2(b2 − s2)
(
6(2n− 3)s3 − 2(5n− 1)s2 + 6(n− 1)s− 4nb2 − 2(2n− 2)

)
− 12(n+ 3)s5 + 8(2n+ 5)s4 + 6(n+ 5)s3 − 2(7n+ 19)s2 + 2(n+ 1)(3s− 1),

K3 =
M3

2α3(1− s)2
(
1− s2 + 2(b2 − s2)

)2 ,

M3 = 4(b2 − s2)
(
n(1− 2s) + s+ 1

)
+ 2(n+ 1)

(
2s3 − s2 − 2s+ 1

)
.
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And the geodesic spray coefficients of square Finsler metric F = αϕ(s) is as

follows

Gi = Gi
α + Pyi +Qi (2.7)

where Gi
α is the spray coefficient of Reimanian metric, and P and Qi are given

by

P =
1− 2s

α(1 + 2b2 − 3s2)

(
r00 −

4α

1− s
s0

)
yi, (2.8)

Qi =
bi

1 + 2b2 − 3s2

(
r00 −

4α

1− s
s0

)
+

2α

1− s
si0. (2.9)

On the other hand we have:

Ji;ky
k = Ji|ky

k − 2
∂Ji
∂ym

(
Gm − Ḡm

)
− Jm

(
Nm

i − N̄m
i

)
, (2.10)

where

Gm − Ḡm = Pym +Qm, (2.11)

Nm
i − N̄m

i = Piy
m + Pδmi +Qm

i . (2.12)

First, we calculate the equation Ji|ky
k

Ji|ky
k =

(
(r0 + s0)K1hi

)
|k
yk +

(
((1− s)r00 − 4αs0)K2hi

)
|k
yk

+
[(

− 2αs0hi + 2α(1− s)(α2si − yis0) + α2(1− s2 + 2(b2 − s2))si0

+ α2(1− s)((1− s)ri0 − 4αsi)− (1− s)((1− s)r00 − 4αs0)yi

)
K3

]
|k
yk.

(2.13)

Let us put

Fi :=
(
− 2αs0hi + 2α(1− s)(α2si − yis0) + α2(1− s2 + 2(b2 − s2))si0

+ α2(1− s)((1− s)ri0 − 4αsi)− (1− s)((1− s)r00 − 4αs0)yi

)
K3.

Then we get

Ji|ky
k =

(
(r0 + s0)K1hi

)
|k
yk +

(
((1− s)r00 − 4αs0)K2hi

)
|k
yk + Fi|ky

k(2.14)

and (
(r0 + s0)K1hi

)
|k
yk = K1

{
(r0 + s0)

([b0|0
αs

− 2

α(1− s2 + 2(b2 − s2)

(2αatjbj|0bt − 6sb0|0 + 2αbtbt|0)
]
hi + bi|0 −

yi
α2

b0|0

)
+ (r0|0 + s0|0)hi

}
,

(2.15)
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(
((1− s)r00 − 4αs0)K2hi

)
|k
yk = K2

[(−1

α
b0|0r00 + (1− s)r00|0 − 4αs0|0

)
hi

+((1− s)r00 − 4αs0)(bi|0 −
yi
α2

b0|0) + ((1− s)r00 − 4αs0)
( T2

M2
+

1

1− s

+
3(6s− 4bb|0

s|0
)

1− s2 + 2(b2 − s2)

)
s|0hi

]
,

(2.16)

where

T2 = (
4bb|0

s|0
− 4s)

(
6(2n− 3)s3 − 2(5n− 1)s2 + 6(n− 1)s− 4nb2 + 2(2n− 2)

)
+ 2(b2 − s2)

(
18(2n− 3)s2 − 4(5n− 1)s+ 6(n− 1)−

8(n− 2)bb|0

s|0

)
− 60(n+ 3)s4 − 32(2n+ 5)s3 + 18(n+ 5)s2 − 4(7n+ 19)s+ 6(n+ 1),

and

Fi|ky
k = K3

[
− 2αs0(bi|0 −

yi
α2

b0|0)− 2b0|0(α
2si − yis0) + 2α(1− s)(α2si|0 − yis0|0)

+ α2(−6s
b0|0

α
+ 4bb|0)si0 + α2(1− s2 + 2(b2 − s2))si0|0 − αb0|0((1− s)ri0 − 4αsi)

+ α2(1− s)
(−b0|0

α
ri0 + (1− s)ri0|0 − 4αsi|0

)
− 2αs0|0hi

− yi

(−b0|0

α
((1− s)r00 − 4αs0) + (1− s)(

−b0|0

α
r00 + (1− s)r00|0 − 4αs0|0)

)
+
( T3

M3
+

2

1− s
+

12s− 8
bb|0
s|0

1− s2 + 2(b2 − s2)

)(
− 2αs0hi + 2α(1− s)(α2si − yis0)

+ α2(1− s2 + 2(b2 − s2))si0 + α2(1− s)((1− s)ri0 − 4αsi)

− (1− s)((1− s)r00 − 4αs0)yi

)
s|0

]
. (2.17)

Here, we define

T3 := 8
(bb|0
s|0

− s
)(

n(1− 2s) + s+ 1
)
+ 4(b2 − s2)(−2n+ 1)− (n+ 1)(12s2 + 4s+ 4).
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By putting (2.15), (2.16) and (2.17) in (2.14) we have

Ji|ky
k = K1

[
(r0|0 + s0|0)hi + (r0 + s0)

((b0|0
αs

− 2

α(1− s2 + 2(b2 − s2)
(−6sb0|0

+ 2αatjbj|0bt + 2αbtbt|0)
)
hi + bi|0 −

yi
α2

b0|0

)]
+K2

[(−1

α
b0|0r00 + (1− s)r00|0

− 4αs0|0

)
hi + ((1− s)r00 − 4αs0)(bi|0 −

yi
α2

b0|0)

+ ((1− s)r00 − 4αs0)
( T2

M2
+

1

1− s
+

3(6s− 4bb|0
s|0

)

1− s2 + 2(b2 − s2)

)
s|0hi

]

+K3

[
− 2αs0|0hi − 2αs0(bi|0 −

yi
α2

b0|0)− 2b0|0(α
2si − yis0) + 2α(1− s)(α2si|0 − yis0|0)

+ α2(−6s
b0|0

α
+ 4bb|0)si0 + α2(1− s2 + 2(b2 − s2))si0|0 − αb0|0((1− s)ri0 − 4αsi)

