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HH*— INTUITIONISTIC HEYTING VALUED
Q-ALGEBRA AND HOMOMORPHISM

SINEM TARSUSLU(YILMAZ), GOKHAN QUVALCIOGLU

ABSTRACT. Intuitionistic Logic was introduced by L. E. J. Brouwer
in[1] and Heyting algebra was defined by A. Heyting to formalize
the Brouwer’s intuitionistic logic[4]. The concept of Heyting algebra
has been accepted as the basis for intuitionistic propositional logic.
Heyting algebras have had applications in different areas. The co-
Heyting algebra is the same lattice with dual operation of Heyting
algebra[5]. Also, co-Heyting algebras have several applications in
different areas.

In this paper, we introduced the new concept HH* — Intuition-
istic Heyting Valued 2-Algebra. The purpose of introducing this
new concept is to expand the field of researchers’ area using both
membership degree and non-membership degree. This allows us to
get more sensitive results. The H H* — Intuitionistic Heyting valued
set, HH* — Intuitionistic Heyting valued relation, H H* — Intuition-
istic Heyting valued Q-algebra and the homomorphism over HH " —
Intuitionistic Heyting valued 2-algebra were defined.

Key Words: Heyting Valued Algebra, co-Heyting Valued Algebra, Omega Algebra, Intu-
itionistic Logic.
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1. INTRODUCTION

A Heyting algebra is a lattice expanded with a implication opera-
tion 7 — ”.In 1930, the concept of Heyting algebra introduced by A.
Heyting[1] as following,
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Definition 1.1. [{]A Heyting algebra is an algebra (H,V, A\, —, 0, 15)
such that (H,V,A,0,1) is an lattice and for all a,b,c € H,

a<lb—csanb<c
(H,V,N\,0p,1f) is a Heyting algebra with Va,b € H,
a—>b:\/{c:a/\c§b,c€H}.
The notion of co-Heyting algebra for a Heyting algebra defined in [5].

Definition 1.2. [5)]A co-Heyting algebra is an algebra (H*,V,A,<—
,0p+, 1gg+) such that (H*,V,A,0p+, 1g+) is an lattice and for all a, b, c €
H*,
a—b<csa<bVe
(H*,V,N\,0p~,1p+) is a co-Heyting algebra with Va,b € H*,
a%bz/\{c:a\/ch,cGH*}.

The implication operation in co-Heyting algebra is define a — b =
b — a.

Let (H,V,A\,—,0m, 1) be a Heyting algebra and (H*, V, A, <, 0+, 1 +)
is a co-Heyting algebra of (H,V,A,—,0p,15).

L = H x H* is a lattice with (xl,a:g) <r (yl,yg) < xp <pg y1 and
xg >p+ yo.For x,y € L,z = (x1,22) and y = (y1,y2), the operators A
and V on (L, <r) are defined as following;

rANy = (min{r,y}, max{r2,y2})
rVy = (max{zi,y1},min{xs,y2})
0z = (0p,1pm+) and 17, = (1g,0p~) are called greatest and least element
of L, respectively.
The —, is a binary operation on L with x —p y = (z1 =5 y1,y2 — g~
$2).

Definition 1.3. A H H*—Intuitionistic Heyting algebra is an algebra
(L,V,A,—r,0p,11) such that (L,V,A,0r,17) is an lattice as defined
above and for all a,b,c € L,

a<pb—orpcsalNb<ype
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The (L,V,A,0p,11) lattice is a H H*—Intuitionistic Heyting algebra
with Va,b € L,a = (a1,a2) and b = (by,bs),

a — Lb:\/{c:a/\chb,CEL}
= <\/{Cl:al/\ClSHbl,ClEH},/\{CQ2b2\/622a2,62€H*})

Proposition 1.4. An algebra (L,V,\,—1,0r,11) is a HH*— Intuitionistic
Heyting algebra if and only if (L,V,A,0r,11) is an lattice and the fol-
lowing identities hold for all a,b,c € L,

(1) a—na= 1L
(2) an(a—rb)=aANb
(3) b/\(a—>L b):b
(4) a—p (bAc)=(a—rb)A(a—Lc)
Proof. (1) V a € L,
a—ra=(a;r =g a,a2 =g az) = (1g,0p+) = 1,
(2) From definition it is obtained that,
a N (CL — Lb) = (a1 A (a1 — bl),ag vV (bg > CLQ))
= (al/\bl,ag\/bg):a/\b
(3)Va,b € L,
bA (CL — b) = (bl A (a1 —H bl),bg V (bg — g CLQ)) =b
(4)Va,b,c € L,
a — r(bAc)= (a1 =g (b1 Ac1), (b2 Aca) =g+ az)

