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SOFT INTERSECTION ABEL-GRASSMANN’S GROUPS
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MUHAMMAD RASHAD

ABSTRACT. This paper is a bridging among soft set theory, set
theory and AG-groups, in which soft intersection AG-group (ab-
breviated by soft int-AG-group) is defined and investigated. The
concept of soft int-AG-group is further extended to define the no-
tions of conjugates soft int-AG-group, normal soft int-AG-group,
e-set and a-inclusion of soft int-AG-groups. Various properties of
these notions are investigated and supported by relevant examples
that are produced by GAP.
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1. INTRODUCTION

The researchers face uncertainty in various fields for example phys-
ical sciences, medical sciences, social sciences even in computer and in
economics etc. To deal with this uncertainty they used various mean of
mathematical tools that is not so much effective as required. Therefore,
Molodstov [16] was the first researcher who proposed soft set theory as
an alternative approach to probability theory, fuzzy set theory, rough set
theory and any other mathematical tool to describe uncertainty. Soft set
theory is a powerful mathematical tool for dealing with uncertainty, and
is a parameterized family of subset of the universal set, and free from
all the difficulties present in other existing mathematical tools. Soft set
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theory is easily applicable to daily life problems, and has lot of appli-
cations in many fields like: operation research, game theory, analysis
and many more. Due to its diverse applications, researchers are actively
involved and achieved various results both in theoretical and practical
aspects.

In 1971, Rosenfeld [17] defined fuzzy subgroup of a group. Since
then, various researchers have studied on fuzzy subgroup theory; and
similar results are derived from classical group theory. First study on
algebraic structure of soft sets was made by Aktas and Cagman [2]
in 2007. They introduced concept of soft group, and derived some of
the basic properties of soft groups. Since then, many papers on soft
groups have been published [4-7]. Cagman et al. [7] proposed a new
algebraic concept called soft-int group by inspiring from definition of
fuzzy subgroups defined by Rosenfeld [17], and obtained some of its
properties existing in group theory. A large amount of the literature on
algebraic structures of soft sets can be found in [9, 23, 19, 12, 24, 25, 20,

].

In 1987, concept of AG-groups (LA-groups) was defined by Mushtaq
and Kamran [15]. In generally an AG-group is non-associative, so an
AG-group is a different structure from classical group structure. Un-
like groups and other structures, commutativity and associativity imply
each other in AG-groups and thus AG-groups become Abelian group if
any one of them is allowed in AG-group. Many researchers studied on
algebraic structures of the soft sets constructed by using different alge-
braic structures such as group, ring, ideal, BCK/BCI algebra, near ring,
and LA-semigroup instead of the parameter set in soft sets. With this
motivation, in this paper, we define concept of soft int-AG-group as a
bridge among soft set theory, set theory and AG-group theory. Basic
difference between soft int-AG-group and soft int-group [7] is algebraic
structure corresponding to parameter set of soft set. After we obtain
some properties of soft int-AG-groups, based on definition and proper-
ties of soft int-AG-groups Since an AG-group is a generalization of a
group, it can be said that soft int-AG-group is a generalization of soft
int-group defined in [7]. Therefore, obtained some properties of soft
int-group given in [7] and [10] are available for soft int-AG-group. In
this study we point out these properties and obtain some new results
related to soft int-AG-groups. We also define some new concepts such
as conjugates soft int-AG-group, normal soft int-AG-groups, e-set and
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a-inclusion. Furthermore, we obtain some results of a-level sets of soft-
int-AG-groups. Also, we support defined new concepts with examples
to be more understandable.

2. PRELIMINARIES

In this section, we recall definition and set theoretical operations of
soft sets, and present some properties of AG-groups.

Definition 2.1. [16, 8] Let U be the universal set, E be the set of
parameters and P(U) be the power set of U. Then a soft set, A is a set
of order pairs
A=A{(g, fale)) : e € E},

where f4 is a set valued function from E to P(U) and f4 is called ap-
proximate function of soft set A. The subscript A in the function f4
denotes that f4 approximate function of soft set A. f4(e) may be arbi-
trary i.e for some € € E f4(e) may be empty, some may have nonempty
intersection. Also, the set {fa(e)|le € E} is called image of A and is
denoted by Im(A).

For convenience, if f4(e) =0, (e, fa(e)) will not be appear in the set
A. The set of all soft sets over U is denoted by S(U).

Definition 2.2. [3] Let A, B € S(U). Then,

(1) If fa(e) =0 for all € € E, A is said to be a null soft set, denoted
by ®.

(2) If fa(e) = U for all € € E, A is said to be absolute soft set,
denoted by U. B

(3) A is soft subset of B, denoted by ACB, if fa(e) C fg(e) for all
€€ k. . B

(4) A=B, if ACB and BCA.

(5) Soft union of A and B, denoted by AUB, is a soft set over U
and defined by

AUB = {(e, (faUfB)(¢)) : e € E}
= {(& (fale)U fB(e))) : e € E}.