+ α2(1− s)
(−b0|0

α
ri0 + (1− s)ri0|0 − 4αsi|0

)
− yi

(−b0|0

α
((1− s)r00 − 4αs0) + (1− s)(

−b0|0

α
r00 + (1− s)r00|0 − 4αs0|0)

)
+
( T3

M3
+

2

1− s
+

12s− 8
bb|0
s|0

1− s2 + 2(b2 − s2)

)(
− 2αs0hi + 2α(1− s)(α2si − yis0)

+ α2(1− s2 + 2(b2 − s2))si0 + α2(1− s)((1− s)ri0 − 4αsi)

− (1− s)((1− s)r00 − 4αs0)yi

)
s|0

]
. (2.18)
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On the other hand, we have

2
∂Ji
∂ym

(
Gm − Ḡm

)
=

( 2(1− 2s)

α(1 + 2b2 − 3s2)
(r00 −

4α

1− s
s0)y

i +
2bi

1 + 2b2 − 3s2
(r00 −

4α

1− s
s0)

+
4

1− s
αsi0

)(
K1

[
(rm + sm)hi

+(r0 + s0)
(−α2bm + 2ymβ

α4
yi −

s

α
aim + hi

(1
s
(s)ym +

2ym
α2

+
12s(s)ym

1− s2 + 2(b2 − s2)

))]
+K2

[(
(−s)ymr00 + 2(1− s)rm0 −

4yms0
α

− 4αsm

)
hi

+((1− s)r00 − 4αs0)
(−α2bm + 2ymβ

α4
yi −

s

α
aim

+hi

(B2

M2
(s)ym − 3ym

α2
+

(s)ym

1− s
+

18s(s)ym

1− s2 + 2(b2 − s2)

))]
+K3

[−2ym
α

s0hi − 2αsmhi − 2αs0(hi)ym + (α2si − yis0)(2(1− s)
ym
α

− 2α(s)ym)

+2α(1− s)(2ymsi − yism − aims0) + (2ymsi0 + α2sim)(1− s2 + 2(b2 − s2))

−6sα2si0(s)ym + ((1− s)ri0 − 4αsi)(2(1− s)ym − α2(s)ym)

+α2(1− s)(−(s)ymri0 + (1− s)rmi −
4ym
α

si) + ((1− s)r00 − 4αs0)

(yi(s)ym − (1− s)aim)− (1− s)
(
− (s)ymr00 + 2(1− s)rm0 −

4ym
α

s0 − 4αsm

)
yi

+
(B3

M3
(s)ym − 3ym

α2
− 2

1− s
(s)ym +

12s

1− s2 + 2(b2 − s2)
(s)ym

)
(
− 2αs0hi + 2α(1− s)(α2si − yis0) + α2(1− s2 + 2(b2 − s2))si0

+α2(1− s)((1− s)ri0 − 4αsi)− (1− s)((1− s)r00 − 4αs0)yi

)])
,

(2.19)

where

B2 := −24(2n− 3)s4 + 8(5n− 1)s3 − 24(n− 1)s2 + 16(n− 2)b2s+ 8(2n− 2)s

+ 2(b2 − s2)
(
18(2n− 3)s2 − 4(5n− 1)s+ 6(n− 1)

)
− 60(n+ 3)s4

+ 32(2n+ 5)s3 + 18(n+ 5)s2 − 4(7n+ 19)s+ 6(n− 1),

B3 := −8(1− 2s)ns− 8s2 − 8s+ 4(b2 − s2)(−2n+ 1)− (n+ 1)(−12s2 + 4s+ 4),
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Also, we have

Jm

(
Nm

i − N̄m
i

)
=

1− 2s

α(1− s)(1− s2 + 2(b2 − s2))

[
K1(r0 + s0)((1− s)r00 − 4αs0)hi

+ ((1− s)r00 − 4αs0)
2K2hi +K3((1− s)r00 − 4αs0)

(
− 2αs0hi

+ 2α(α2si − yis0) + α2(1− s2 + 2(b2 − s2))si0 + α2(1− s)((1− s)ri0 − 4αsi)

− (1− s)((1− s)r00 − 4αs0)yi

)]
+
[
(r0 + s0)K1hm + (r00 − 4αs0)K2hm

+K3

(
− 2αs0hm + 2α(1− s)(α2sm − yms0) + α2(1− s2 + 2(b2 − s2))sm0

+ α2((1− s)rm0 − 4αsm)− (1− s)((1− s)r00 − 4αs0)ym

)]
[ 6s((1− s)r00 − 4αs0)(s)yi

(1− s)(1− s2 + 2(b2 − s2))
bm

+
2α(1− s)2ri0 − 4(1− s)yis0 − 4α2s0(s)yi − 4α2(1− s)si

α(1− s)2(1− s2 + 2(b2 − s2))
bm

+
2α(s)yi

(1− s)2
sm0 +

2

1− s
(
yi
α
sm0 + αsmi )

]
. (2.20)

The following hold

(s)ym =
bm
α

− β

α3
ym,

(hi)m =
−α2bm + 2βym

α4
yi −

s

α
aim,

b0|0 = r00,

bjbj|0 = s0 + r0,

bb|0 = r0 + s0,

hib
i = b2 − s2, (2.21)

sib
i = 0,

si|0b
i = −si(r

i
0 + si0),

si0|0b
i = s0|0 − si0

(
ri0 + si0

)
,

s|0 =
r00
α

,

hi|0 = si0 + ri0 −
yi
α2

r00.

By substitutions (2.18) , (2.19), (2.20) and (2.21) in (2.10) we get Ji;ky
k.
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Now, by computing Ji;ky
k = 0 we get

[
(1− s)(b2 − s2)q2Ḱ2 + 2s(1− s)Ḱ3α+ s(1− s)2q3Ḱ3α+

2(1− 2s)(1− s)(b2 − s2)

1 + 2b2 − 3s2
Ḱ2

− 12s(1− s)2(1− 2s)

1 + 2b2 − 3s2
Ḱ3α+

2(b2 − s2)2

1 + 2b2 − 3s2
Ḱ2 −

4s3(1− s)

1 + 2b2 − 3s2
Ḱ2 − s(1− s)Ḱ1α

+
4sb2(1− s)

1 + 2b2 − 3s2
Ḱ2 −

2(1− s)(b2 − s2)2

1 + 2b2 − 3s2
P2Ḱ2 +

6s(1− s)(b2 − s2)

1 + 2b2 − 3s2
Ḱ2

− 4s(1− s)(b2 − s2)

1 + 2b2 − 3s2
Ḱ3α− 2b2(1− s)2

1 + 2b2 − 3s2
Ḱ3α+

2s(1− s)2(b2 − s2)

