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Abstract. In this paper, we remark some of the well-known curvature prop-
erties of square Finsler metrics. Then, we study weakly stretch square Finsler
metrics.
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1. Introduction

The well-known Hilbert’s Fourth Problem is to characterize the distance
functions on an open subset in R™ such that straight lines are shortest paths.
It turns out that there are lots of solutions to the problem. For example, in [4],
Blaschke discusses 2-dimensional solutions to the problem. Then, Ambartzu-
mian [1] and Alexander [2] independently give all 2-dimensional solutions. In
[8], Pogorelov discusses smooth solutions in 3-dimensional case. Then, Szabé
investigates several problems left by Pogorelov and constructs continuous so-
lutions to the problem in high dimensions [12]. See [5] on related issue.

The Hilbert Fourth Problem in the smooth case is to characterize Finsler
metrics on an open subset in R™ whose geodesics are straight lines. Such
Finsler metrics are called projectively flat Finsler metrics or projective Finsler
metrics. Hamel first characterizes projective Finsler metrics by a system of
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PDE’s [6]. Then, Rapcsik extends Hamel’s result to projectively equivalent
Finsler metrics [9].

For an m-dimensional Finsler manifold (M, F'), a global vector field G is
induced by F on TM := TM — {0}, which in a standard coordinates (z*, y*)
for T My is given by

) . 9
G =9 i 2GZ B )
Y o (z,y) oy
where G* = G*(z,y) are called spray coefficients and given by following

1, 0°F? OF*?
= —g" - lyk— T (1.1)

47 QzFoy or
G is called the spray associated to F. F'is projectively flat if only if there exists
scalar homogeneous function P : TU — R such that the its spray coeflicients
satisfy

Gi

G'(z,y) = P(z,y)y". (1.2)
In this case, P = P(xz,y) is called the projective factor.
In Finsler Geometry, there is an interesting class of projectively flat metrics
on the unit ball B™ which is given by

p— WO 2P)yP + (2,9)° + (2.9)? (1.3)

(1= |22/ = 2Py + (z,9)%
This class of metrics is called square metrics which can be expressed as

F:%, (1.4)
where \/
O PRI ., (e
= PR = T e (15)

That « is a Riemannian metric and 8 is a 1-form with ||5]|o < 1. L. Berwald
first constructed a special projectively flat square metric of zero flag curvature
on the unit ball in R™ (see [3]).

Then the flag curvature of F is a function K = K(P,y) of tangent planes
P C T,;M and directions y € P. F is called of scalar curvature if the flag
curvature K = K(z,y) is a scalar function on the slit tangent bundle 7'My,
for any y € T, M. Recently, Shen-Yildirim determine the local structure of all
locally projectively flat square metrics of constant flag curvature. Later on,
L.Zhou shows that a square metric of constant flag curvature must be locally
projectively flat. In [10], Shen-Yang proved the following.

Theorem A. ([10]) Let F = (a+ f3)?/a be a square metric on a (n > 3)-
dimensional manifold M, where o = y/a;;(x)y’y? is Riemannian and § =
bi(z)y® is a 1-form on M. Then F is of scalar flag curvature if and only if it is
locally projectively flat.
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A Finsler metric F = F(z,y) on a manifold M is said to be locally dually flat
if at any point there is a coordinate system (z°) in which the spray coefficients

are in the following form

i L i
G = _ig ]Hyj7
where H = H(z,y) is a C* scalar function on TMy = TM \ {0} satisfying

H(x,\y) = N3H(x,y) for all A > 0.

Theorem B. ([7]) Let F = (a + 8)%/a be a square metric on an open subset

U C R™ with n > 3. Then F is dually flat if and only if one of the following

holds:

(i) F is a dually flat Riemannian metric.

(ii) F is of Minkowski-type. Moreover, F' can be expressed in the following

form.

(lyl + (v, y))?
|l

where v € R" is a non zero constant vector.