(6) Soft intersection of A and B, denoted by ANB, is a soft set over
U and defined by

ANB = {(e, (fanfB)(e)) : e€ E}
= {(e, (fa(e) N fB(e)) 1 e€ E}.
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(7) Soft complement of A is denoted by A¢ and defined by A°¢ =
U\ fa(e) for all e € E.

Definition 2.3. [11] Let E = {e1,¢9,...,en} be a set of parameters.
The NOT set of E denoted by |E is defined by |E = {—e1, —e2, ..., 7en}
where —&; =not ¢;, V1 <17 < n.

(It may be noted that | and — are different operators also NOT operator
is different from the soft complement of A).

Definition 2.4. [3] Let A, B € S(U). Then, A-product and V-product
of A and B, is denoted by A A B and AV B respectively, and is defined
by the approximate functions as follows:

fanp(e, €') : EX E = P(U), fars(e, €') = fa(e) N (<),
and
favp(e, &) : Ex E— PU), favg(e, €)= fa(e) U fa(e).
Also, AN B and AV B can be written as a set of pairs as follows:
(ANB) = {((s,€), farp(e, &) 1 e, € E}
= {((e, &), fale) N fB()) 1 €, € E},
and
(AvB) = {((s,€), favp(e,€)) 1 e, € E}
= {((e, &), fale)U fB()) 1 €, € E},
respectively.

In the rest of this paper, G denotes an AG-group and e denotes the left
identity of GG unless otherwise stated. An AG-group is a non-associative
structure, in which commutativity and associativity imply each other
and thus AG-group become an abelian group if any one of the property
is allowed in AG-group. AG-group is a generalization of abelian group
and a special case of quasi-group. An AG-groupoid (or LA-semigroups)
is a non-associative groupoid in general, in which the left invertive law
(ab)e = (cb)a holds for all a,b,c € G. An AG-groupoid G is called an
AG-group or left almost group (LA-group), if there exists a unique left
identity e in G (i.e. ea = a for all a € G), and for all a € G there exists
a~! € G such that aa! = a~'a = e. Now a day’s many researchers are
taking interest to fuzzify AG-groupoids and AG-groups and to develop
soft set theory for AG-groupoids and AG-groups [9-16].
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An AG-group (G, %) can easily be obtained from an abelian group (G4, -)
by:
axb=a"t-b or axb=b-a"'VabeG.

It is easy to prove that in an AG-group G the right identity become the
two sided identity, and that an AG-group G with right identity is an
abelian group. AG-group posses the property of cancellative like group.
A nonempty subset H of G is called an AG-subgroup of G, if H itself
is an AG-group under the same binary operation defined in G. In AG-
subgroup one can easily obtain the following results. Let ¢ # H C G,
then H is an AG-subgroup of G if and only if for any hi,hs € H =
hihy € H, and for all h~! € H for all h € H. Similarly, let ¢ # H C G,
then H is an AG-subgroup of G if and only if h1h2_1 € HY hi,ho € H.
Let H and K be AG-subgroups of G of order m and n respectively,
where (m,n) = 1. Then

HK ={hk : he H ke K},

and has exactly mn elements and is also an AG-subgroup of G. Various
properties of AG-groups are explored in [21, 22] such as: if the order of a
finite group is prime then it has the trivial subgroup only. While, in AG-
group it is not necessary. The product of two AG-subgroups is always
an AG-subgroup, although it is not common in groups. Like groups,
conjugate classes of AG-groups also form a partition of GG, unlike groups
the conjugate class of e € GG is not a singleton set. Therefore, if the
conjugate class of G contain e, then it is also an AG-group. If the order
of G is prime then it has single conjugate.
The following identities can be easily proved in an AG-group G:

Lemma 2.5. [21] Let e € G, and a, b, ¢, d € G, then
(1) (ab)(cd) = (ac)(bd) (medial law),

(2) a(be) = b(ac),

(3) (ab)(cd) = (db)(ca) (paramedial law),
(4) (ab)(cd) = (dc)(ba),

(5) (ab)™'=a"'071,

3. SOFT INTERSECTION AG-GROUPS

In this section the basic definition of soft intersection AG-group (soft
int-AG-group) is given, some of the basic results along with suitable
examples are provided. The following definition is similar soft int-group
given in [7]. Basic difference of this definition from soft int-group is that
parameter set is an AG-group.
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Definition 3.1. Let G C E be a set of parameters, and A € S(U) be a
soft set. Then, A is called soft int-AG-group over U if forall g,¢ € G,
the following conditions are satisfied:

(1) falgg’) 2 falg) N fald),
(2) falg™") = falg).

Ezample 3.2. Consider a non-associative AG-group G = {0, 1,2} of or-
der 3 with left identity 0, defined in the following table:

Let A be a soft set over U = {u,ug,...,up}, defined by

A = {(0,£4(0)), (1, fa(1)), (2, Fa(2))}

A = {(0,0), (1, {uz,u4,ue}), (2, {uz,us,ue})} -
It can be easily verified that A is a soft int-AG-group over U.