1 + 2b2 − 3s2
Ḱ3α

− 6s2(1− s)2

1 + 2b2 − 3s2
Ḱ3α− (1− 2s)(1− s)(b2 − s2)

1− s2 + 2(b2 − s2)
Ḱ2 +

s(1− 2s)(1− s)2

1− s2 + 2(b2 − s2)
Ḱ3α

− 6s(1− s)(b2 − s2)2

1− s2 + 2(b2 − s2)
Ḱ2 +

6s2(1− s)2(b2 − s2)

1− s2 + 2(b2 − s2)
Ḱ3α

]
r200

+
[ (r0 + s0)(b

2 − s2)

β
Ḱ1α

2 +
12s(b2 − s2)(r0 + s0)

1− s2 + 2(b2 − s2)
Ḱ1α− s(r0 + s0)Ḱ1α− (b2 − s2)Ḱ2α

+ (1− s)(r0 + s0)Ḱ2α+ 4ss0Ḱ2α+ 4(1− s)(b2 − s2)(r0 + s0)q́2Ḱ2α

− 16(n− 2)(1− s)(b2 − s2)2(r0 + s0)

M2
Ḱ2α− 6(1− 2s)(b2 − s2)(r0 + s0)

1 + 2b2 − 3s2
Ḱ1α

− 4s0(b
2 − s2)q2Ḱ2α− 2ss0Ḱ3α− 8β − 2s0(b

2 − s2)q3Ḱ3αs0Ḱ3α− 2r0(1− s)Ḱ3α
2

+ 2βs0(1− s)q3Ḱ3α+ s0(1− s2 + 2(b2 − s2))q3Ḱ3α
2 + r0(1− s)2q3Ḱ3α

2

− 16s0(1− 2s)(b2 − s2)

1 + 2b2 − 3s2
Ḱ2α+

8s0(b
2 − s2)(1− 2s)

1 + 2b2 − 3s2
Ḱ3α+

28ss0(1− s)(1− 2s)

1 + 2b2 − 3s2
Ḱ3α

2

− 24ss0β(1− 2s)

1 + 2b2 − 3s2
Ḱ3α+

16ss0(1− 2s)

1 + 2b2 − 3s2
Ḱ3α

2 + 2s0(1− s)Ḱ3α
2 + 8s(1− s)2(r0 + s0)q́3Ḱ3α

2

− 12s0(1− 2s)(b2 − s2)

1 + 2b2 − 3s2
Ḱ3α+

36s0β(1− s)(1− 2s)

1 + 2b2 − 3s2
Ḱ3α+

4s(r0 + s0)(b
2 − s2)

1 + 2b2 − 3s2
Ḱ1α

− 2b2(b2 − s2)(r0 + s0)

β(1 + 2b2 − 3s2)
Ḱ1α

2 − 2s(b2 − s2)(r0 + s0)

1 + 2b2 − 3s2
Ḱ1α− 24s(b2 − s2)2(r0 + s0)

(1 + 2b2 − 3s2)(1− s2 + 2(b2 − s2))
Ḱ1α

− 4r0(1− s)(b2 − s2)

1 + 2b2 − 3s2
Ḱ2α− 40ss0(b

2 − s2)

1 + 2b2 − 3s2
Ḱ2α− 32ss0(b

2 − s2)

1 + 2b2 − 3s2
Ḱ2α− 2r0(1− s)2(b2 − s2)

1 + 2b2 − 3s2
P3Ḱ3α

2

− 8s0(b
2 − s2)2

1 + 2b2 − 3s2
P2Ḱ2α− 16ss0(b

2 − s2)

1 + 2b2 − 3s2
Ḱ3α+

4s0s
2(1− s)

1 + 2b2 − 3s2
Ḱ3α

2 − 12s0b
2(1− s)

1 + 2b2 − 3s2
Ḱ3α

2
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− 24s2s0β

1 + 2b2 − 3s2
Ḱ3α+

2s0β(1− s2 + 2(b2 − s2))

1 + 2b2 − 3s2
Ḱ3α− (1− 2s)(r0 + s0)(b

2 − s2)

1− s2 + 2(b2 − s2)
Ḱ1α

− 2r0β(1− s)2

1 + 2b2 − 3s2
Ḱ3α+

8ss0β

1 + 2b2 − 3s2
Ḱ3α+ 8ss0Ḱ2α+

4s0(b
2 − s2)2

1 + 2b2 − 3s2
P3Ḱ3α

− 4ss0(1− s)(b2 − s2)

1 + 2b2 − 3s2
P3Ḱ3α

2 − 2s0(b
2 − s2)(1− s2 + 2(b2 − s2))

1 + 2b2 − 3s2
P3Ḱ3α

2 − 4βs0(b
2 − s2)

1− s2 + 2(b2 − s2)
Ḱ3α

− 8s0(b
2 − s2)2

(1− s)(1 + 2b2 − 3s2)
Ḱ2α+

8s0(b
2 − s2)2

1 + 2b2 − 3s2
P2Ḱ2α+

16ss0(b
2 − s2)

1 + 2b2 − 3s2
Ḱ3α

2

+
8s0b

2(1− s)

1 + 2b2 − 3s2
Ḱ3α

2 − 8ss0(1− s)(b2 − s2)

1 + 2b2 − 3s2
Ḱ3α

2 +
4s0(b

2 − s2)

1− s
Ḱ2α+

36ss0β(1− s)

1 + 2b2 − 3s2
Ḱ3α

− 4s0(b
2 − s2)P2Ḱ2α− 8ss0(1− s)Ḱ3α

2 − 4s0(1− s)Ḱ3α
2 + 4s0β(1− s)Ḱ3α

+
8s0(b

2 − s2)(1− 2s)

1− s2 + 2(b2 − s2)
Ḱ2α+

2s0(b
2 − s2)(1− 2s)

1− s2 + 2(b2 − s2)
Ḱ3α− 6s0β(1− s)(1− 2s)

1− s2 + 2(b2 − s2)
Ḱ3α

− s0(1− 2s)Ḱ3α
2 − r0(1− s)2(1− 2s)

1− s2 + 2(b2 − s2)
Ḱ3α

2 − 6s(r0 + s0)(b
2 − s2)2

1− s2 + 2(b2 − s2)
Ḱ1α

+
48ss0(b

2 − s2)2

1− s2 + 2(b2 − s2)
Ḱ2α− 2r0(1− s)(b2 − s2)

1− s2 + 2(b2 − s2)
Ḱ2α+

4ss0(b
2 − s2)

1− s2 + 2(b2 − s2)
Ḱ2α

+
4s0(b

2 − s2)2

(1− s)(1− s2 + 2(b2 − s2))
Ḱ2α− 2s0(b

2 − s2)

