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QUOTIENT BRK-ALGEBRAS

K. VENKATESWARLU AND GIRUM AKLILU

ABSTRACT. In this paper we introduce the notion of quotient BRK-
algebras and also investigate the properties of these algebras. Fur-
ther we establish first isomorphism theorem for the special subclass
of BRK-algebras namely anti-symmetric BRK-algebras.
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1. INTRODUCTION

Two classes of abstract algebras namely BCK and BCI algebras were
initially introduced by Y. Imai and K. Iseki [1, 2]. It is known that BCK
is a proper subclass of BCI algebras. Subsequently many researchers
introduced and studied extensively on generalizations of BCK/BCI-
algebras namely BCH-algebras by Hu and LI [3], Q- algebras by J.Negger
and etl [4], BRK-algebras by Ravi Kumar in [5] . The order of general-
ization is as follows BCK/BCI/BCH/Q/BRK-algebras.

In this paper, we investigate the study of BRK- algebras by intro-
ducing the notion of homomorphism, congruence and translation ideals.
The process of constructing a quotient BRK-algebra is in the usual way
but not with simply ideal. A stronger condition has been introduced on
ideal called translation ideal to obtain a quotient BRK-Algebra. Fur-
ther we gave an example (see 4.6) that an ordinary ideal does not give
a congruence. Also we introduce a sub class of BRK- algebra called
anti -symmetric BRK-algebra which is a common subclass of the two
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distinct algebras namely BRK-algebra and BH-algebra. Finally we con-
clude this paper by establishing the first isomorphism theorem for the
anti-symmetric BRK-algebras, which are a subclass of BRK-algebras.

2. PRELIMINARIES

We collect certain definitions and examples from the existing litera-
ture.

Definition 2.1. Let X = (X, *,0) be an algebra of type (2,0). Then
X is called:
(1) BCH-algebra ([3]) if it satisfies
(1) xxz =0,
(2) zxy=0and y*z =0 imply z = v,
B) (xxy)xz=(x*x2)xy
(2) a Q-algebra ([4]) if it satisfies (1), (3) and
(4) z%0 = z.
(3) a BH-algebra ([6]) if it satisfies (1), (2) and (4).

Definition 2.2. ([5]). An algebra (X, x,0) of type (2,0) is called a
BRK-algebra if it satisfies the following axioms

(1) 2% 0 =z,

(2) (z*xy)*xx=0xy
for all x,y € X.

Ezample 2.3. ([5]) Let X = R\ {—n}, 0 # n € Z where R is the set of
real numbers and Z7T is the set of positive integers.If we define a binary
operation * on X by

then (X, *,0) is a BRK algebra.

Ezample 2.4. ([5]) Let X = {0,1,2} be a set with the following Cayley
table:

1012
010|2]2
111/010
2121010

Then (X, #,0) is a BRK algebra.
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Theorem 2.5. ([5]) In any BRK-algebra X the following holds for any
z,y€e X,

(1) xxx=0

(2) 0% (xxy)=(0xz)*(0*xy)

(3) xxy =0 impliesOxx =0xy

Definition 2.6. Let X be a BRK-algebra and let I be nonempty subset
of X. Then

(1) I is called a subalgebra of X if xxy € I for all z,y € I
(2) I is called an ideal of X if for any z,y € X:
(i) 0 eI,
(iil) zxy €l and y € I imply = € 1.
(3) I is called closed ideal of X if it is both an ideal and a subalgebra.

Remark 2.7. In general an ideal of a BRK-algebra may not be a subal-
gebra and vice-versa.

Ezample 2.8. Let X = (Z,—,0) be the BRK-algebra of set of integers
under subtraction. Then the set I of all non negative integer forms an
ideal which is not a subalgebra. Indeed 0 € I and if z,y — x € I then
0 <z and 0 <y — x which imply 0 < y and hence y € I ( in this case
the relation < is the usual order of real numbers. Thus I is an ideal of
X. Clearly [ is not a subalgebra as it is not closed under subtraction.