Ezample 3.3. Consider a non-associative AG-group G = {a,b,c,d} of
order 4 with left identity d, defined in the following Cayley’s table:

.‘abcd
ald a b ¢
blec d a b
clb ¢ d a
dla b ¢ d

Let A be a soft set over U = Z, defined by
A = {(a, fala)), (b, fa(b)), (c, falc)), (d, fa(d))}
A = {(a,{1,2,4}),(b,{1,2,3,4}),(c,{1,2,4}),(d,2)} .

It can be easily verified that A is a soft int-AG-group over U.
The set of all soft int-AG-groups over U is represented by Snag(U).

The following lemma is available for soft int-groups.
Lemma 3.4. Let A € Snag(U). Then, fa(e) 2O fa(g) for all g € G.

Proof. The proof can be made in similar way to proof of Theorem 1 in
[7] O
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Lemma 3.5. Let A € Snag(U). Then fa(gg') = fa(d'g) for all g,q" €
G.

Proof. Let A € Snag(U). Then for all g,¢' € G,
falgd) = fal(eg)d)

= fa ((9'9)6) (by the left invertive law)
2 falg'g) N fale)
= fald'g) (by Lemma 3.4)

= falgg’) 2 fald'9).

Similarly, we can show that f(g'g) 2 fa(gg’). Hence, fa(g9') = fa(d'g)
for all g,¢' € G. O

Note that, this lemma is available in soft int-groups only when pa-
rameter set (group) of soft int-group is an Abelian group. However, in a
soft int-AG-group, it is not necessary that parameter set is an Abelian

group.
The following theorem is available both soft int-groups and soft int-
AG-groups.

Theorem 3.6. A soft set A over U is a soft int-AG group over U if
and only if fa(9g'™") 2 falg) N fa(g') for all g,g' € G.

Proof. The proof can be made in similar way to proof of Theorem 2
given in [7]. O

Lemma 3.7. Let A € Snac(U). Then, for all g, € G, fa(gg) =
fa(g") if and only if fa(g) = fa(e).

Proof. Let A € Snac(U) and fa(gg') = fa(g') for all g,¢' € G. By
choosing ¢’ = e we get
falge) = fa(e)
= faleg) = fale) (by Lemma 3.5)
= falg) = Jfale).
Conversely, suppose that f4(g) = fa(e) V g € G. Then,

falgd) 2 falg) N faly")
= fale)n falg")
= fald) (by Lemma 3.4)
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This implies that

(3.1) falgg)) 2 falg).
Also,

~
b
—
Q
—
Il
~
-
D
QQ\

= fa g ) (by the left invertive law)
D fald'g) N falg™)
= falgg") N falg) (by Lemma 3.5)
falgg) N fale)
falgg) (by Lemma 3.4)
This implies that
(3.2) falg) 2 falgg).
Consequently, Equations (3.1) and (3.2) implies that, fa(¢') 2 fa(gg’) 2
fa(g). Hence, fa(gg') = fa(g'). O

Lemma 3.8. Let A € Snac(U). If fa(gg ") = fale) then fa(g) =
fa(g') for all g,q' € G.

Proof. Let A € Snaq(U) such that fa(gg'™') = fa(e). Therefore, for
all g, g € G

falg) = fale-g) = fallg'g™"g)
= fa((gg™ M9 (by the left invertive law)
2 falgg™") N falg)
= fale) N fa(g)
= falg). (by Lemma 3.4)
Thus
(3-3) falg) 2 falg")-
And
fald) = fald™) = fale-g7h) = falla™'9)9 ™)
= fa((¢dt9)gt) (by the left invertive law)
2 falg™'g) N falg™h)
= falgg™") N falg) (by Lemma 3.5)

fa(g). (by Lemma 3.4)
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Thus

(3.4) fa(g’) 2 fa(g).

Hence, by Equations (3.3) and (3.4) we get, fa(g) = fa(¢') forall g, ¢’ €

G. O
Note that, Lemma 3.8 is similar Theorem 3.2 in [10]. In [10], since

parameter set is a group, proof of the theorem is made by using associa-
tive law. But an AG-group is non-associative. Therefore we make proof
of lemma by using left invertive law, Lemma (3.5) and (3.4).

The following theorem is available for both soft int-groups and soft
int-AG-groups.

Theorem 3.9. Let A, B € Sqac(U). Then, AN B € Snac(U).

Proof. The proof can be made by similar way to proof of Theorem 4. in
[7]. O

Note that AV B of any two soft sets A and B may or may not be a soft
int-AG-group as given by the following counter example.

Ezample 3.10. Assume that U = {uj,ug,...,us} is the universal set.