= ((a1 — bl) A (a1 — I Cl) , (bg >+ ag) V (02 g ag))
= (a—pb)A(a—pc)

2. HH*-INTUITIONISTIC VALUED SETS

In this section, firstly we introduced the concept of H H*-Intuitionistic
Valued Set and H H*-Intuitionistic Valued Function. Then, we defined
H H*—Intuitionistic valued equivalence relation and equivalence class.
Some properties of these concepts were examined.
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Definition 2.1. Let H be a complete Heyting algebra and H* be a
complete co-Heyting algebra of H. Let X be a universal and L = H x H*
then H H*—Intuitionistic valued set is determined with [=] function

=l X x X = L, [=], (a,0) = ([a = bl , [a = 0] )
which satisfy the following conditions.
(1) la=b], <p [b=ad],
2) [a=bpAb=c <pla=d],
If X a universal and [=]; is a function satisfy the above conditions
then X called H H*—Intuitionistic valued set and it is shown (X,=p).
Let X be a universal. u € X, F(u) means the degree of existence the
elemet u. For H H*—Intuitionistic valued set we will use,
E(u) = [u e X],
So, [u € X];, =[u=u|, .

Definition 2.2. Let A be a H H* —Intuitionistic valued set. The subset
of Aisas: A— L function with following conditions.

(1) [zeslpnlz=yl, <vly€sl
(2) [ € s)y <p [ € A,

Definition 2.3. Let (X,=r) and (Y, =) are HH*—Intuitionistic val-
ued sets. If f7, : X XY — L function satisfy the following conditions then
called H H*—Intuitionistic valued function and it is shown fr : X — Y.

Fl fo(z,y) <p [z =z], AN y=1l
F2 [l‘ = x/]L A fL(xvy) [ ] <L fL(xlvy/)
F3 fr(z,y) A fr(z,y) <t ly =91,

F4 [z =z], <, V{fo(=, ) yeY}

Notation 2.4. fr(z,y) := [fr(z) = y];, = ([fr(x) =yly, [fL(z) = yly)

Definition 2.5. Let (X,=1) be an H H*—Intuitionistic valued set. I :
X xX — L, I(z,2') = [v = 2'] function is called unit function.

Definition 2.6. Let (X, =), (Y,=1) and (Z, =) are H H*—Intuitionistic
valued sets and fr, : X — Y, g; : Y — Z are HH*—Intuitionistic valued
functions. For x € X,z € Z,

(9o f)p (x,2) = \/ {fr(@,y) Agr(y,2) sy € Y}
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Proposition 2.7. Let (X, =), (Y,=1) and (Z,=r) be HH*— Intuitionistic
valued sets and fr, : X =Y, gr, : Y — Z are HH*—Intuitionistic val-
ued functions. The function (go f); : X — Z is a HH*—Intuitionistic
valued function.

Proof. (i)Letx € X,z € Z,(go f); (z,2) =V {fr(z,y) Ngr(y,2) 1y € Y}.

VAfu@ ) Agu(y,z):yeY}t < \[{z=ayAly=ylyAlz=2ly:yeY}
= =ayrlz=2y A\ {ly=vlg:yeY}
< [x:x]H/\[z:Z]H

and

N fu@y)Vgu-(y.2) iy eV} > {le=aly VIy=yly. V[ =2y y €Y}
= [z=2lg.Ve=2gp. V{ly=yly- 1y €Y}
> [z=2z]g Vz=12y

So, (go f) (z,2) <p [xr=x];, ANz = 2],
(i) Let 2,2’ € X and z,2' € Z,

[ [z f] 2| N (go [ (x2)Nz = 2], =[x =2 AV {f(z,y) ANgr(y,2) 1y € YIA
Firstly,
[ =2"lg ANV {fu(@,y) Agu(y,2) :y €Y N[z =2
=V{lz =2y A fu(z.y) ANgu(y,2) Nz =2y 1y
=VAlz =2y A fulz,y) Ay = ylg A gy, 2) A [z
<VA{fu@ y)ANgu(y,7') :y €Y}
on the other hand,