F= , (1.6)

Let (M, F) be an n-dimensional manifold Finsler manifold. Then F is called
an Einstein metric if its Ricci curvature Ric is isotropic,

Ric = (n — 1)AF?,
where A = A(z) is a scalar function on M. In [11], Shen-Yu proved the following.
Theorem C. ([11]) Let F' = (a + ()?/a be a square metric on a n-dimensional
manifold M, Then F is an Einstein metric if and only if it is Ricci flat and

“Ric = k*(1 — b*)?—[5(n — 1) + 2(2n — 5)b*]a® + 6(n — 2) 52,
bij = k(1 —b?)(1 +26%)a; — 3bib;. (1.7)

Then, they determined the local structure of Einstein square metrics as fol-
lows.

Theorem D. ([11]) Let F = (a + )%/« be a square metric on a n-dimensional
manifold M. Then the following are equivalent:
(1)F is an Einstein metric.
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(2) The Riemaninnain metric @ := (1 — b*)a and the 1-form § := /1 — b2f3
satisfy

SRic = —(n— Dk*a, by; = k\/1+ b2y, (1.8)

where k is a constant number, b = ||3||5 and b;; is the covariant derivation of

7
B with respect to &. In this case, F' is given in the following form

(V1+ % + B)?

(07

F =

(1.9)

with (1+52)(1 — %) = 1.

(3) The Riemannian metric @ := (1 — b2)2/a2 — 2 and the 1-form 3 :=
(1 — b?)3 satisfy agpse = 0 and Bi‘j = ka;; where k is a constant number,
b= ||Blla and b;|; is the covariant derivation of 3 with respect a. In this case,
F is given in the following form

oo WP+ )
(I—RRy/i-@ |

with b = b.

Also, they provide a new description for square metrics with constant flag
curvature.

Theorem E. ([11]) The Finsler metric F' = (a + 8)?/« is of constant flag cur-
vature if and only if under the expression (1.10) of F, & is locally Euclidean, 3
is closed and s homothety with respect to &. In a suitable local coordinate, F’
can be expressed by

o WP @0 +(.9)’ W)
(1= |22/ (1 = 2Py + (@,9)%
where T := cx 4 a for some constant number ¢ and constant vector a. In par-
ticular, F' must be locally projectively flat with zero flag curvature.

For y € T, M, define the Landsberg curvature L, : T, M x T, M xT, M — R
by
-1
79@/ (By (u7 v, w)v y)
A Finsler metric F' is called a Landsberg metric if L, = 0.

For y € T, M, define J, : T,M — R by J,(u) := J;(y)u’. J is called the
mean Landsberg curvature. A Finsler metric F' is called a weakly Landsberg

L, (u,v,w) :=
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metric if J, = 0. For y € T, M, define the stretch curvature ¥, : T, M @ T, M ®
T.M @ T, M — R, by £, (u,v,w,z) := X (y)uiviwkz!, where

Sijrt = 2(Lijkpn — Lijik), (1.12)

and ’|" denotes the horizontal derivation with respect to the Berwald connection
of F. A Finsler metric F' is said to be a stretch metric if 3 = 0. Also, one
can define Mean stretch curvature 3, : T, M — R by X, (u,v) := X5 (y)u‘od,
where

A Finsler metric F is said to be weakly stretch metric if £ = 0. It is easy to
see that every Landsberg metric or stretch metric is a weakly stretch metric.

For an (a, 3)-metric, let us define b;|; by b;;67 := db; — b;0!, where 0% := dz’
and 0{ = ngdmk denote the Levi-Civita connection form of «. Let

1 oo
Tij i= i(bi\j +bjpi), oo = rijy'y’.
In this paper, we prove the following.

Theorem 1.1. Every weakly stretch square Finsler metric F = (a+ )%/«
satisfies following

Airgy + Birgo + C1 =0, (1.14)

Agrgy + Baroo + C2 = 0, (1.15)

where Ay, Ag, B1, By, C1, Co are functions in terms of b and s, and are given
in Appendiz.