3. TRANSLATION IDEALS, HOMOMORPHISMS

We introduce the notion of translation ideals in a BRK-algebra.
Definition 3.1. An ideal I of a BRK algebra X is called translation
ideal if it satisfies the condition z x y,y*xx € I = (z*x 2) x (y * 2), (2 *
x)* (zxy) € 1.

Ezample 3.2. Let X = (Z,—,0) be the BRK-algebra of set of integers
under the usual subtraction of real numbers. Then the set of all non
negative integers forms a translation ideal of X.

The following two examples demonstrate the existence of an ideal
which is not translation.

Ezample 3.3. Let X = {0,1,2,3} be a set with the following Cayley
table:
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*10|1]2]3
0[{0{0|0|0
1{1({0]0]|0
212(2]0(0
3(3[0|1|0

Then (X, *,0) is a BRK-algebra. Clearly I = {0} is an ideal but not
translation since 3% 1,1 %3 € I but (3*2)x (1x2)=1¢ I.

Ezample 3.4. Let X = {0,1,2,3} be a set with the following Cayley
table:

W N =D *
Wi =OoOOo
W W ool
OO = O N
I = O] W

Then (X, *,0) is a BRK-algebra and I = {0,1} is an ideal of X which
is not translation (as 0x1,1x0 &€ I but (2x0)* (2x1)=2¢ I).

Remark 3.5. In general a translation ideal may not be closed (see Ex-
ample 3.2).

Definition 3.6. Let X and Y be BRK-algebras. A mapping f: X —
Y is called a homomorphism from X into Y if f(xxy) = f(x) * f(y) for
all z,y € X.

A homomorpism f is called a monomorphism (resp., epimorphism)
if it is injective (resp., surjective). A bijective homomorphism is called
an isomorpism. Two BRK-algebras X and Y are said to be isomorphic,
written X = Y, if there exists an isomorphism f : X — Y. For any
homomorphism f: X — Y the set {x € X : f(x) = 0} is called kernel
of f, denoted by Ker(f) and the set {f(z): x € X} is called the image
of f, denoted by Imf.

Lemma 3.7. Let f : X — Y be homomorphism of BRK-algebras.

Then

(1) f(0)=0

(2) xxy =0 implies f(x)* f(y) =0.
Proof.

(1) f(0) = f(0x0) = f(0) * f(0) = 0.
(2) If zxy =0, then f(x*y) = f(0) which implies f(x) * f(y) =0. O
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Theorem 3.8. Let f: X — Y be homomorphism of BRK-algebras.

i. If S is a subalgebra of X, then f(S) a subalgebra of Y

ii. If K is a subalgebra of Y, then f~(K) is a subalgebra of X
containing Kerf

iii. If I is an ideal of X and f is injective, then f(I) is an ideal of
7).

iv. If J is an ideal of Y, then f~1(J) is an ideal of X.

v. If I is a translation ideal of X and f is injective, then f(I) is a
translation ideal of f(X).

vi. If J is a translation ideal of Y, then f~1(J) is a translation ideal
of X.

Proof. Straightforward O

Corollary 3.9. If f : X — Y is homomorphism of BRK algebras,
then Kerf is a closed ideal of X and Imf is a subalgebra of Y.

Remark 3.10. For any BRK-homomorphism f,
(1) kerf = {0} may not imply f is injective.
For instance, let X = (X, *,0) be the BRK-algebra where X =
{0,1,2} and * is given by the Cayley table:

10|12
0]0]2]2
1{1({0(0
212|010
Let f: X — X be defined by f(0) =0 and f(1) = f(2) = 2.

clearly f is a homomorphism with kerf = {0} but f is not
injective.

(2) kerf may not be a translation ideal of X.
For instance, consider the BRK-algebra X in example 3.3. Clearly
the identity map id : X — X is a homomorphism, but kerf =
{0} is not a translation ideal.