1− s
Ḱ2α+

12ss0(b
2 − s2)2

1− s2 + 2(b2 − s2)
Ḱ3α

− 12ss0β(1− s)(b2 − s2)

1− s2 + 2(b2 − s2)
Ḱ3α− 6ss0(b

2 − s2)Ḱ3α
2 +

2βr0(1− s)2

1− s2 + 2(b2 − s2)
Ḱ3α

− 4ss0β(1− s)

1− s2 + 2(b2 − s2)
Ḱ3α− 6sr0(1− s)(b2 − s2)

1− s2 + 2(b2 − s2)
Ḱ3α

2
]
r00 + (r0|0 + s0|0)(b

2 − s2)Ḱ1α
2

− 8(r0 + s0)
2(b2 − s2)

1− s2 + 2(b2 − s2)
Ḱ1α

2 + (r0 + s0)
2Ḱ1α

2 + (1− s)(b2 − s2)r00|0Ḱ2α

− 4s0|0(b
2 − s2)Ḱ2α

2 − 4s0(r0 + s0)Ḱ2α
2 − 16s0(b

2 − s2)(r0 + s0)q́2Ḱ2α
2

+
64s0(n− 2)(b2 − s2)2(r0 + s0)

M2
Ḱ2α

2 + 4s0(r0 + s0)Ḱ3α
3 + 8r0(1− s)2(r0 + s0)q́3Ḱ3α

3

− 2(b2 − s2)s0|0Ḱ3α
2 − 2s0(r0 + s0)Ḱ3α

2 + 2ss0(1− s)Ḱ3α
3 + 2(1− s)sm(rm0 + sm0 )Ḱ3α

4

+ (1− s)2rm0|0b
mḰ3α

3 − β(1− s)2r00|0Ḱ3α+ 4β(1− s)s0|0Ḱ3α
2 − 16s0(r0 + s0)(b

2 − s2)q́3Ḱ3α
2

+ 16βs0(1− s)(r0 + s0)q́3Ḱ3α
2 + 8s0(r0 + s0)(1− s2 + 2(b2 − s2))q́3Ḱ3α

3

+
24s0(b

2 − s2)(r0 + s0)(1− 2s)

(1− s)(1 + 2b2 − 3s2)
Ḱ1α

2 +
32s20(1− 2s)(b2 − s2)

(1− s)(1 + 2b2 − 3s2)
Ḱ2α

2

+
96s2s20(1− 2s)

(1− s)(1 + 2b2 − 3s2)
Ḱ3α

3 − 32ss20(1− 2s)

1 + 2b2 − 3s2
Ḱ3α

3 − 64ss20(1− 2s)

(1− s)(1 + 2b2 − 3s2)
Ḱ3α

3

− 16ss0(r0 + s0)(b
2 − s2)

(1− s)(1 + 2b2 − 3s2)
Ḱ1α

2 +
8s0b

2(b2 − s2)(r0 + s0)

s(1− s)(1 + 2b2 − 3s2)
Ḱ1α

2 +
8ss0(b

2 − s2)(r0 + s0)

(1− s)(1 + 2b2 − 3s2)
Ḱ1α

2
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+
96ss0b

2(b2 − s2)2(r0 + s0)

(1− s)(1 + 2b2 − 3s2)(1− s2 + 2(b2 − s2))
Ḱ1α

2 − 64s3s20
(1− s)(1 + 2b2 − 3s2)

Ḱ2α
2

+
16r0s0(b

2 − s2)

1 + 2b2 − 3s2
Ḱ2α+

8r0s0(1− s)(b2 − s2)

1 + 2b2 − 3s2
P3Ḱ3α

3 − 4ss0(b
2 − s2)(r0 + s0)

1− s
Ḱ1α

2

+
64ss20(b

2 − s2)

(1− s)(1 + 2b2 − 3s2)
Ḱ2α

2 +
64ss20b

2

(1− s)(1 + 2b2 − 3s2)
Ḱ2α

2 − 32s20(b
2 − s2)2

(1− s)(1 + 2b2 − 3s2)
P2Ḱ2α

2

+
32ss20(b

2 − s2)

(1− s)(1 + 2b2 − 3s2)
Ḱ3α

2 − 32s20(b
2 − s2)

(1− s)(1 + 2b2 − 3s2)
Ḱ3α

2 − 16s2s20
1 + 2b2 − 3s2

Ḱ3α
3

+
48s20b

2

1 + 2b2 − 3s2
Ḱ3α

3 +
96s3s20

(1− s)(1 + 2b2 − 3s2)
Ḱ3α

3 − 8ss20(1− s2 + 2(b2 − s2))

(1− s)(1 + 2b2 − 3s2)
Ḱ3α

3

+
8sr0s0(1− s)

1 + 2b2 − 3s2
Ḱ3α

3 +
32s2s20

(1− s)(1 + 2b2 − 3s2)
Ḱ3α

3 − 16s20(b
2 − s2)2

(1− s)(1 + 2b2 − 3s2)
P3Ḱ3α

2

+
16ss20(b

2 − s2)

1 + 2b2 − 3s2
P3Ḱ3α

3 +
8s20(b

2 − s2)(1− s2 + 2(b2 − s2))

(1− s)(1 + 2b2 − 3s2)
P3Ḱ3α

3

− 48s2s20
1 + 2b2 − 3s2

Ḱ3α
3 − 4(b2 − s2)(rmsm0 + smsm0 )

1− s
Ḱ1α

3 +
8ss0(r0 + s0)

1− s
Ḱ1α

2

− 48ss0(b
2 − s2)(r0 + s0)

(1− s)(1− s2 + 2(b2 − s2))
Ḱ1α

2 − 8(b2 − s2)rm0s
m
0 Ḱ2α

2 +
16smsm0 (b2 − s2)

1− s
Ḱ2α

3

− 32ss20
1− s

Ḱ2α
2 +

8s20(b
2 − s2)

1− s
P3Ḱ3α− 4smsm0 (1− s2 + 2(b2 − s2))

1− s
Ḱ3α

4 − 4(1− s)rmsm0 Ḱ3α
4

+
16s20(b

2 − s2)

1− s
P2Ḱ2α

2 +
8(b2 − s2)smsm0

1− s
Ḱ3α

3 − 16ss20
1− s

Ḱ3α
2 − 24s20Ḱ3α

3 + 8ssmsm0 Ḱ3α
4

− 8s(1− s)sm0 rm0Ḱ3α
3 +

16ssmsm0
1− s

Ḱ3α
4 +

4s0(r0 + s0)(b
2 − s2)(1− 2s)