T = xl]H* VA{fu(z,y) Vo (y,2):y €Y} V]z= Z/]H*

={lr =2y V fr-(x,y) Vgu-(y,2) V]z = 2]y 1y €Y}

={lz =2y V fu- (x YV Iy =ylg Vau-(y,2) Ve =g 1y €Y}

z{fH*(ﬂf’,y’)\/gH( 2) iy €Y}

Therfore, [x = 2], A(go f) (z,2) N|z=2], <(go f), (2,2

(iii) Let z € X and 2,2’ € Z,

(90 1), (2, 2) A (g0 )y, (2.7)

=VA{fe(@y) Agr(y,2) ry € YIAV{fr(z,t) Agr(t, ') : t € Y}

Now,

VAfu(z,y) Ngu(y,z) -y € YI ANV {fu(@, t) Agu(t,2) 1t €Y}

=VAfu(@,y) A fu(z,y) ANgu(y,z) Agu(y,7') 1y €Y}

[ [yTy] Nez=2y:yeY}

F=%lH

IA
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and

{fu-(z.y) vV gu-(y,2) y €Y}V {fu(z, 1) Vgu-(t.2') : t €Y}
= {fu-(x,9) V fu-(x,y) V gu=(y, 2) V gu+(y,2') ry € Y}
>Aly=ylyg- VIz =]y 1y eV}

> [z = 2]y

(iv) Let = € X, then

VA{lgo f)y (@,2):z€ Z} = VANV {fe(z,y) Agr(y,2) :y €Y}z € Z}

VAV Unt@m) Agu(y2) iy v)ize 2}

VAV Uy iyevize zp A\ {\ {on.2) iyevyize z}
[le"]HA\/{\/{gH(y,Z):yGY}:ZGZ}

= =ay AV lon(.2) i z€ 2} iy e v}
w=alp A\ {ly=vly:yeY}

vV

Y

and

{fu-(z,9) Vgn-(y,2) :yeY}:z€Z}

= {fu-(z,y):yeY}:ze 2}V {{on-(y,2):yeY}:ze 2}
7]
7]

IN

[z =2]g. V{{gn-(y,2):ycY}:2€ Z}
[z =]y V{{gu-(y,2): 2 € Z} 1y €Y}

[x::cH*\/\/{y:y]H* cyeY}
So, V{(go f) (x,2):z€ Z} > [x =x], U

Definition 2.8. Let (X,=;) and (Y,=p) are HH*—Intuitionistic val-
ued sets and fr : X — Y is H H*—Intuitionistic valued function.

IN

(1) fr is a monomorphism. < Vz, 2’ € X,y €Y,
fr(z,y) A fr(a’,y) < [z = 2]
(2) fris a epimorphism. < Vy €Y,
y=y], <{fe(z,y): 2z € X}
Definition 2.9. Let (X, =r) be a HH*—Intuitionistic valued sets. Ry, :

X x X — L is called HH*—Intuitionistic valued equivalence relation if
and only if

R1 RL(ny) A [‘T = ‘T]L = RL(xay)vRL(mvy) A [y = y]L = RL x, )
R2 RL(a:,y) A [:1: = x/]L < RL(xlvy)aRL(xay) A [y = y/]L < RL(xvy/)
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R3 [z =z|, < Rp(z,x):
R4 RL(IL‘,Z/) < RL(ya:L')
R5 RL(IB,Z/) \4 RL(y,Z) < RL(£> Z)

Ezample 2.10. Let (X, =), (Y,=L) are H H*—Intuitionistic valued sets
and fr : X — Y is H H*—Intuitionistic valued function.Vx1,zs € X,

Cr(zr,22) = [fr(21) = fr(z2)],
= (fu(@1) = fa(@)]y , [fr-(21) = fH (22)] )
function is a H H*—Intuitionistic valued equivalence relation on X.

Definition 2.11. Let R; be a HH*—Intuitionistic valued equivalence
relation on X. dy, : X — L is called equivalence class of R; <

dl drp(z) A Rp(z,2") < dp(a)
d2 dL(JZ) A dL(y) < RL(x,y)

dr,(x) is the equivalence class of x € X.

Proposition 2.12. Let Ry, be a HH*— Intuitionistic valued equivalence
relation on X and op, T are equivalence class of Ry,.