2. Proof of Theorem 1.1

The mean Landsberg curvature of («, §) metrics is as follows:

-1 [ 202

P
Ji = 2A04 L2 — 52 (TO + SO)hi<7 + (n =+ 1)(Q - SQ/))

A

o o
m(\l’l + SZ)(TOO — 2aQs0)h;
ad

—+ K( — OzQ/S()hi + QQ(azsi - yiSO)

+ a?Asig + a?(rip — 2aQs;) — (roo — QQQSO)yiH . (2.1)

+
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where
\Ifl =V b2 - SQA% |:4b2A_§82(I)}17
= —(Q-sQ)(nA+1+sQ) — (b° —s*)(1+sQ)Q",
__ ¢
Q= e
A=145Q+ (" —s)Q,
h,‘ = bl — Ozilsyi

For a square metric F' = a¢(s), we have ¢(s) = (1 + s)2. Then
2

Q=1— (22)
- 82(1+_2(8b)22_ 5*) (2.3)
®=(n+1) (4321”5)3_ 2) —4(? — 5?) (n(l _(128) ;;48 - 1) (2.4)

e
(b? ;82) —24ns® + 1?1711)148 +2n+2 25)

By substituting (2.2), (2.3), (2.4) and (2.5) in (2.1) we have:
Ji = (’I“o + SO)hiKl + ((1 — S)TQO — 40&80)}11'[(2
+ {— 2as0h; + 2a(1 — s)(a®s; — yiso) + a?(1 — 5% 4 2(b% — 5%))s40

+ (1 = 8)((1 — 8)ri0 — 4as;) — (1 — 8)((1 — 8)roo — 40450)%] Ks, (2.6)

where
12s
Kl = 27
a? (1 —s2+2(b2 - 52))
M.
K2 = 2 3

203(1 — s) (1 — 8242002 — 52))
My = 2(0% — 82) (6(2n —3)s3 —2(5n — 1)s2 + 6(n — 1)s — 4nb? — 2(2n — 2))

—12(n +3)s° + 8(2n + 5)s* + 6(n + 5)s> — 2(7Tn + 19)s® +2(n + 1)(3s — 1),
M3

2a3(1 — 3)2(1 —s24+2(b% — 32))2’

M, :4(62—82)(n(1—23)+s+1) —|—2(n+1)<233—52—25+1).
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And the geodesic spray coefficients of square Finsler metric F = ag¢(s) is as
follows

G'=Gl + Py +Q' (2.7)
where G is the spray coefficient of Reimanian metric, and P and Q' are given
by

1—2s 4o i
_ _ 2.8
a(1+2627382)(7“00 17580)3/, (2.8)
. bt 4o 200
i_ _ i 2.9
@ 1+2b2f352(740° 17550)4—17580 (2.9)
On the other hand we have:
0J; _ _
Tint® = Tt — 2 B (Gm - Gm) . (N;n - N;"), (2.10)
where
G™ —G™ = Py"™ +Q™, (2.11)
N™ — N™ = Pyy™ + P&™ + Q™. (2.12)

First, we calculate the equation J; Wy

Jiwy" = ((7“0 + So)thz)lkyk + (((1 — 8)T00 — 40450)K2hi) ‘kyk

+ [( — 2asph; + 2a(1 — 5)(a?s; — yiso) + (1 — 52 +2(b* — 5%))si0

+a?(1—s)((1 = s)rio — 4as;) — (1= 5)((1 — s)rop — 40‘50)%)}(3} |kyk'
(2.13)

Let us put
F; := ( —2as0h; + 2a(1 — 5)(a®s; — yiso) + a?(1 — 82 + 2(b* — 5%))si0
+ (1 = 5)((1 = 8)ri0 — 4as;) — (1 — 5)((1 — 8)rgo — 4aso)yi)K3.
Then we get

Jiy® = ((7’0 + So)thi) kyk + (((1 — 8)T00 — 4QSO)K2hi)|kyk + Fipy'(2.14)

and

b 2
ko 0]0
(oo sin) o = oo 2 - s

(201atjbj‘0bt — 65b0|0 + 2abtbt|0)] hi + bi\O - g[;boo) + (7’0‘0 + 50|0)hi},

(2.15)
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—1
(((1 — 8)roo — 40430)K2h,») lkyk =K, [(abomroo + (1 = 8)rooj0 — 4a50|0)hi

T 1
— +
MQ 1—s

+((1 = s)roo — 4aso)(bijo — %bo\o) +((1 = s)roo — 4a30)<

4bb|0)