(1− s)(1− s2 + 2(b2 − s2))
Ḱ1α

2

− 8ss20P3Ḱ3α
2 − 4s20(1− s2 + 2(b2 − s2))

1− s
P3Ḱ3α

3 − 4r0s0(1− s)P3Ḱ3α
3 +

4s20
1− s

Ḱ3α
3

− 16s20(b
2 − s2)(1− 2s)

(1− s)(1− s2 + 2(b2 − s2))
Ḱ2α

2 − 8s20(b
2 − s2)(1− 2s)

(1− s)(1− s2 + 2(b2 − s2))
Ḱ3α

2 +
8ss20(1− 2s)

1− s2 + 2(b2 − s2)
Ḱ3α

3

+
4s0r0(1− s)(1− 2s)

1− s2 + 2(b2 − s2)
Ḱ3α

3 +
24ss0(b

2 − s2)2(r0 + s0)

(1− s)(1− s2 + 2(b2 − s2))
Ḱ1α

2 − 2r0(b
2 − s2)(r0 + s0)

1− s2 + 2(b2 − s2)
Ḱ1α

2

+
4ss0(r0 + s0)(b

2 − s2)

1− s2 + 2(b2 − s2)
Ḱ1α

2 +
4s0(b

2 − s2)2(r0 + s0)

(1− s)2(1− s2 + 2(b2 − s2))
Ḱ1α

2 − 2s0(r0 + s0)(b
2 − s2)

(1− s)2
Ḱ1α

2

− 96ss20(b
2 − s2)2

(1− s)(1 + 2b2 − 3s2)
Ḱ2α+

8r0s0(b
2 − s2)

1− s2 + 2(b2 − s2)
Ḱ2α

2 − 16ss20(b
2 − s2)

(1− s)(1− s2 + 2(b2 − s2))
Ḱ2α

2

− 16s20(b
2 − s2)2

(1− s)2(1− s2 + 2(b2 − s2))
Ḱ2α

2 − 48ss20(b
2 − s2)2

(1− s)(1− s2 + 2(b2 − s2))
Ḱ3α

2 +
4r0s0(b

2 − s2)

1− s2 + 2(b2 − s2)
Ḱ3α

2

− 8ss20(b
2 − s2)

(1− s)(1− s2 + 2(b2 − s2))
Ḱ3α

2 − 8s20(b
2 − s2)2

(1− s)2(1− s2 + 2(b2 − s2))
Ḱ3α

2 +
4s20(b

2 − s2)

(1− s)2
Ḱ3α

2

− 48s2s20(b
2 − s2)

1− s2 + 2(b2 − s2)
Ḱ3α

3 +
4ss20
1− s

Ḱ3α
3 − 2s(1− s2 + 2(b2 − s2))

1− s
sm0s

m
0 Ḱ3α

3

+
4sr0s0(1− s)

1− s2 + 2(b2 − s2)
Ḱ3α

3 − 8s2s20
1− s2 + 2(b2 − s2)

Ḱ3α
3 − 8ss20(b

2 − s2)

(1− s)(1− s2 + 2(b2 − s2))
Ḱ3α

3
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− 4smsm0 (b2 − s2)

1− s
Ḱ3α

4 − 4ssmsm0 Ḱ3α
4 − 4smsmḰ3α

5 + 4s20Ḱ3α
3 +

24ss20(b
2 − s2)

1− s
Ḱ3α

3

− 2r0s0Ḱ3α
3 +

4s20(b
2 − s2)

(1− s)2
Ḱ3α

3 − 2(b2 − s2)(1− s2 + 2(b2 − s2))

(1− s)2
sm0s

m
0 Ḱ3α

3

+
4ss0r0

1− s2 + 2(b2 − s2)
Ḱ3α

3 − 2(1− s2 + 2(b2 − s2))

1− s
sm0s

m
0 Ḱ3α

4 +
24ss0r0(b

2 − s2)

1− s2 + 2(b2 − s2)
Ḱ3α

3

− 2r0(1− s)

1− s2 + 2(b2 − s2)
Ḱ3α

3 − 2srm0s
m
0 Ḱ3α

3 +
16s20(1− 2s)(b2 − s2)

(1− s)(1 + 2b2 − 3s2)
Ḱ3α

2

+
4r0s0(b

2 − s2)

(1− s)(1− s2 + 2(b2 − s2))
Ḱ3α

3 − 2(b2 − s2)

1− s
rm0s

m
0 Ḱ3α

3 +
8(b2 − s2)

(1− s)2
smsm0 Ḱ3α

4

+
8ssmsm0
1− s

Ḱ3α
4 − 2smrm0Ḱ3α

4 +
8smsm

1− s
Ḱ3α

5 +
96s2s20(b

2 − s2)

1− s2 + 2(b2 − s2)
Ḱ3α

3 − 8s20Ḱ3α
3

+
8ss0r0(1− s)2

1− s2 + 2(b2 − s2)
Ḱ3α

3 +
16s2s20(1− s)

1− s2 + 2(b2 − s2)
Ḱ3α

3 +
16ss20(b

2 − s2)

1− s2 + 2(b2 − s2)
Ḱ3α

3

+ (1− s2 + 2(b2 − s2))
(
s0|0 − sm0(s

m
0 + rm0 )

)
Ḱ3α

3 = 0.

The above relationship is equivalent to (1.14) and (1.15). □

3. Appendix

A1 = (1− s)(b2 − s2)q2Ḱ2 +
2(1− 2s)(1− s)(b2 − s2)

1 + 2b2 − 3s2
Ḱ2 +

2(b2 − s2)2

1 + 2b2 − 3s2
Ḱ2

+
4s3(1− s)(b2 − s2)

1 + 2b2 − 3s2
Ḱ2 −

6s(1− s)(b2 − s2)2

1− s2 + 2(b2 − s2)
Ḱ2 −

2(1− s)(b2 − s2)2

1 + 2b2 − 3s2
P2Ḱ2

+
6s(1− s)(b2 − s2)

1 + 2b2 − 3s2
Ḱ2 −

(1− 2s)(1− s)(b2 − s2)

1− s2 + 2(b2 − s2)
Ḱ2

A2 = s(1− s)2q3Ḱ3α− s(1− s)Ḱ1α− 12s(1− s)2(1− 2s)

1 + 2b2 − 3s2
Ḱ3α− 4s(1− s)(b2 − s2)

1 + 2b2 − 3s2
Ḱ3α

+
s(1− s)2(1− 2s)