\/{UL(a:):xeX} = \/{TL(m):xeX} and
op(z) < 7(w)= 0L =1L
Proof. For xy € X, 1.(x0) = V{me(x) Nop(z) : x € X}.
\/ {tg(z)Nog(z):x € X} < \/{RH (xo,x) Nog(x)}
< on(zo)
and
{ru~(x)Vou-(z):z € X} {Rpg~ (xo,x) Vop- (z):x € X}

o+ (20)

(A\VARYS

0

Proposition 2.13. Let (X,=1),(Y,=r) are HH*— Intuitionistic val-
ued sets and fr, : X — Y is HH*—Intuitionistic valued function.fr is
surjective < Yy € Y,

VAlf@) =yl ee Xy =ly=yl,
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3. HH*-INTUITIONISTIC VALUED 2—ALGEBRAS

To create H H*-Intuitionistic Valued Q2—Algebra, let 2 be a set of the
operations defined as follows.

Let L = H x H* such that H is a complete Heyting algebra and H*is
a complete co-Heyting algebra of H, so

Q={wp: X" x X — L:w satisfy F1-F4 conditions}

It means that, if w € Q, w is H H*—Intuitionistic valued function. The
concept of HH*—Intuitionistic valued {2—algebra can be defined as fol-
lowing;

Definition 3.1. Let (X,=p) HH*—Intuitionistic valued set. A =
(X,Q) is called HH*—Intuitionistic valued 2—algebra if the following
condition satisfy.

For wy, € Q and ((x1,x2,...,25),¢) € X" x X,
V{{lzi € Al Awr (21,22, ., 2n) ,d) Ve=d], :i=1,2,..,n} :d € X}
>wry, (($1,$2,...,1‘n),0)

Ezample 3.2. Let A = (X, Q) be a HH*—Intuitionistic valued 2—algebra.
{0}: A= L [ze{O}, =1L
is a subset of A.
E=({6},Q)

is a H H*—Intuitionistic valued 2—algebra. F is called trivial H H*—Intuitionistic
valued (2—algebra.

Definition 3.3. Let A = (X, Q) be a H H*—Intuitionistic valued Q—algebra.
If K C X,B: K — L is HH*—Intuitionistic valued set, (B,=1) C
(A,=r) and for all wy, € Q,wr, | psatisfy the (1) then B is H H*—Intuitionistic
valued 2—subalgebra of A.

Ezample 3.4. Let A = (X, Q) be a HH*—Intuitionistic valued Q—algebra.F =
({©},Q) is HH*—Intuitionistic valued Q— subalgebra.

Definition 3.5. Let A = (X, Q) and B = (Y, Q) be similar H H*—Intuitionistic
valued 21— algebras and fr : A — B be HH*—Intuitionistic valued
function. fr, is a H H*—Intuitionistic valued 2— algebra homomorphism<

Hl [z = 2], = [fr(z) = fo(o)],
H2 [z =2'];, < [fo(z) = fo(a')],
H3 fr (wr (x1,22, .., 20),y) = {fr (@i, ¥i) 1 ¥ = wr (Y1, Y25 - Yn), fr (T4, y5) > 0}
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Ezample 3.6. Let A = (X, Q) be a HH*—Intuitionistic valued Q2—algebra
and fr: E — A, g1, : E — A are HH*—Intuitionistic valued functions.
Va,I({©},x) = 1 HH*—Intuitionistic valued Q— algebra homomor-
phism exist. This homomorphism is unique.

Proposition 3.7. Let A, B,C are similar HH*— Intuitionistic valued
Q— algebras. If fr, : A — B, g1, : B — C are HH*— Intuitionistic valued
Q— algebra homomorphisms then (g o f); : A — C is a HH*—Intuitionistic
valued Q— algebra homomorphism.