3(6s — o
T2 52))5|0h" ’
(2.16)

where
4bb|0 3 9 )
Ty = ( —4s) (6(2n —3)s° —2(bn —1)s” + 6(n — 1)s — 4nb* + 2(2n — 2))
S\O
8(n — 2)bb
+2(b% - 5?) (18(271 —3)s> —4(5n —1)s +6(n — 1) — M)
510

—60(n + 3)s* —32(2n + 5)s® + 18(n + 5)s? — 4(Tn + 19)s + 6(n + 1),
and

Yi
Fpy® = K [ — 2as0(bijo — gbo\o) — 2bgjo(@®s; — yiso) + 201 — s) (10 — Yiso)0)

bo|o

+ a®(—6s—— + 4bbjo)si0 + a*(1 — s° + 2(b% — 5%))s40/0 — abojo((1 — s)rio — 4dars;)
e

2 *bO\O

+a°(1-— s)( rio + (1 — 8)ri000 — 4asi|0) — 2asgjohi
—b —b
- yz( O?IO ((1 = s)roo — 4asg) + (1 — s)( o roo0 + (1 — 8)ro00 — 40450|0))
bbjo

Ts 2 125 — 8 S0 )

=3 — 2asoh; + 2a(1 — P
+(M3 o+ 1_82+2(b2_82))( asoh; + 2a(1 — s)(a2s; — yiso)

+a?(1 =52 +2(0% — 5%))si0 + @?(1 — 8)((1 — )70 — 4avs;)

— (1= s)((1 = s)roo — 40450)yi>5|0:|- (2.17)
Here, we define

T3 := S(b:(? - s) (n(l —2s)+s+ 1) +4(b* —s*)(=2n +1) — (n + 1)(125* + 45 + 4).
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By putting (2.15), (2.16) and (2.17) in (2.14) we have

Bojo _ 2
as  a(l —s2+2(b% — s?)

Ji\kyk = K [ (rojo + s0j0)hi + (ro + s0) (( (—6sbo)o

| . 1
+ 2aabjjoby + Qabtbt\o))hi +bijo — %bom)} + Ko K?bouﬂ"oo + (1 = 8)rooj0

- 4a80|0> h; + ((1 - S)’r‘oo — 40480)([%\0 - %bom)

) 3(65 — 4bb‘0)

T s
+ ((1 = s)roo — 4asg) (E + T + =2 2(62‘0— 52)>soh¢]

+ K3 [ — 2asgj0hi — 2as0(bijo — %bom) — 2bgjo(a®s; — yiso) + 2a(1 — s)(as;0 — Yisopo)

bojo

+ 042(—637 + 4bbyo)si0 + a?(1—s*+2(b* - 32))52»0‘0 — abojo((1 — 8)rip — 4as;)

—b
+ a2(1 — 3)( 0?‘07%0 + (1 — S)Ti0|0 — 40[5“0)

—bojo

(T (1 5y — dso) + (1~ 5)(
bbo

T3 2 125—85‘0 ,
Ms — 2asoh; + 2a(1 - i~ Yi
+(M3+1—s+1—32+2(52—52)>( asoh; + 2a( s)(a®s; — yis0)

+a?(1 — 52 +2(0% — 5%))si0 + ?(1 — 8)((1 — 8)ri0 — 4avs;)

— (1 =s)((1 = s)roo — 40480)yi)8|o] (2.18)

700 + (1 — 8)rooj0 — 40450|0)>
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On the other hand, we have

5 0J; (Gm B Gm> B ( 2(1 —2s) 4o : 20 4o
o

aym (T 257 — 37y 00 T TS0 F g — g (oo = %)

_|_

T 4 Sasé) <K1 [(rm + Sm)hi

a?by, + 2ym B s 2Ym 125(8)ym
at vi 5“”"+h( (5)y +7+1—52+2(b2—32)>)}

4ym S0
«

+(7"0+50)(

+K2 [((78)ym7"00 + 2(1 — S)Tmo —

—?by, + 2ym 8 s
+((1 = s)roo — 4asg) (Tyi - dim

By 3Um . (8)ym 18s(s)ym
thi (Mg(s)m a? +1—$+1—82—|—2(b2—82)>):|
—2 m m
+ K3 j soh; — 2as by — QQSQ(hi)ym + (04281' — yiSQ)(Q(l — S)% —2a ( )ym