1− s2 + 2(b2 − s2)
Ḱ3α− 2b2(1− s)2

1 + 2b2 − 3s2
Ḱ3α+

2s(1− s)2(b2 − s2)

1 + 2b2 − 3s2
Ḱ3α

− 6s2(1− s)2

1 + 2b2 − 3s2
Ḱ3α+

6s2(1− s)2(b2 − s2)

1− s2 + 2(b2 − s2)
Ḱ3α+ 2s(1− s)Ḱ3α

B1 =
(r0 + s0)(b

2 − s2)

β
Ḱ1α

2 + s0(1− s2 + 2(b2 − s2))q3Ḱ3α
2 + r0(1− s)2q3Ḱ3α

2

+
28ss0(1− s)(1− 2s)

1 + 2b2 − 3s2
Ḱ3α

2 − 2r0(1− s)Ḱ3α
2 − r0(1− s)2(1− 2s)

1− s2 + 2(b2 − s2)
Ḱ3α

2

+
16ss0(1− 2s)

1 + 2b2 − 3s2
Ḱ3α

2 + 2s0(1− s)Ḱ3α
2 − 2b2(b2 − s2)(r0 + s0)

β(1 + 2b2 − 3s2)
Ḱ1α

2 +
4s2s0(1− s)

1 + 2b2 − 3s2
Ḱ3α

2
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− 12s0b
2(1− s)

1 + 2b2 − 3s2
Ḱ3α

2 − 4ss0(b
2 − s2)

1 + 2b2 − 3s2
P3Ḱ3α

2 − 2s0(b
2 − s2)(1− s2 + 2(b2 − s2))

1 + 2b2 − 3s2
P3Ḱ3α

2

− 2r0(1− s)2(b2 − s2)

1 + 2b2 − 3s2
P3Ḱ3α

2 +
16ss0(b

2 − s2)

1 + 2b2 − 3s2
Ḱ3α

2 +
8s0b

2(1− s)

1 + 2b2 − 3s2
Ḱ3α

2

− 8ss0(1− s)(b2 − s2)

1 + 2b2 − 3s2
Ḱ3α

2 − 8ss0(1− s)Ḱ3α
2 − 4s0(1− s)Ḱ3α

2 − s0(1− 2s)Ḱ3α
2

− 6ss0(b
2 − s2)Ḱ3α

2 − 6sr0(1− s)(b2 − s2)

1− s2 + 2(b2 − s2)
Ḱ3α

2 + 8s(1− s)2(r0 + s0)q́3Ḱ3α
2

B2 =
12s(b2 − s2)(r0 + s0)

1− s2 + 2(b2 − s2)
Ḱ1α− s(r0 + s0)Ḱ1α− (b2 − s2)Ḱ2α+ (1− s)(r0 + s0)Ḱ2α

+ 4ss0Ḱ2α− 8βs0Ḱ3α− 2s0(b
2 − s2)q3Ḱ3α− 24ss0β(1− 2s)

1 + 2b2 − 3s2
Ḱ3α− 2ss0Ḱ3α

− 16(n− 2)(1− s)(b2 − s2)2(r0 + s0)

M2
Ḱ2α− 4s0(b

2 − s2)q2Ḱ2α− 72ss0(b
2 − s2)

1 + 2b2 − 3s2
Ḱ2α

− 6(1− 2s)(b2 − s2)(r0 + s0)

1 + 2b2 − 3s2
Ḱ1α− 16s0(1− 2s)(b2 − s2)

1 + 2b2 − 3s2
Ḱ2α+

8s0(b
2 − s2)(1− 2s)

1 + 2b2 − 3s2
Ḱ3α

− 12s0(1− 2s)(b2 − s2)

1 + 2b2 − 3s2
Ḱ3α+

36s0β(1− s)(1− 2s)

1 + 2b2 − 3s2
Ḱ3α+

4s(r0 + s0)(b
2 − s2)

1 + 2b2 − 3s2
Ḱ1α

+
8s0(b

2 − s2)2

1 + 2b2 − 3s2
P2Ḱ2α− 16ss0

1 + 2b2 − 3s2
Ḱ3α− 24s0s

2αβ

1 + 2b2 − 3s2
Ḱ3 +

2s20(1− s2 + 2(b2 − s2))

1 + 2b2 − 3s2
Ḱ3α

− 2r0β(1− s)2

1 + 2b2 − 3s2
Ḱ3α+

8ss0β

1 + 2b2 − 3s2
Ḱ3α+ 8ss0Ḱ2α+

4s0(b
2 − s2)2

1 + 2b2 − 3s2
P3Ḱ3α

+ 4(1− s)(b2 − s2)(r0 + s0)q́2Ḱ2α+ 2βs0(1− s)q3Ḱ3α− 4βs0(b
2 − s2)

1− s2 + 2(b2 − s2)
Ḱ3α

+
36ss0β(1− s)

1 + 2b2 − 3s2
Ḱ3α− 8s0(b

2 − s2)2

(1− s)(1 + 2b2 − 3s2)
Ḱ2α− (1− 2s)(r0 + s0)(b

2 − s2)

1− s2 + 2(b2 − s2)
Ḱ1α

+
8s0(b

2 − s2)2

1 + 2b2 − 3s2
P2Ḱ2α+

4s0(b
2 − s2)

1− s
Ḱ2α− 4s0(b

2 − s2)P2Ḱ2α+ 4s0β(1− s)Ḱ3α

− 6s0β(1− s)(1− 2s)

1− s2 + 2(b2 − s2)
Ḱ3α− 6s(r0 + s0)(b

2 − s2)2

1− s2 + 2(b2 − s2)
Ḱ1α+

48ss0(b
2 − s2)2

1− s2 + 2(b2 − s2)
Ḱ2α

− 2r0(1− s)(b2 − s2)

1− s2 + 2(b2 − s2)
Ḱ2α+

4ss0(b
2 − s2)

1− s2 + 2(b2 − s2)
Ḱ2α+

4s0(b
2 − s2)2

(1− s)(1− s2 + 2(b2 − s2))
Ḱ2α

− 2s0(b
2 − s2)α

1− s
Ḱ2 +

12ss0(b
2 − s2)2α

1− s2 + 2(b2 − s2)
Ḱ3 −

12ss0βα

1− s2 + 2(b2 − s2)
Ḱ3α+

2r0β(1− s)2

1− s2 + 2(b2 − s2)
Ḱ3

− 4ss0β(1− s)

1− s2 + 2(b2 − s2)
Ḱ3α− 2s(b2 − s2)(r0 + s0)

1 + 2b2 − 3s2
Ḱ1α− 24s(b2 − s2)2(r0 + s0)