Let G be any AG-group of order 4 as defined in the following table
-J01 23

01 2

10 3

3 2 1

312 30

Consider soft sets A, B over U as follows:

A={(0,U),(1,{ug,ua}), (2,{u2}), (3,{u2})},

N = O
— O N W

and

B ={(0,U),(1,{u1,us}), (2, {us}), (3, {us})}.
It is clear that both A, B € Snag(U). Now, take
(fav fp) (LD -(0.271) = (faV f5)((1,1)-(0,3))
(faVfB)(1-0,1-3)
(faV fB)(1,2)
(fa) M)V (fB) (2) = {u2, u3, ua},

and
(fA \ fB) (17 1)m(fA \ fB) (07 2) = {ul,UQ,U3,U4}ﬂU = {ul,UQ,U3,U4},
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this implies that

(faV fB)((1,1)-(0,2)71) 2 (fa V f5)(1,1) N (fa V f5)(0,2).
Hence, AV B is not a soft int-AG-group over U.
Definition 3.11. Let A, B € Sqag(U) on AG-groups G and Gy re-

spectively. Then, the product of A and B is denoted by A x B and
is defined by

Ax B = {{(g, ), (faxs) (9,9} : ¥V ( g,g/)EGleg}

- H@J%UM)Xﬁs D}V (9.9)€GrxGap

Ezample 3.12. Let U = {0, —1, 1} is the universal set, and G; = {a, b, ¢,d}

and Gy = {x,y, z} are AG-groups of order 4 and 3 defined in the follow-

ing tables (i) and (ii) respectively:
Ja b cd

QUL O
Q "0 Qe
S0 QR
0O L8 To
QUL O

(i) (i)
Let A, B € Snag(U) on AG-groups G and Gy respectively defined by:
fa(a) = {0} = fa(c), fa(b) = {0, -1}, fa(d) ={0,—1,1},

and
fe(x) = {07_171}7 fB(y) = {_1} = fB(2).
Then,
AxB = {(g’g,)v (fA(g) X fB(g/)) } 2V (g,g’) € G1 x Gg},

= {{@.2),((0,0),(0,-1),(0,1))} , {(a ) , (0, 1)}, {(a,2), (0.~ 1)},
{(6,2),((0,0),(0,-1),(0,1),(~1,0), (~1,-1), (=1, 1))},
{(b.) (0, 1), (=1, =1} {(5,2), ((0.=1), (=1, 1))},
{(e,2),((0,0), (0,~1), (0, 1))} {(es9), (0, =)}, {(e,2) (0.~ 1)}
{(d2),((0,0),(0,-1),(0,1), (~1,0), (-1, 1), (~1,1),(1,0),
(1,—1) (=L D)} () (0.~ (~1, 1) (L, -1
{(d.2), ((0,-1), (~1,=1),(1,=1))} }.
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Theorem 3.13. Let A, B € Snaq(U) on Gy and Gy respectively. Then
Ax B¢ SﬂAG(U X U)

Proof. For any (x1,y1), (2,2) € G1 X Ga,

(faxs) (z1,91), (22,92)™") = (faxs) (21, 11), (x2,52) ")
= (faxs) (z1,91), (x5, 55 1)
= (faxs) ((z125" y195 ")
falzizsh) x f(yiyy ) (by Definition 3.11)

2 (fa(z1) N fa(z2)) x (fB(y1) N fB(Y2))

= (faz1) x fB(y1)) N (fa(z2) x fB(y2))

= (faxB) (x1,91) N (faxB) (2, y2).
Hence, A x B € Snaq(U x U). O

Theorem 3.14. Let A, B € Snag(U), then ANB € Snag(U).

Proof. Since A, B € Snag(U). Therefore, ANB # ®. For any =,y €

ANDB, we have

(fanfs) (zy™") = faley™ )N fpley™?) (by Definition 2.2-(v))
2 (fal@) N faly)) N (fe(z) N fB(Y))
= (falz) N fa(2)) N (faly) N fB(Y))
= (fanfs) () N (fanfs) (y)-

Hence, ANB € Snaq(U). O

Note that AUB may not be a soft int-AG-group over U as given by the
following counter example.

Ezample 3.15. Let G = {0,1,2,3,4,5} be an AG-group of order 6 de-
fined in the following table:

A atw — o oo
G N O |~
WA Ul O — N
— N O ot wlw
OO Ot
O — N W Ul ot

QL W N~ O -
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Let A and B are any two soft int-AG-groups over U = 7Z defined as
follow:

fa(0) =2 | fB0)=Z
fa(1) ={0,1,4} = fa(5) | (1) ={6,7} = [(5)

fa(2) ={0,1,4,11} = fa(4) | [B(2) ={6,7,10,13} = fp(4)
fa(3)=40,1,4,12,13} | fB(3)=16,7,8,9}

It is clear that
(35) (faOfp) (2-47") = (fa0fp) (5) = fa(5)Uf5(5) = {0,1,4,6,7},
and

((faOfB) (2) N ((faUfB) (4)) = (fa(2)U f5(2)) N (fa(4) U f5(4))

= {0,1,4,6,7,10,11,13},

this implies that
(3.6) ((faUfB) (2)) N ((faUfB) (4)) = {0,1,4,6,7,10,11,13}.
From Equations (3.5) and (3.6) it is clear that

(fa0fB) (2-471) 2 ((fa0fB) (2)) N ((fa0fB) (4)).
Hence the union of two soft int-AG-groups may not be a soft int-AG-
group.

Definition 3.16. Let H be an AG-subgroup of an AG-group G, A €
Snac(U) on G, and ® # B € S(U) on H. If B € S~ag(U) on H, then
B is called a soft int-AG-subgroup of A over U, on H and denoted
by B<A.