+20(1 = 8)(2YmSi — YiSm — GimS0) + (2Ymsio + &’ sim ) (1 — * 4 2(b° — 5%
—680[28i0(8)ym + (1 = 8)ri0 — 4as;)(2(1 — 8)ym — ( 8)ym

— 4asm) h;

)
)
)
0 (1= $)(~(ynrio + (1 = )rm — “2250) 4 (1~ s)rog — daso)

(yi(s)ym — (1 — 8)aim) — (1 — s)( —(8)ym7T00 + 2(1 — 8)rmo — 4misO — 4asm)yi

BS 3ym 2 12s
T

( — 2asph; + 2a(1 — s)(a?s; — yiso) + (1 — s* +2(b* — 5%))si0

+a2(1 —35)((1 = 8)rip — 4as;) — (L — s)((1 — s)ro0 — 40!80)%)}),
(2.19)

o? 1—s

where

By := —24(2n — 3)s* + 8(5n — 1)s® — 24(n — 1)s® + 16(n — 2)b%s + 8(2n — 2)s
£ 202 — 8?) (18(2n —3)s — 4(5n — 1)s + 6(n — 1)) —60(n + 3)s
+32(2n 4 5)s® 4+ 18(n + 5)s? — 4(Tn + 19)s + 6(n — 1),

By := —8(1 — 2s)ns — 85% — 85 + 4(b* — s?)(=2n + 1) — (n + 1)(—125 + 45 + 4),
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Also, we have

m_ N = L — s)rop — 4aso) by
T (NI = N, )*a(1_s)(1—s2+2(b2_82)) K1 (ro + 50) (1= )ron — daso )

+ ((1 — 5)7“00 — 40480)2K2hi + K3((1 — S)TOQ — 40480) ( — 2asphy;

+ 2a(a?s; — yiso) + @2 (1 — 5% + 2(b% — 5%))si0 + (1 — 5)((1 — 8)r40 — davs;)
= (1 =5)((1 = s)roo — 40450)%‘)} + {(7’0 + 80) K1 hp + (100 — daso) Kohm,

+ Kg( — 2a50hm + 20(1 — 8) (%5, — Yymso) + a(1 — 8% + 2(b% — 52))sm0

+ (1= $)rmo — 4asm) = (1= 8)((1 = s)roo — 4aso)y )|

[ 65((1 — s)roo0 — 4asg)(s)y ym
(I=9)(1—s24+2(b%— s?))
2a(1 = 5)%rig — 4(1 — s)y;s0 — 4a?so(s),: — 4a2(1 — s)s;

bm
* a(l —s)2(1 — s2 +2(b? — s2))
20(8)yi 2 Yiom m
(1_5)250 1_5(580 + as; )} (2.20)
The following hold
bm B
(S)y’" = ; - @yma
—a?by, + 2BYm s
(hi)m = v e— LN
b0|0 = To0,
b]bﬂo = Sg + 7o,
bb|0 =19 + So,
hib' = b* — 52, (2.21)
Sibi = 0,
si‘obi = —si(ré + 56),

Si0j0b" = Soj0 — Sio (To + So),
T00
Sjo = ;

Yi
hijo = sio + Tio — —5To0-
o

By substitutions (2.18) , (2.19), (2.20) and (2.21) in (2.10) we get J;..y".
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Now, by computing J;.xy* = 0 we get

2(1 —2s8)(1 — 5)(b? — s?)
1+ 2b% — 3s2

[(1 —5)(b% — $%) Ky + 25(1 — 8)Ksa + s(1 — s)%qs Ko +

125(1 — 8)2(1 — 2s)K N 2(b? — s?)? I 453(1 — s)
_ 2D ) g, AT

K,

Kg —s(1—s)Kia

1+202 —3s2 20 T 1422 —3s2 0 14267 —
4sb*(1 — L 21— s)(b2 —s2)2 1— 2_2
sb*(1 —s) L (1 =29)(b*—s7) Py + 6s(1—s)(b* —s )K2
1+ 262 — 352 1+ 262 — 352 1+ 2b% — 352
45(1 — s)(b* — s%) . 20%(1 —5)? 25(1 — 5)2(b? — s%) .
- Ksao— ——=K K.
[T TR BT TR R T TOR
201 _ &2 _ V(B2 <2) _ _ )
_ 6s%(1—s) o (1-29)(1—s)(*—s?) - s(1 —25)(1 — 5)? Koo
1+ 207 — 352 1—s2+2(b2— 5%) 1— 5242007 — 2)