(1 + 2b2 − 3s2)(1− s2 + 2(b2 − s2))
Ḱ1α

− 4r0(1− s)(b2 − s2)

1 + 2b2 − 3s2
Ḱ2α+

8s0(b
2 − s2)(1− 2s)

1− s2 + 2(b2 − s2)
Ḱ2α+

2s0(b
2 − s2)(1− 2s)

1− s2 + 2(b2 − s2)
Ḱ3α

C1 = (r0|0 + s0|0)(b
2 − s2)Ḱ1α

2 − 8(r0 + s0)
2(b2 − s2)

1− s2 + 2(b2 − s2)
Ḱ1α

2 + (r0 + s0)
2Ḱ1α

2 − 4s0|0(b
2 − s2)Ḱ2α

2

− 4s0(r0 + s0)Ḱ2α
2 − 16s0(b

2 − s2)(r0 + s0)q́2Ḱ2α
2 +

64s0(n− 2)(b2 − s2)2(r0 + s0)

M2
Ḱ2α

2

− 2(b2 − s2)s0|0Ḱ3α
2 +

96ss0b
2(b2 − s2)2(r0 + s0)

(1− s)(1 + 2b2 − 3s2)(1− s2 + 2(b2 − s2))
Ḱ1α

2 − 2s0(r0 + s0)Ḱ3α
2

+ 2(1− s)sm(rm0 + sm0 )Ḱ3α
4 + 4β(1− s)s0|0Ḱ3α

2 − 16s0(r0 + s0)(b
2 − s2)q́3Ḱ3α

2

+ 16s0β(1− s)(r0 + s0)q́3Ḱ3α
2 +

24s0(b
2 − s2)(r0 + s0)(1− 2s)

(1− s)(1 + 2b2 − 3s2)
Ḱ1α

2 +
32s20(1− 2s)(b2 − s2)

(1− s)(1 + 2b2 − 3s2)
Ḱ2α

2
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− 8ss0(r0 + s0)(b
2 − s2)

(1− s)(1 + 2b2 − 3s2)
Ḱ1α

2 +
8s0b

2(b2 − s2)(r0 + s0)

s(1− s)(1 + 2b2 − 3s2)
Ḱ1α

2 +
16s20(1− 2s)(b2 − s2)

(1− s)(1 + 2b2 − 3s2)
Ḱ3α

2

− 64s20s
3

(1− s)(1 + 2b2 − 3s2)
Ḱ2α

2 +
64ss20(b

2 − s2)

(1− s)(1 + 2b2 − 3s2)
Ḱ2α

2 +
64ss20b

2

(1− s)(1 + 2b2 − 3s2)
Ḱ2α

2

− 32s20(b
2 − s2)2

(1− s)(1 + 2b2 − 3s2)
P2Ḱ2α

2 +
32ss20(b

2 − s2)

(1− s)(1 + 2b2 − 3s2)
Ḱ3α

2 − 32s20(b
2 − s2)

(1− s)(1 + 2b2 − 3s2)
Ḱ3α

2

− 16s20(b
2 − s2)2

(1− s)(1 + 2b2 − 3s2)
P3Ḱ3α

2 +
8ss0(r0 + s0)

1− s
Ḱ1α

2 − 4ss0(b
2 − s2)(r0 + s0)

1− s
Ḱ1α

2

− 48ss0(b
2 − s2)(r0 + s0)

(1− s)(1− s2 + 2(b2 − s2))
Ḱ1α

2 − 8(b2 − s2)rm0s
m
0 Ḱ2α

2 − 32ss20
1− s

Ḱ2α
2 +

16s20(b
2 − s2)

1− s
P2Ḱ2α

2

− 16ss20
1− s

Ḱ3α
2 + 8ssmsm0 Ḱ3α

4 − 4smsm0 (1− s2 + 2(b2 − s2))

1− s
Ḱ3α

4 − 4(1− s)rmsm0 Ḱ3α
4

+
16ssmsm0
1− s

Ḱ3α
4 − 8ss20P3Ḱ3α

2 +
4s0(r0 + s0)(b

2 − s2)(1− 2s)

(1− s)(1− s2 + 2(b2 − s2))
Ḱ1α

2

− 16s20(b
2 − s2)(1− 2s)

(1− s)(1− s2 + 2(b2 − s2))
Ḱ2α

2 − 2smrm0Ḱ3α
4

− 8s20(b
2 − s2)(1− 2s)

(1− s)(1− s2 + 2(b2 − s2))
Ḱ3α

2 +
24ss0(b

2 − s2)2(r0 + s0)

(1− s)(1− s2 + 2(b2 − s2))
Ḱ1α

2 +
8ssmsm0
1− s

Ḱ3α
4

− 2r0(r0 + s0)(b
2 − s2)

1− s2 + 2(b2 − s2)
Ḱ1α

2 +
4ss0(r0 + s0)(b

2 − s2)

1− s2 + 2(b2 − s2)
Ḱ1α

2 +
4s0(b

2 − s2)2(r0 + s0)

(1− s)2(1− s2 + 2(b2 − s2))
Ḱ1α

2

− 2s0(r0 + s0)(b
2 − s2)

(1− s)2
Ḱ1α

2 +
8s0r0(b

2 − s2)

1− s2 + 2(b2 − s2)
Ḱ2α

2 − 16ss20(b
2 − s2)

(1− s)(1− s2 + 2(b2 − s2))
Ḱ2α

2

− 16s20(b
2 − s2)2

(1− s)2(1− s2 + 2(b2 − s2))
Ḱ2α

2 − 48ss20(b
2 − s2)2

(1− s)(1− s2 + 2(b2 − s2))
Ḱ3α

2 +
4r0s0(b

2 − s2)

1− s2 + 2(b2 − s2)
Ḱ3α

2

+
4s20(b

2 − s2)

(1− s)2
Ḱ3α

2 − 8ss20(b
2 − s2)

(1− s)(1− s2 + 2(b2 − s2))
Ḱ3α

2 − 8s20(b
2 − s2)2

(1− s)2(1− s2 + 2(b2 − s2))
Ḱ3α

2

− 4smsm0 (b2 − s2)

1− s
Ḱ3α

4 − 4ssmsm0 Ḱ3α
4 − 2(1− s2 + 2(b2 − s2))

1− s
sm0s

m
0 Ḱ3α

4 +
8(b2 − s2)

(1− s)2
smsm0 Ḱ3α

4

C2 = (1− s)(b2 − s2)r00|0Ḱ2α+ 2ss0(1− s)Ḱ3α
3 + 4s0(r0 + s0)Ḱ3α

3 + (1− s)2rm0|0b
mḰ3α

3

− β(1− s)2r00|0Ḱ3α+ 8s0(r0 + s0)(1− s2 + 2(b2 − s2))q́3Ḱ3α
3 + 8r0(1− s)2(r0 + s0)q́3Ḱ3α