Ezxample 3.17. Let U = {u1,ua,...,u1p} be the universal set and G be
any AG-group of order 9 defined in the following table,

01 23456 78
0j|0 1 2 3 45 6 78
112 01 45 3 7 8 6
2|1 2 05 3 486 7
3|7 6 8 0215 3 4
416 8 71 0 2 4 5 3
5(8 76 2 1 0 3 4 5
6|4 3 586 70 21
713547 8 6 10 2
89 4 3 6 78 210
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Define a soft int-AG-group A as follows:
fA(O) = Ua
fa@) = A{ui,uz,u3,us} = fa(7),
fa(l) = {ur,uzt = fa(2) = fa(4) = fa(5) = fa(6) = fa(8).
Let H; ={0,3,7} and Hy = {0, 1,2} be two AG-subgroups of G. Define
soft int-AG-groups B and C
B = {(07 U), (3, {u27 U4}) (7, {U’?? U4})} )

and

C= {(0, U) ) (17 {ulv u2}) ) (27 {ula UQ})} .
As B,CCA. Therefore, B, C<A.

Theorem 3.18. Let B, C<A. Then, BNAC<A.

Proof. By Cagman et al. ([7], Theorem 7), we have the proof for two
soft int-groups. Let us prove for two soft int-AG-groups. Since B, C<A,
BNC # ®. Let z, y € BNC. Then

(fenfe) (@y™) = ((fpac) (xzy™))
= feley™ ") N feley™)
2 (fe(x)Nfey) N(fe(z)
= (fe(z)N fo(x)) N (fe(y)
= feac(®) N feac(y).
Thus, 2y~ ! € BAC. Hence, BAC< A. O

<

fe(y))

N
N fe(y))

Theorem 3.19. Let {B;: i€ I} <A for alli € I. Then UjcrB;<A.

Proof. By Kaygisiz ([10], Theorem 3.4), we have the proof for soft int-
groups. We can prove by similar way for soft int-AG-groups. Since
{Bi:iel}<Aforalliel, NigrB; # ®. Let x, y € NicrB;. Then,

(Mierfs,) (xy™") = ((fa,m) (™)
= Nier (fBi(xy_l) : 1€ I)

Ni e I((fp,(z)N fp,(y) : i€l)

(Mier (f,(z) + i €1))N (Nier (fB,(y) : i€ 1))
= ((faiers,) @) 0 ((fae,m,) ) -

Thus, 2y~ € NerB;. Hence, Nicr B;<A. O

I
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Note that if B, C<A. Then it is not necessary that, BOC<A in general.

Example 3.20. From, Example 3.17, it can be easily shown that:
(3.7)
(feUfc) (3-27Y) = (fauc) (3-2) = (fpoe) (8) = fB(8) U fc(8) =1,

and

((f8Ufe) (3)) N ((f8Ufc) (2)) (fBB3) U fe(3)) N (fB(2) U fc(2))

= {ug,us} N{ur,u2},

this implies that
(3-8) ((fs0fc) (3)) N ((feUfc) (2)) = {u2} .
By Equations (3.7) and (3.8), we get
(fB0fc) (3-271) 2 ((f80fc) (3)) N ((f8Ufe) (2)) .-
Hence, BUCLA.

4. CONJUGATE SOFT INT-AG-GROUPS

Definition 4.1. Let A € Snag(U) and v € G. Then A, is called
conjugate soft int-AG-group (with respect to u) denoted by A,~ A,
and is given as

fa, () = fa ((ua:)u_l) , forall x € G.

Remark 4.2. Tt is noted that a conjugate soft int-AG-group may or may
not be a soft-int-AG-group.

Example 4.3. Consider an AG-group G of order 6 defined in Example
3.15. Let A € Snag(Z), defined as follows:

fa(0) = Z,
fA(Q) = {1>3""79}:fA(4)7
fa(l) = {3,6,9} = fa(3) = fa(5).

The conjugates soft int-AG-group A is given by:
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fa0(0) = f4,(0) = fa(0) = Z,

on(l) :fAs(l) :fA(S) = {37679}7
on(z):fA3(2) :fA(4): {1>3""79}7
fao(3) = fas(3) = fa(3)= {3,6,9},
fA0(4):fA3(4) :fA(Z): {173""79}’
fA0(5) :fA3<5) :fA(l) = {37679}'
fAl(O):fA4<O) :fA(Q): {1737"'79}7
fAl(]') :fA4(1) :fA(l) = {376’9}7
fa,(2) = fas(2) = fa(0) = Z,

fAl(B) :fA4(3) :fA(5) = {376’9}7
fA1(4):fA4(4) :fA(4): {1737"'79}7
fai(5) = fa,(5) =[fa(3)= {3,6,9}.
fAz(O):fA5(O) :fA(4): {173""79}7
fa,(1) = fa,(1) = faB) = {3,6,9},
fAQ(Q):fA5(2) :fA(2): {1737"'>9}7
fa;(3) = fa,(3) = fa(l) = {3,6,9},
fA2(4) :fA5(4) :fA(O) = Z,

fA2(5) :fA5(5) :fA(5) = {3>6’9}'

Aj and Ag are conjugate soft int-AG-groups but are not soft int-AG-

groups over Z, as

fA1(2'2) :fAl(O) = {1a37"'79} 2 fA1(2)mfA1(2) =Z,

and
fa,(4-4) = fa,(0) = {1,3,...9} 2 fa,(4) N fa,(4) = Z.
Definition 4.4. Let A € Snag(U). Then A is called a normal soft
int-AG-group over U if
fa((@y)z™) = faly) Vo, y € G.