_ 6s(1— s)(b? —s2)2 (1 —3)2(b? — s?)
1— 52 +2(b2 — 2)K = — 2+ 2(b2 — s2) K?’O‘} 700
2 2 ,
{ro+ SO); —° ) lfs_(bsz +822go - s())) Kio — s(rg + so) K1 — (2 — $2) Ko

+(1=s)(ro+ so)Kga + 4sso Kz + 4(1 — 8)(b? — 52)(ro + s0) 2 Kaax

~16(n—2)(1 - s)(b? — %)% (ro + SO)K» 601 - 25)(b? — s%)(ro + so)
M, 2 1+ 22 — 352

— 4s0(b% — 52)(]2KQOZ — 2ss0 K300 — 88 — 250(b* — 52)q3K3a50K3a —2ro(1 — S)Kgaz

+ 28so(1 — S)quga + so(l — s? 4+ 2(b2 - 32))q3K3a2 +7o(l — s)2q3K3a2

Kla

16s0(1 — 2s)(b? — s?) . 830 (b? — 32)(1 —2s) 28ss0(1 — s)(l —25) , o
BT 1+2b2 2 e 1+ 202 — Ksa
24s508(1 — 2s) _, 16ss , 1
-7 +02€)§ —3 Q)Kga T 5152 )Kg()é + 250(1 — 8)K3a? + 8s(1 — 5)%(ro + so) @z K3a?
1250(1 — 25)(b% — s%) _, 36306(1 —-$)(1—2s) , 4s(rg + s0)(b* — s%) .
T T L i TR L B T R
3 20%(b? — s%)(ro + SQ)K 02 25(b% — 52)(ro + SQ)K», oo 245(b% — 52)2(ro + s0) Koo
B(1+20% —3s2) ! 1+ 2b2 — 352 YT (202 —38%) (1 — 52+ 2(0% — 52))
4ro(1 —s)(b? — s?) . 40ss0(b* — s?) . 32ss0(b* — s?) . 2ro(1 —8)2(b* = s%) .
- Koq — 2550 78 g 902880 TS ) PK
1420 — 352 20T Tya?—3s2 20T Tra—3s2 20 T 142?32 2

8so(b? —s%)2 _ 16550(b* — s2) . 4s5982(1—58) . o 1250b%(1—3s) .
G I _ 20 T g 20T e 22500 T S)
T+202 —3s2 2020 T T o —3e2 3 T T apr — 32 %Y T T a2 — g2 3¢
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24s%508 . 25083(1 — 82 +2(b? — s?)) . (1 —25)(ro + s0)(b* — s%) .

Tl o g et 1+ 202 — 3s2 Ko =m0
T N R

SO PN A S TR R N
T —is)(z(lbi;bf)j 352)K2a * %Pﬂéa * %K?’QQ

8sob?(1—8) . o 8sso(l—s)(b?> —5s?) . o 4so(b? —s?) , 36ss08(1 —s) ,
2007 AT 2 _ K 07 TR 2D90P\ T °)
T+26° — 352 % [T v B T g
— 4s0(b? — 2) PyKoyar — 8s50(1 — s)Ksa? — 4sg(1 — s)K3a® + 4508(1 — ) K3
880(b2 — 52)(1 — 28) KQO( i 250(b2 — 32)(1 — 25) 6506(1 — S)(l — 25) Kga
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The above relationship is equivalent to (1.14) and (1.15). O
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1 18s
Py(s,b%) =
2(5,0%) 175+1752+2(b2752)
—2 12s
Py(s,b?) =
3(s,5%) 1—S+1—82+2(b2—82>

’

Kl(s,b2) = a2K1(s,b2), KQ = CJ[SI(Q7 Kg = OésKg
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