3

− 32ss20(1− 2s)

1 + 2b2 − 3s2
Ḱ3α

3 − 64ss20(1− 2s)

(1− s)(1 + 2b2 − 3s2)
Ḱ3α

3 +
16r0s0(b

2 − s2)

1 + 2b2 − 3s2
Ḱ2α

+
96s2s20(1− 2s)

(1− s)(1 + 2b2 − 3s2)
Ḱ3α

3 − 16s2s20
1 + 2b2 − 3s2

Ḱ3α
3 +

48s20b
2

1 + 2b2 − 3s2
Ḱ3α

3

+
96s3s20

(1− s)(1 + 2b2 − 3s2)
Ḱ3α

3 +
8r0s0(1− s)(b2 − s2)

1 + 2b2 − 3s2
P3Ḱ3α

3 +
8(b2 − s2)smsm0

1− s
Ḱ3α

3

− 8ss20(1− s2 + 2(b2 − s2))

(1− s)(1 + 2b2 − 3s2)
Ḱ3α

3 +
8sr0s0(1− s)

1 + 2b2 − 3s2
Ḱ3α

3 +
32s2s20

(1− s)(1 + 2b2 − 3s2)
Ḱ3α

3



On square Finsler metrics 91

+
16ss20(b

2 − s2)

1 + 2b2 − 3s2
P3Ḱ3α

3 +
8s20(b

2 − s2)(1− s2 + 2(b2 − s2))

(1− s)(1 + 2b2 − 3s2)
P3Ḱ3α

3

− 48s2s20
1 + 2b2 − 3s2

Ḱ3α
3 − 4(b2 − s2)(rmsm0 + smsm0 )

1− s
Ḱ1α

3 +
16smsm0 (b2 − s2)

1− s
Ḱ2α

3

− 24s20Ḱ3α
3 − 8s(1− s)sm0 rm0Ḱ3α

3 +
8s20(b

2 − s2)

1− s
P3Ḱ3α− 4s20(1− s2 + 2(b2 − s2))

1− s
P3Ḱ3α

3

− 4r0s0(1− s)P3Ḱ3α
3 +

8ss20(1− 2s)

1− s2 + 2(b2 − s2)
Ḱ3α

3 +
4s20
1− s

Ḱ3α
3 +

4r0s0(1− s)(1− 2s)

1− s2 + 2(b2 − s2)
Ḱ3α

3

− 96ss20(b
2 − s2)2

(1− s)(1 + 2b2 − 3s2)
Ḱ2α− 48s2s20(b

2 − s2)

1− s2 + 2(b2 − s2)
Ḱ3α

3 +
4ss0r0(1− s)

1− s2 + 2(b2 − s2)
Ḱ3α

3

− 8s2s20
1− s2 + 2(b2 − s2)

Ḱ3α
3 − 8ss20(b

2 − s2)

(1− s)(1− s2 + 2(b2 − s2))
Ḱ3α

3 +
4ss20
1− s

Ḱ3α
3 − 4smsmḰ3α

5

+ 4s20Ḱ3α
3 +

24ss20(b
2 − s2)

1− s
Ḱ3α

3 − 2r0s0Ḱ3α
3 +

4s20(b
2 − s2)

(1− s)2
Ḱ3α

3 − 8s20Ḱ3α
3

− 2r0(1− s)

1− s2 + 2(b2 − s2)
Ḱ3α

3 − 2(b2 − s2)(1− s2 + 2(b2 − s2))

(1− s)2
sm0s

m
0 Ḱ3α

3

+
4ss0r0

1− s2 + 2(b2 − s2)
Ḱ3α

3 +
24ss0r0(b

2 − s2)

1− s2 + 2(b2 − s2)
Ḱ3α

3 +
4r0s0(b

2 − s2)

(1− s)(1− s2 + 2(b2 − s2))
Ḱ3α

3

− 2(b2 − s2)

1− s
rm0s

m
0 Ḱ3α

3 − 2srm0s
m
0 Ḱ3α

3 +
8smsm

1− s
Ḱ3α

5 +
96s2s20(b

2 − s2)

1− s2 + 2(b2 − s2)
Ḱ3α

3

+
8ss0r0(1− s)2

1− s2 + 2(b2 − s2)
Ḱ3α

3 +
16s2s20(1− s)

1− s2 + 2(b2 − s2)
Ḱ3α

3 − 2s(1− s2 + 2(b2 − s2))

1− s
sm0s

m
0 Ḱ3α

3

+
16ss20(b

2 − s2)

1− s2 + 2(b2 − s2)
Ḱ3α

3 +
(
1− s2 + 2(b2 − s2)

)(
s0|0 − sm0(s

m
0 + rm0 )

)
Ḱ3α

3

and

ϑ(s, b2) = 6(2n− 3)s3 − 2(5n− 1)s2 + 6(n− 1)s− 4(n− 2)b2 + 4(n− 1)

N2(s, b
2) = 2(b2 − s2)

(
18(2n− 3)s2 − 4(5n− 1)s+ 6(n− 1)

)
− 60(n+ 3)s4

− 32(2n+ 5)s3 + 18(n+ 5)s2

N3(s, b
2) = −8s(n(1− 2s) + s+ 1) + 4(b2 − s2)(−2n+ 1)− (n+ 1)(−12s2 + 4s+ 4)

M3(s, b
2) = 4(b2 − s2)(n(1− 2s) + s+ 1)− (n+ 1)(−4s3 + 2s2 + 4s− 2)

q2(s, b
2) =

N2(s, b
2)

M2(s, b2)
+

1

1− s
+

18s

1− s2 + 2(b2 − s2)

q́2(s, b
2) =

ϑ(s, b2)

M2(s, b2)
− 3

1− s2 + 2(b2 − s2)

q3(s, b
2) =

N3(s, b
2)

M3(s, b2)
+

2

1− s
+

12s

1− s2 + 2(b2 − s2)

q́3(s, b
2) =

n(1− 2s) + s+ 1

M3
− 1

1− s2 + 2(b2 − s2)
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P2(s, b
2) =

1

1− s
+

18s

1− s2 + 2(b2 − s2)

P3(s, b
2) =

−2

1− s
+

12s

1− s2 + 2(b2 − s2)

Ḱ1(s, b
2) = α2K1(s, b

2), Ḱ2 = α3K2, Ḱ3 = α3K3
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