Or in other words A is a normal soft int-AG-group over U, if A is self
conjugate soft int-AG-group.

The set of all normal soft int-AG-groups over U is represented by N.Snac(U).
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Ezxzample 4.5. Let G be an AG-group of order 6 defined as in Example
3.15. Let A € Snag(Z), defined by

fa0) = Z=fa(2) = fa(4),
fa(l) = {2,4,6,8,10} = fa(3) = fa(5).
The conjugates soft int-AG-groups of A, are given by:

on(O):fAs(O) :fA(O): L,

on(l) = ng(l) = fA(5) = {2747 6,8, 10} )
fa0(2) = fa;(2) = fa(4) = Z,
on(3) = fA3(3) = fA(g) = {2747 6,8, 10}7
fA0(4) = fA3(4) = A(Z) = Z,
fA0(5) = fA3(5) = fA(l) = {2343 6,8, 10}'
fa,(0) = fa,(0) = fa2) = Z,
fAl(]‘) = fA4(1) = fA(l) = {2747 6,8, 10}7
fa(2) = fa,(2) = fa(0) = Z,
fa (3) = fA4(3) = fA(5) = {2747 6,8, 10}7
fa(4) = fa,(4) = fal4) = Z,
fA1 (5) = fA4(5) = fA(g) = {2747 6,8, 10} :
fAz(O) = fAs(O) = fA(4) = Z,
fAQ(l) = fAs(l) = fA(g) = {2747 6,8, 10} )
fa,(2) = fas(2) = fa(2) = Z,
fA2(3) = fAs(?’) = fA(l) = {2747 6,8, 10}7
fA2(4) :fA5(4) :fA(O) = Z,
fA2(5) = fA5(5) = fA(5) = {2743 6,8, 10}'

Hence, A € NSnag(Z), as A is self conjugate soft int-AG-group.

Theorem 4.6. Let A € Snaq(U). Then the following assertions are
equivalent for all z, y € G,

(1) fa((zy)z~") = faly),
(2) fa ((zy)z™') 2 faly),
(3) fa ((zy)z™t) C fa(y).

Proof. (i) = (ii): Obvious.
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(#1)= (4i1): Assume that (ii) holds. Consider,
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fal@y)z™) < fa(@ (@y)2)) ((@H7)

= fa((@ ((wy) )=

= fa((z ((zy )) x” ) (by the left invertive law)

= fa(((zy) (:L“:L“ RS (by Lemma 2.5-(ii))

= fa(((zy)e)a™)

= fa (((ey) x) x_l) (by the left invertive law)
fa((yz)z™)

= fa ((x_lx) y) (by the left invertive law)
faley) = fa(y)

= fa ((xy)afl) C faly) Vo, yed.
(791) = (7): Assume that (iii) holds. Consider,

fa((zy)z™)

»)
= fa((@y)a™) 2 faly)Va,yed.
vl €

Consequently, fa ((
fa(y).

fa (@ ((@y)e™) (@) )

fa(y), as in the proof (i) = (iii)

(y) C fa ((zy)2~1). Hence, fa ((zy)z~t) =

g

Theorem 4.7. Let A € Snaq(U). Then A € NSnaq(U) if and only if
fa(lz, y]) 2 fa(z) V z,y € G, where [z,y] = zy -y ‘o=t is a commuta-

tor of x and y in AG-group G.
Proof. Let A € NSnag(U). Then,

fallz, y)) = fa((xy) (v '=z7h))
= fa ((y_l:r_l) (zy)) (by Lemma 3.5 )
= fa ((ya:) (iﬁ_ly_ )) (by Lemma 2.5-(iv))
= fa(z™' ((wzr)y™))  (by Lemma 2.5-(ii))
O fal@ ) nfa(lz)y™)
= fa(z)N fa(x) (as A € NSnac(U))
= fa(x).

(by Definition of Commutator’s in G)
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Conversely, assume that fa([z, y]) 2 fa(x) V 2,y € G. Then, for
any z € G,
fa ((xz) xil) = fa (e ((a:z) xil))
= fa((z=7") ((@2)27"))

= fa((((zz)a™ Nz 2) (by the left invertive law)
= fa (((z_ ) Tz ) z) (by the left invertive law)
= fa(((z2) (=7 "271)) 2 (by Lemma 2.5-(iv))

= fa(lz z]2)

2 fallz z]) 0 fa(2)

2 falz)N fa(z) = fa(z)

This implies that fa ((zz)z™') 2 fa(z) V & € G. Now by Theorem 4.6,
we have fa ((zz)2™!) = fa(z) V @ € G. Hence, A € NSnaq(U). O

Proposition 4.8. Let A € Snaq(U). Then fa([z, y]) = fale) Vx, y €
G if and only if A € NSnag(U).