4. QUOTIENT BRK-ALGEBRA

In this section we will study the quotient algebra of BRK-algebra. We
define congruence relation on BRK-algebra as in the usual way.
Definition 4.1. An equivalence relation # on a BRK-algebra X is called
a congruence relation if it has a compatibility property:

(z,y) € 6 and (u,v) € 0 imply (x*u,yxv) € 0 for all z, y, u,v € X.
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Given a congruence relation # on a BRK-algebra X, we use the no-
tation 6, for the equivalence class determined by x i.e. 6, = {y € X :
(y,x) € 0} and X/0 for the quotient set {0, : © € X}.

Theorem 4.2. Let X be a BRK-algebra. Define x on the quotient set
X/0 by 0, %0y = Oy. Then (X/0,%,0p) is a BRK-algebra which is called
a quotient BRK-algebra induced by the congruence 0.

Proof. Since 6 is a congruence relation x is well defined. For any 0,0, €
X/6 we have

(1) 91 * 90 = 91*0 = 90, and

(2) (HZE * Qy) * ew = ex*y * 91 - e(x*y)*g; == 90*y = 90 * 9y.
Thus (X/6,*,6p) is a BRK-algebra. O

Theorem 4.3. Let X/0 = (X/0,%,0y) be the quotient BRK-algebra
induced by a congruence 8. Then 6y is a closed ideal of X.

Proof. Since (0,0) € 6, 0 € 0. Suppose x,y*x € Oy, then (z,0) € 6 and
(y x 2,0) € . Now from (y,y) € § and (x,0) € § we have (y x z,y) € 6.
Also from (y*x,y) € 8 and (y xx,0) € 0 we get (0,y) € # and hence by
symmetry we have (y,0) € 0 i.e. y € 6y. Therefor 0y is an ideal of X.
Next, if z,y € 0y then (z,0) € 6§ and (y,0) € 6 and hence (z xy,0) € 0
i.e. xxy € 6y. Thus it is closed. O

Now we construct a congruence relation on X via translation ideal.

Theorem 4.4. Let I be a translation ideal of a BRK-algebra X. Define
a relation «~ on X byx ~y S x*xy,yxx € I. Then «~ is a congruence
relation on X which is called the congruence relation of X induced by a
translation ideal I.

Proof. For any x € X, since x xx = 0 € I, we have x «~ x hence it is
reflexive. From the definition of « it is clear that « is symmetric. If
xyandy «~ zthen xxy,yxz,y*xz,z2xy € I. Now zxy,yxx € [
implies (z * z) % (y * z) € I. But then since I is an ideal and y * z € I,
x*xz € I. Similarly zxx € I. Thus « is transitive. Hence « is an
equivalence relation. Next suppose & v~ y and v «~ v. But then since [
is a translation ideal we have x x y,yxx € I = (x *u) * (y*v) € [ =
((x*u)*x(yxv))* ((y*xu)* (y*v)) €I and hence (z xu) * (y*v) € I
(as T is an ideal and (y * u) * (y x v) € I). Similarly we can show that
(y xv) * (z *xu) € I. Thus « is a congruence relation. O

Remark 4.5. In the above theorem if we take an arbitrary ideal instead
of translation , the relation may not be congruence.
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FEzxzample 4.6. Consider the BRK-algebra X and its ideal I in Exam-
ple3.4. Define ~on X by x ~y < xxy,y*xx € I. But then 2 ~ 2 and
O~1but2x0=2m=3=2%1as2%3=2¢ I hence not a congruence
relation.

Now for any translation ideal I of a BRK-algebra X we use the no-
tation I, for the equivalence class determined by x and X/I for the set
of all equivalence classes of X for the congruence relation of X induced
by I. Clearly I, ={y € X :z ~y} and X/I ={[, :x € X}.

Corollary 4.7. Let X be a BRK-algebra and I be a translation ideal of

X. Define x on X/I by I, %Iy = Iy, for allz,y € X. Then (X/I,x, o)
is a BRK algebra.

Definition 4.8. (X/I,x,1Iy) is called the quotient BRK-algebra of X
determined by a translation ideal I

Remark 4.9. Let X be a BRK-algebra. Then

(1) in general for a translation ideal I of X, Iy may not be equal to
I and
(2) a translation ideal I of X is closed if and only if Iy = I.