Proof. Let x1,xg,....xp,€ A,z € C,

Il
="
T

8

[p=2], = (e=2], [z=2T,.)
([fu(@) = fu(@)] U (2) = Fe ()] 1)
= [fo(2) = fula)],

1ii. (g © f)L (wL ($1az23 ...,xn),z) = \/{fL (wL (I]Chl’g, 71771) ay) /\gL(y,Z) ty e B}
Hence,
VS (i vi) vy =wn (1,92, . 9n)  fr (2i,9:) > 0F Agr(y,2) 1y € B}
— \/ {fH (‘T’L?yl) ti= 17 ,T'L} /\gH(WH (y17y27 "'7yn)7z)
‘Y =WwH (ylay27"'7yn)afH (‘r’b7yl) >0
_y fr (@i, vi) Nga(Yi, zi) 2y = wi (Y1,Y2, -+ Yn)  fr (i 9i) >0,
z=wg (21,22, -, 2n) , 9 (Yi, 2:) >0
={{(gof)y (i, 2) : 2 =wn (21,22, .., 2n) , (g0 f) g (x5, 2) >0} i =1,...,n}
and
IVAfu- (@i vi) y = wie (Y1, 92, - Yn) s fus (24,9:) > 0} Vg« (y,2) 1 y € B}
_ VAFa (x,y,):i=1,..,n} Vgu (W (Y1,Ya, - Yp) s 2)
Yy =wge (Y1,Yas s Yp) s f e (Ti,y;) >0
fre (i y;) vV gu- (Y, 2;)
=V v=wp W1,Ysy s Un)s S (Tiyy;) >0, 3 :y; €B
z=wpgr (21,29, s 2n) s = (Yi, 2;) > 0
Y { (go f)y- (xiyzi) 1 2 =wn= (21,22, .., Zn) ,
(go gy« (xi,z;) >0,i=1,..,n
Now, we obtain that
(g o f)L (wL (x1,$2, 7‘7:71) 72)
={(go f)y (®i,z) : 2 =wr (21,22, .., 2n) , (g0 f)p (w3, 1) >0}, O

IN

ry; € B
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Definition 3.8. Let A = (X, Q) be a H H*—Intuitionistic valued Q2—algebra
and R; be a HH*—Intuitionistic valued equivalence relation on X .

Ry called HH*—Intuitionistic valued congruence relation if and only if
VU-)L € Q,l’ = (:L'lax% amn) Y = (ylayQa [RX) yn) € Xn’

Ry (wr(v),wr(y)) = {RL (zi,y:) i =1,..,n}

Ezample 3.9. Let (X, =), (Y,=1) are H H*—Intuitionistic valued Q2—algebras
and fr : X — Y is H H*—Intuitionistic valued 2— algebra homomorphism.Vz1, zo €
X, Cf(x1,x2) is a HH*—Intuitionistic valued congruence relation on X.

Let (X,=r) be an H H*—Intuitionistic valued set and X/Ry is set
of the equivalence classes of Ry, HH*—Intuitionistic valued equivalence
relation on X. For, 71,01, € X/Ry, [t = 01]; defined as following,

[TL:oL]L:\/{TL(az)\/aL(x):a:EX}

So, (X/Ry,=p) is HH*—Intuitionistic valued sets.
If dy,ds,...,dn, 7 € X/Ry then HH*—Intuitionistic valued operator
on X/Ry defined as follow:

wL((dla da, 7dn) 77-) = [de(xl,:pg,..‘,xn) = T]L
Therefore, a € X,
de(xl,xg,.,.,a:n) (a) = {dwZ (a) = 1, ,n}

Theorem 3.10. Let A = (X, Q) be a HH*— Intuitionistic valued Q—algebra,
Ry, be a HH*— Intuitionistic valued equivalence relation on X and (X/Ry, Q)
be a HH*— Intuitionistic valued QQ—algebra. The function,

fL(a>:(Pa:XXX/RL%Lawa(xvda):da(x) foraeX

is a H H*—Intuitionistic valued epimorphism from X to X/R and
X/Ry, is uniquely determined.

Proof. Tt is clear that, ¢, is surjective and X /Ry is uniquely determined.
Now, let a,z € X.

¢a (2,da) = dq (2) = (14 () , 04 () € L,
T () = \/{RH zy) Nz =aly:yeX}
z,a) N Ry (a,y) Nz =aly:y € X}

\/{RH a,y) Nz =aly:yeX}=1(a)

\Y
<
~—
=
T

v
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and
oa(e) = (R (0,9)Vr=dly. -y € X}
< {Rp+(z,a)V Ry~ (a,y)V]r=aly. :y e X}
< {Rp+(a,y)V]zr=aly. 1y € X} =0, (a)

So, dg () = dy (a) . Furthermore,

de(xl,xQ,...,xn) (:E)

= \V{de,(2):i=1,...n}

= \/ {pz, (x,dg,) mi=1,...,n}

Yq is homomorphism. 0

T
Pur,(T1,22,.,7n) (x’de(:chm,---,xn))

4. CONCLUSION

Thanks to this extension, we can study algebraic properties of lat-
tice valued sets in broad perspective. We can examine the kind of
H H*—Intuitionistic valued 2— algebra homomorphisms, can be defned
generated H H*—Intuitionistic valued 2— subalgebra, filters in HH*-
Intuitionistic Valued Q—Algebra. Furthermore, the concept free H H*-
Intuitionistic Valued (2—Algebra can be studied.
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