Proof. Let A € NSnag(U). Then,

fa(lyx)y™) = fa@)Va,yed
s fale(yz)y™)) falz)
& fa((@x™) (wx)y™)) = falx)
& fa((((yz)y 1) 9571) ) fa(zx) (by the left invertive law)
e fa(((@ ™) (yr))2) = fa(x)  (by the left invertive law)
& fa(((zy) (v 155‘_1)) z) = fa(z) (by Lemma 2.5-(iv))
& fal(fz,y))2) = fa(@)
& fallz, y]) = fale). ( by Lemma 3.7)

Hence, A € NSnaq(GQ) if and only if pa([z, y]) = pale) Vz,y € G. O

5. a-INCLUSION OF SOFT INT-AG-GROUPS

Definition 5.1. Let A € Sqag(U). Then, e-set of A is denoted by Ag
and defined by

As={z € G : fa(x) = fale)}.

Ezample 5.2. In Example 3.3, Az = {d}.
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Theorem 5.3. Let A € Snaq(U). Then, Ag is an AG-subgroup of G.

Proof. By definition of Ag, it is obvious that Az # 0. Let z,y € As.
Then, fa(z) = fa(e) = fa(y). Consider,
fal@y™) 2 falx) N faly)
fale) N fale)
fa(e),
also by Theorem 3.4, fa(e) 2 fa(zy™ ')V z,y € G. Consequently,

fa(xy™") = fa(e). This implies that xy~! € A;. Hence Az is an AG-
subgroup of G. O

Definition 5.4. Let A € Snag(U) and o € P(U). Then a-inclusion of
A, is denoted by Ag, and defined by

As ={z €G : fa(z) 2 a},
while the set

A+ ={x € G : fa(x) D a},
is called the strong a-inclusion of A.

Note that if &« = (). Then Ay = {x € G : fa(x) # 0}, and is called
support of A, and denoted by supp(A).

Ezample 5.5. Let U = {uy, u2, us, ug, us, ug, uz} be the universal set and
G =1{0,1,2,3,4,5} be an AG-group of order 6 defined as in Example
3.15. If we define soft int-AG-group A over U by:

(0) U,
fa(l) = {uz2,u3,us,us,us} = fa(5),
(2) {u1, ug, u3, ug, us, ug} = fa(4),
fa@) = {uz,us3,us,us,ug, ur}.
Let o = {uy,ug, us, ug, us, ug}, then Az = {0,2,4} and Az+ = {0}.
Corollary 5.6, Theorem 5.7, 5.9 and 5.10 are available for both soft
int-group and soft int-AG-groups. Therefore, proofs of them is similar
in [7] and [10].
Corollary 5.6. Let B,C<A. Then, the following assertions hold;
(1) BCC, a € P(U). Then B C Cj,
(2) Let a1 C ag, ay,a0 € P(U). Then B, C Ba,,
(3) B=C < Bs = C4, for alla € P(U).
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Proof. Let B, C<A.

(1) Let x € Bs, then, fg(z) 2 a. Since fsCfc, a € P(U). This
implies that a C fgCfc = fo(z) D a = = € Cz. Hence
B; C Cj.

(2) Let a1 € ag, ag, a0 € P(U), and = € Bgs,. Then fp(z) 2O as.
Since, a; C g implies that fp(x) D ay = x € Bg,. Therefore,
Bs, C B, .

(3) The proof is straight forward. O

Theorem 5.7. Let B,C<A and o € P(U). Then,

(1) BsUCz C (BUC),,
(2) B;NCs = (BﬁC)d

[N}

Proof. Let B,C<A, and G be the corresponding AG-group then:
(1) For any = € G, let

x € Bz UCy x € Bs or x € Cg
f5(2) 2 or folr) 2.
fB(z) U fo(z) 2 a,
fBOC(xN) 20[,

x € (BUC)

LR

Therefore, B U Cs C (BUC);.
(2) Again, for any = € G, let © € Bs N Cs. Then,
x € B;NCs x € Bs and x € Cy
f5(x) 2 o and fo(z) 2 a,
fB(z) N fe(z) 2 o,
fBﬁC(x) 2 a,
z € (BNC)

1 A

Hence, B5 N Cs = (BNC)s;. O

Ezample 5.8. Let U = {uj,ug,...,uio} be the universal set and G be
any AG-group of order 8, defined by:



Soft int-AG-groups 169

01 234567

0{0 1 2 3 4567

1110 3 2 5 4 7 6

212 3 016 7 45

31321076 5 4

415 4 76 1 0 3 2

5/4 56 701 2 3

6|7 6 543 210

716 745 2 301
Define a soft int-AG-group A as follows:

fA(O) = U,

fA(l) = {ul,UQ,...,U,(a},

fa2) = {ur,uz,uz,us} = fa(3),
fa(4) = {ur,ua} = fa(5) = fa(6) = fa(7).