5. ANTI-SYMMETRIC BRK-ALGEBRA

In this section we introduce a new subclass of BRK-algebra called anti-
symmetric BRK-algebra and we will estabilish the homomorpism theo-
rem for this subclass.

Definition 5.1. A BRK-algebra X is called an anti-symmetric BRK-
algebra if it satisfies (2): x xy = 0 and y * x = 0 imply = = y for any
z,y € X.

The following examples illustrate such algebra exist.

Ezample 5.2. Let X = {0, 1,2} be a set with Cayley table:

1012
01022
111]0/0
2121010

Then (X,*,0) is a BRK- algebra which is not anti-symmetric BRK-
algebra as 2% 1=1%2=0 but 1 # 2.

Ezample 5.3. Let X ={0,1,2,3} be a set with Cayley table:
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1011213
0{0j1|0|1
1711]0(1]0
212(1]0(1
313(2|3|0

Then (X, *,0) is an anti-symmetric BRK-algebra which is not BCH as
B*1)*x1=0#2=(3%2)x*1.

Ezample 5.4. Let X = {0,1,2,3} be a set with Cayley table:

*10|11]2]3
0[{0[3|0|2
111]0(0]0
2121203
3133|110

Then (X, x*,0) is a BH-algebra which is not an anti-symmetric BRK-
algebra as (2% 3)*«2=1#2=0x%3.

Remark 5.5. Every anti-symmetric BRK-algebra is a BH- algebra but
not the converse.

The following figure shows the relationship of the algebras.

Q Anti-Svmm. BRK

/

BCH

BCI

BCK
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Theorem 5.6. Let X and Y be anti-symmetric BRK-algebra and f :
X — Y be BRK-homomorhism. Then f is injective if and only if

kerf = {0}.

Proof. Obviously if f is injective then clearly Kerf = {0}. On the
other hand, suppose that z,y € X and f(z) = f(y). Then f(x *xy) =
f(z)* f(y) = f(x) * f(x) = 0. Hence x xy € Kerf and so z xy = 0.
Similarly we have y * x = 0. Thus x = y and hence f is injective. O

Theorem 5.7. Let X and Y be anti-symmetric BRK-algebra and f :
X — Y be BRK-homomorhism. Then Kerf is a translation ideal of
X.

Proof. Since Kerf is an ideal of X, it is enough to show that it is
translation. If z xy,y x x € kerf, then f(z)* f(y) = f(y) * f(z) =
0 = f(z) = f(y). But then for any z € X f((z *2) * (y * 2)) =
(@) £(2)) * (o) + £()) = (&) * F(2)) * ((F() * £(2)) = O which
implies (x * 2) * (y * z) € kerf. Similarly (z *z) * (2 xy) € kerf. Thus
Kerf is a translation ideal. O

Theorem 5.8. Let X and Y be anti-symmetric BRK-algebra and f :
X — Y be a BRK homomorphism. If I = Kerf, then X/I = Imf.

Proof. As1is a translation ideal of X, X/I is a BRK algebra. Define a
mapping « : X/I — Imf by a(l,) = f(x). Then

(1) o is well defined. Suppose I, = I, for some I, I, € X/I. Then
Li=1ly=zxyyxeecl= flrxy) = flyxxz)=0
= f(z)* f(y) = f(y) = f(z) = 0= f(z) = fly) =
a(ly) = a(ly).
Thus « is well defined.
(2) a a homomorpism. For any I, I, € X/I we have
oIy # 1Iy) = a(Ley) = F(2 ) = F(2) * F(y) = (L) * ().
Therefor « is a homomorphism.
(3) « is injecive. Let o(l;) = a(Iy) for some I, I, € X/I. Then
o) = a(l) = f(x) = fy) = F@) * fy) = [(y) *
f(@)=0

I =1,
Hence « is one to one.

(4) « is onto. Indeed let y be any element in Imf. But then
there exists x € X such that f(z) = y. Now I, € X/I and

= flexy)=fly*xz)=0=>zx*xy,yxzecl=
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a(l,) = f(x) = y and hence « is onto.

Hence « is an isomorphism and X/I = I'mf. O
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