Let H; ={0,1,2,3} and Hy = {0, 1} be any AG-subgroups of G. Define
soft int-AG-groups B and C on H; and Hs respectively as follows:

B={(0,U0),(1,{u1,u2}), (2, {u1}), (3, {w1})},

and
C= {(07 U) ) (17 {Ug})} :
As B,CCA. Therefore, B, C<A.
Now, let o = {ug,u2,us}, then B = {0} and Csy = {0}. Therefore,
Bs U Cs = {0} and Bz N Cs = {0}.
Also,
BOC = {(07 U) 9 (17 {ula uz, ’LL3}) ) (2a {ul}) ) (37 {ul})} )

and,

BNC = {(0,U0)},

(BUC); = {0,1} and (BNC),; = {0}.
Hence, By U Cs C (BUC),. While, B5 N Cz = (BNC).

Theorem 5.9. Let {B; : i € I} be the family of soft int-AG-subgroups
of A over U. Then, for any o € P(U),

(1) Uie[ (Bid) - (piEIBi)én

(2) Nier (Bia) = (MierBi)4-

Proof. The proof is straight forward. O
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Theorem 5.10. Let A € Snag(U) and {o; : i € I} be a family of non-
empty subsets of P(U). If B = ey i € I}, andy = Ha; : i € I}.
Then the following assertions hold,

(1) Uie[ AOZ;‘ - AB7

(2) MNier Adi = A,y.

Proof. The proof is clear from Definition 5.4. U

Theorem 5.11. Let G be an AG-group and o € P(U). Then A €
Snac(U) if and only if As is a subgroup of G, where Ag # 0.

Proof. Let A € Snag(U) and Asz # (). Suppose that z,y € As, then
fa(z) 2 aand fa(y) 2 a. Therefore,

falezy™) D falx) N faly) 2«

By definition of a-inclusion, zy~! € As. Hence, A; is a subgroup of G.

Conversely, suppose that Az is a subgroup of G for any Az # 0.
Let z,y € G such that fa(z) = B and fa(y) = v and let § = SN ~.
Then z,y € A; and A5 < G by hypothesis. So zy € Aj. Therefore,

fa(xy™) D6 =B8N~y = fa(z)N fa(y). Hence, A € Snag(U). O

Theorem 5.12. Let A € NSaag(U). Then, As is a normal AG-
subgroup of G.

Proof. By Theorem 5.3, A; < G. Let z € A; and g € G. Then, by
Definition 4.4, we get

falgz-g7") = fa(z)= fale)=>gz-g7' € Aa
Hence, A; is a normal AG-subgroup of G. O

Lemma 5.13. Let G be an AG-group and A € S(U). Then, A €
Snac(U) if and only if As is a AG-subgroup of G Yo € Im(A) U{p €
PU): B < fale)}

Proof. Let A € Snag(U) and o € Im(G). As fa(e) 2O fa(x) for all
x € G,e € As. Therefore Ay # (. For z,y € Asz fa(x) 2 « and
faly) Q . Since A is soft int-AG-group, fa(zy~!) 2 fa(x) N fa(y) 2
aNa = a Thus 2y~ ! € As. Similarly, if @ C fa(e), then it can
be shown that A is an AG-subgroup of G. Conversely, let Az be an
AG-subgroup of G for all &« € Im(A)U{s € P(U) : B C fa(e)}. Then
for all & € Im(A) we must have e € Az and so fa(e) 2 a. Suppose
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z,y € G and fa(xz) = o, fa(y) = B. Let v = an . Then z,y € A5
and v C fa(e). By hypothesis, Ay is an AG-subgroup of G and so
zy~! € As. Thus fa(zy™') D v =anB = fa(z) N fa(y). Hence A is
soft int-AG-group of G.

]

Theorem 5.14. Let G be an AG-group and A € S(U). Then, A €
NSnag(U) if and only if Aa is a normal AG-subgroup of G Ya €
Im(A)U{p e P(U): B C fale)}-

Proof. Suppose that A € NSnag(U) and o € Im(A) U {p € P(U) :
B C fa(e)}. Since A is a soft int-AG-group, Ag is a subgroup of G
by Theorem 5.11. If z € G and y € Ag, from Definition 4.4, we know
that fa(zy -z~ !) = fa(y) D a. Hence 2y -y~ ' € Asz. Thus Az is a
normal AG-subgroup of G. Conversely, suppose that A is a normal
AG-subgroup of G for all « € Im(A)U{B € P(U) : p C fa(e)}. From
Lemma 5.13, A € Snag(U). Assume that z,y € G and a = fa(y).
Then y € Ag and so 2y - =1 € As. Thus fa(zy -2 D a = fa(y).
This shows that A satisfies condition (iii) of Theorem 4.6. Consequently,
from Theorem 4.6 A € NSnag(U). O

6. CONCLUSION

In this paper one of the most interesting concepts of soft set theory ” Soft
Intersection group” is extended to soft intersection AG-group. The no-
tion of conjugates soft int-AG-group, normal soft int-AG-group, e-set
and a-inclusion of soft int-AG-groups are presented and investigated. In
future, these concepts can further be generalized to bipolar soft inter-
section AG-groups and soft intersection AG-rings. Moreover the study
of homomorphism theorems in soft intersection AG-group may also be
a nice work in this area.
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